
!"#"$%&'(&)
*+,-&,
%+&-,&.&*+!/&,
*+,./+#./&)
+012314
'546214
78596214,:
#138;1<=4
*+
>&%&$">&

!"#$%%&'()*+#,+-.%+/01234567+0#(,%"%($%

!"#!$%&'()!*#+#!,-./&01.-!1.2!3#!45.2(6!7$2&/-89:

;<=<

89!!>>





Index

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Communications

R.D. Grigorieff

Qualocation for periodic pseudodifferential operators:

additional order convergence, an overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

F.J. Gaspar, F.J. Lisbona, and C. Rodrigo

Efficient implementation of box-relaxation multigrid methods for the

poroelasticity problem on semi-structured grids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

C.M. Lee, D.J. Higham, D.C. and J.K. Vass

Non-negative Matrix Factorisation for Network Reordering . . . . . . . . . . . . . . . . . . . . 39

G. Vanden Berghe and M. Van Daele

Fourth-order symplectic exponentially-fitted modified Runge-Kutta

methods of the Gauss type: a review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

J.M. Franco and I. Gómez
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On the computation of symmetric Szegő-type quadrature formulas . . . . . . . . . . . .177

J. M. Carnicer and M. Gasca

Multivariate polynomial interpolation: some new trends . . . . . . . . . . . . . . . . . . . . . . 197
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Preface

This Monograf́ıa de la Real Academia de Ciencias de Zaragoza collects the proceed-

ings of the conference MCalv6(5) that took place in Zaragoza, September 7-9, 2009.

(http://iuma.unizar.es/mcal65/).

The conference was organized to celebrate the 65th birthday of Manuel Calvo. The

idea of having such a conference come from his Ph.D. students, who wanted to share

Manuel’s birthday with his many friends and colleagues.

Firstly, we would like to express our thanks to all speakers and contributors in the

conference. We must say that when they were contacted to participate in this event,

all of them immediately accepted. Manuel Calvo is, indeed, very popular among their

colleagues.

The conference took place at the Instituto Universitario de Matemáticas y Aplicaciones

(IUMA) of the University of Zaragoza and included many high quality talks on diverse

topics, with speakers coming from Berlin, Leiden, Iowa, Gent, Florence, Valladolid, La

Laguna, Alicante and Zaragoza. All of them, researchers of the first international level,

are good friends of Manuel. More than 50 people attended the conference and many others

that could not participate, transmitted us their congratulations to Manuel. A warm and

friendly atmosphere characterized the meeting.

With this conference we wanted to acknowledge and to thank Manuel for all the

excellent work he has being doing during the many years of his career. Manuel belongs

to a group of people that had to start practically from scratch. Indeed, by the early

seventies, there was no much research on Applied Mathematics in Spain, and in particular

in Zaragoza. Manuel, was among the first ones in going abroad to study new theories,

develop techniques and skills on Numerical Analysis, and then, coming back to create

a new research group that soon acquired an international reputation, and all that with

almost no means, neither financial support nor infrastructure.

The conference was organized not only because Manuel has done a good job in Applied

Mathematics. With no doubt, the most important reason to organize the Conference in

his honor is their human qualities. He is good teacher, generous, meticulous, careful,

precise and, obviously, a good mathematician. Particularly, we would mention as a good

quality his commitment to everything he does. Whatever he does, teaching, research or

vii



administration, he has to do it well. A characteristic point of Manuel that we would like

to emphasize is his curiosity. He is always willing to know new ideas, concepts, etc. He

has passion for knowing and understanding new things. At any conference, after a talk

when the chairman says “any question”, we think “besides the ones from Manuel”. But

you can be sure that this is not due to vanity or because he likes to be the center of

attention. It is just curiosity.

Manolo is a great master and also a good friend. We thank him for everything, and

we are sure that all his colleagues, students and friends want to join us again in wishing

him a long and fruitful scientific and personal life.

The Editors

Antonio Elipe

Juan Ignacio Montijano

Luis Rández
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additional order convergence, an overview

R.D. Grigorieff
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Straße des 17. Juni 135, 10623 Berlin, Germany
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Abstract

The aim of this note is to report on some new additional order convergence results

for the qualocation method applied to periodic pseudodifferential operators using

splines from S
r,M
h as trial and from S

r′,M
h as test space. Here Sr,M

h denotes the space

of 1-periodic splines of order r and knot multiplicity M ≤ r on an equidistant mesh

with mesh-size h.

1 Introduction

Additional order convergence (in brief: AOC) in discretization methods has attracted

the interest of many mathematicians over decades. The AOC has the character of a

gift. With a few changes in the original method which do not increase the overall nu-

merical costs significantly a more accurate approximation is obtained. To be a little bit

more detailed, in most cases the accuracy of a method will be described by a discretiza-

tion parameter, say h, tending to zero with increasing approximation quality. The error

between the exact solution u and the numerical solution uh is measured, apart from a

h-independent constant, by some power of h as h → 0. One speaks of an AOC if an-

other approximation ũh can be calculated with comparably the same complexity or if by

measuring the error in more subtile norms a higher convergence order is exhibited.

Perhaps the oldest and structural simplest AOC is provided by Richardson extrapola-

tion. But as the mother of all AOC results the DeBoor & Swartz paper [1] on collocation

at Gaussian points can be considered. And, naturally, a wide variety of AOC results can

be found in the context of finite element methods (see for example the Lecture Note [20]

and the overview article [10]).

In this paper we concentrate on AOC obtained for spline qualocation methods applied

to elliptic periodic pseudodifferential operators (in brief: ψdos). Qualocation, introduced
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by Sloan [15], is a Petrov-Galerkin method with quadrature as a compromise between

the (full) Petrov-Galerkin and the collocation method: on the one hand it discretizes

the inner product in the Petrov-Galerkin method making the numerical implementation

easier, on the other hand it can use more mesh-points than in the collocation method

thereby stabilizing it. In accordance, the word “qualocation” means quadrature modified

collocation.

From the different principles invented for obtaining AOC we use here the principles

of parameter selection for cancelling the leading error term and duality combined with

negative norms.

Already when introducing the qualocation method in [15] and shortly after when

analyzing it in greater generality in [3] AOC was in the center of interest. The analysis of

qualocation was firstly developed for constant coefficient operators and smoothest splines

in [15], [3], [18], where straight Fourier analysis could be applied, and later generalized to

variable coefficient operators and multiple knot splines in [11], [19], [8] requiring a more

sophisticated analysis.

In this paper we report on some recent AOC results obtained by the author and

relate them to corresponding earlier results. In the first part the qualocation method is

introduced and the principle convergence result is given. The approximation power of

multiple knot splines in the Sobolev spaces Hs for s ∈ R, which serve as trial and test

spaces, are reviewed. In the last section it is shown that the conditions for additional order

convergence from the third section hold true if the basic quadrature rule is symmetric and

satisfies certain exactness properties thereby extending conditions given in [19].

2 The given problem

The given problem is of the form Lu = f , where L is a periodic ψdo and u and f

are functions in certain Sobolev spaces. In this section we provide the definition of the

function spaces and of ψdos together with some of their properties.

2.1 Periodic ψdos in the spaces Hs(T)

Denote by

v̂(n) =

∫

T

v(x)e−i2πnx dx for n ∈ Z

the n-th complex Fourier coefficient of a 1-periodic distribution v and by T := R\Z the

one-dimensional torus of length 1. Then the ψdo L is defined by

(1) L = L0 + L1,

where
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(2) L0v(x) :=
∞
∑

n=−∞

σ0(x, n)v̂(n)e
i2πnx for x ∈ T.

The symbol σ0 has the form

(3) σ0(x, ξ) := a+(x)|ξ|β + a−(x)sign(ξ)|ξ|β for x ∈ T and 0 $= ξ ∈ R

with coefficients a+ and a− in C∞(T), where β ∈ R is the order of L0. We assume σ0

to be normalised by σ0(x, 0) = 1 for x ∈ T. If a− or a+ vanishes the symbol σ0 and

the operator L0 are said to be even or odd, respectively. L is assumed to be elliptic, i.e.

σ0(x, ξ) $= 0 for x ∈ T and |ξ| = 1, and to have index κ = 0, where

κ :=
1

2π

[

arg
a+(x) + a−(x)

a+(x)− a−(x)

]1

0

is the winding number of the closed curve (a+ + a−)/(a+ − a−) in the complex plane. It

is known that then L0 : Hs → Hs−β is a Fredholm operator with index 0 for all s ∈ R,

where Hs ≡ Hs(T) is the usual Sobolev space of periodic distributions v equipped with

the norm

(4) ‖v‖s :=

( ∞
∑

n=−∞

〈n〉2s |v̂(n)|2
)1/2

with 〈n〉 :=

{

1 if n = 0,

|n| if n $= 0.

It is at least assumed that L1 maps Hs → Hs−β+δ for some δ > 0 and all s ∈ R and hence

L is also Fredholm with index 0.

2.2 Examples for ψdos

Since the topic of the proceedings are mainly differential equations and not primarily

ψdos it may be convenient for the readers to see two standard examples for the latter

which we borrow from [16].

As first example, consider the boundary value problem

UXX + UY Y = 0 in Ω ⊂ R
2, Ω bounded , U = F on Γ := ∂Ω,

where Γ is a smooth curve. One method to solve this problem is to express U as a

single-layer potential with unknown (charge-)density W :

U(X) = VW (X) :=
1

π

∫

Γ

log
1

|X − Y |
W (Y ) dY for X ∈ Ω.

Parametrize Γ in the form X = γ(x) for x ∈ [0, 1] to obtain

(VW )(γ(x)) =
1

π

∫ 1

0

log
1

|γ(x)− γ(y)|
W (γ(y))|γ′(y)| dy
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= 2

∫ 1

0

log
1

|2r sin π(x− y)|

1

2π
W (γ(y))|γ′(y)| dy

+ 2

∫ 1

0

log
|2r sin π(x− y)|

|γ(x)− γ(y)|

1

2π
W (γ(y))|γ′(y)| dy

=: V0u(x) +Ku(x),

where

u(x) :=
1

2π
W (γ(x))|γ′(x)|.(5)

V0u is the single-layer potential for a circle of radius r. For Φn := exp(i2πnx) it can

explicitely calculated that

V0Φn =







1

|n|Φn for n $= 0,

1 for n = 0.

Thus, applying V0 to a 1-periodic distribution

u =
∑

n∈Z

û(n)Φn ∈ Hs

yields the representation of V0 as a ψdo,

V0u = û(0) +
∑

n %=0

1

|n|
û(n)Φn.

The symbol of V0 is even and given by

σ0(x, ξ) =
1

|ξ|
for ξ $= 0,

the order is β = −1. Evidently, V0 maps Hs → Hs+1 ≡ Hs−β boundedly for s ∈ R.

More briefly, as second example the Hilbert transform is presented:

SU(X) :=
1

iπ

∫

Γ

1

Y −X
U(Y ) dY,

which can be transformed as in the first example to coordinates (x, y) yielding the principal

part

S0u(x) := 2

∫ 1

0

exp(i2πy)

exp(i2πy)− exp(i2πx)
u(y) dy.

The order of S0 is β = 0, the symbol is odd and given by

σ0(x, ξ) = sign(ξ) for ξ $= 0.
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3 The qualocation method

We consider the discretisation of the given problem by qualocation using splines with

multiple knots on equidistant meshes as test and trial spaces. Let r,M,N with 1 ≤ M ≤ r

be positive integers. We define the set of knots

πh := {xj = jh, j = 0, . . . , N − 1}, h ∈ H := {1/N,N ∈ N},

and denote by Sr,M
h the space of 1-periodic splines of order r with M-fold breakpoints

in πh. Sr,M
h is a subspace of Cr−M−1 of dimension MN , where Ck = Ck(T) is the space

of 1-periodic k times continuously differentiable functions (with C−1 meaning piecewise

continuity with jumps only at the knots in πh). By H1 we denote a final section of the

null-sequence of stepsizes H, not necessarily the same at different occurencies.

Qualocation is based on a composite quadrature rule

QNf = h
N−1
∑

k=0

J
∑

j=1

ωjf(xk,j), xk,j := xk + hξj ,

derived from the basic quadrature formula

Qf =
J

∑

j=1

ωjf(ξj),

where the quadrature points {ξj} and weights {ωj} satisfy

(6) 0 ≤ ξ1 < ξ2 < · · · < ξJ < 1, J ≥ M,
J
∑

j=1

ωj = 1, ωj > 0.

Associated with the quadrature rule we define an inner product

(7) (vh, wh)h := QN(vhwh)

on the linear space Wh of mesh-functions vh and wh, which are functions on the set of

mesh-points

π′
h := {xk,j, k = 0, . . . , N − 1, j = 1, . . . , J}.

The inner product in (7) can be thought of as an approximation to

(v, w)0 :=

∫ 1

0

v(x)w(x) dx for v, w ∈ L2(T).

In the next section we give conditions for (·, ·)h to be an inner product on Sr,M
h .

We choose splines of order r as trial space and splines of a possibly different order r′

as test space. The qualocation method for approximately solving the equation Lu = f is

to find uh ∈ Sr,M
h such that

(8) (Luh, zh)h = (f, zh)h for all zh ∈ Sr′,M
h .

5



4 The spline space Sr,M
h in qualocation

For the operator formulation of the qualocation equations the so-called qualocation

projection Rh : Wh → Sr,M
h is needed which is defined by

(Rhvh,ψh)h = (vh,ψh)h for ψh ∈ Sr,M
h .

It is not trivial that Rh is well-defined, i.e. that (·, ·)h is an inner product on Sr,M
h , and

in the following subsection we give criteria for this to be the case. Then in the next

subsection we focus on the approximation power of Rh.

4.1 The qualocation projection Rh

The analysis of the approximation power and, more general, of the whole topic depends

on Fourier techniques. An important role in this analysis plays a suitable spline basis. In

the case of Sr,1
h , the space of smoothest splines of order r, a basis was found by Chandler &

Sloan [3]:

ψµ(x) :=
N
∑

j=1

exp(i2πµx)bj(x) for µ ∈ Λh :=

(

−
N

2
,
N

2

]

∩ Z,

where {bj} is the B-spline basis in Sr,1
h . A nice thing about the basis is that the qualocation

equations for the principal part L0 become diagonal if L0 has constant coefficients.

The situation with M-fold knots, M > 1, is more delicate. In their collocation analysis

McLean & Prößdorf [11] used the following characterization of splines.

Lemma 1 v ∈ Sr,M
h iff there exist trigonometric polynomials aj such that

mrv̂(m) =
M−1
∑

j=0

mjaj(mh) for m ∈ Z.

Working with this characterization makes the analysis uncomfortable. It was a step

forward when a basis in Sr,M
h was found in [7] which extends the one in [3]. Define

∆̃k(ξ, y) :=
∑

$ %=0

+k−1

(y + +)r
Φ$(ξ) for |y| ≤

1

2
and ξ ∈ R,

Φ$(ξ) := exp(i2π+ξ) for + ∈ Z and ξ ∈ R,

∆1(ξ, y) := 1 + yr∆̃1(ξ, y), ∆k(ξ, y) := ∆̃k(ξ, y) for k = 2, . . . ,M,

ψk,µ(x) := Φµ(x)∆k

(

Nx,
µ

N

)

for k = 1, . . . ,M and µ ∈ Λh.

Then {ψk,µ} is a basis in Sr,M
h . The use of this basis makes the qualocation equations for

the principal part L0 block diagonal with blocks of size M if the coefficients are constant.

With the aid of {ψk,µ} it can be characterized whether (·, ·)h is definite on Sr,M
h .

6



Proposition 1 (·, ·)h defines an inner product on Sr,M
h iff the functions {∆k(·, y), k =

1, . . . ,M} restricted to the quadrature points {ξj, k = 1, . . . , J} are linearly independent

for y = µ/N and µ ∈ Λh.

We say that Condition (R) is satisfied if the condition in Proposition 1 holds for all

|y ≤ 1/2|. It is known that Condition (R) holds in the following cases.

• [3]: M = 1

(R) holds unless J = 1 and







ξ1 =
1

2
if r is even,

ξ1 = 0 if r is odd.

• [11]: J = M = 2

ξ1 = 0, ξ2 =
1

2
: (R) holds iff r is odd,

ξ1 = ε, ξ2 = 1− ε with ε ∈ (0, 1

2
): (R) fails if r is odd.

• [7], [12]: J = M = 2

ξ1 = ε, ξ2 = 1− ε with ε ∈ (0, 1

2
): (R) holds iff r is even.

• [6]: J = M = 3

ξ1 = 0, ξ2 = ε, ξ3 = 1− ε with ε ∈ (0, 1

2
): (R) holds iff r is even,

ξ1 = ε, ξ2 =
1

2
, ξ3 = 1− ε with ε ∈ (0, 1

2
): (R) holds iff r is odd,

• [6]: for all J,M :

(R) holds if J > M .

In the remaining part of the paper it is assumed that Condition (R) and Condition

(R′) (this is Condition (R) with r replaced by r′) hold.

4.2 Approximation power of Rh

The approximation power of the qualocation projection Rh proved in [7] is the content

of the next proposition.

Proposition 2 Let 0 ≤ s < r −M + 1

2
, s ≤ t ≤ r, t > 1

2
. Then

‖Rhv − v‖s ≤ Cht−s‖v‖t for v ∈ H t.

An explanation for the given range of indices may be helpful.

• s < r −M + 1

2
: the limited smoothness of the spline ψ ∈ Sr,M

h implies ψ ∈ Hs for

s < r −M + 1

2
only,

• t ≤ r: the maximal t allowed, giving the highest error order, is determined by the

order of the splines,

• t > 1

2
: the definition of Rhv requires pointwise evaluation of v which is not well-

defined for t ≤ 1

2
since then H t $↪→ C(T).
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5 Principle error estimate

The application of L0 to the spline basis leads to the functions (see [8])

Ω̃k(ξ, y; x) :=
∑

$ %=0

σ0(x, y + +)
+k−1

(y + +)r
Φ$(ξ) for k = 1, . . . ,M,

Ω1(ξ, y; x) := 1 + (σ0(x, y))
−1yrΩ̃1(ξ, y; x) for y $= 0,

Ωk(ξ, y; x) := Ω̃k(ξ, y; x) for k = 2, . . . ,M.

We omit the argument x if L0 has constant coefficients. The stability of the qualocation

method is connected with the ellipticity of the numerical symbol D(y; x), which is a

M ×M-matrix with elements

[D(y; x)]k,$ := Q
(

Ω$(·, y; x),∆
′
k(·, y)

)

, Q(v, w) :=
J
∑

j=1

ωj(vw)(ξj).

The numerical symbol is encountered as the coefficient matrix in the linear system of

qualocation equations if L0 has constant coefficients. Ellipticity of D means that D(y; x)

is invertible for |y| ≤ 1/2 and x ∈ T.

Theorem 1 Let L be elliptic and injective. Assume that D is elliptic and that

β +M < r, s < r −M +
1

2
, β +

1

2
< t, β ≤ s ≤ t ≤ r.

Then the qualocation equations have a unique solution uh for h ∈ H1 satisfying

‖u− uh‖s ≤ Cht−s‖u‖t if u ∈ H t.

The condition β +M < r ensures the absolute convergence of the series defining Ω̃k.

The theorem has been proved under varying assumptions.

• [15]: constant coefficients, L ≡ L0, even symbol, M = 1,

• [3]: constant coefficients, even or odd symbol, M = 1,

• [18]: constant coefficients, symbol that may be neither even nor odd, M = 1,

• [11]: variable coefficients, collocation, multiple knots,

• [19]: variable coefficients, strongly and oddly elliptic L, M = 1,

• [8]: variable coefficients, multiple knots.

The proof for variable coefficient operators uses a localization technique. Such tech-

niques are known from PDEs but are considerably more intrigued to apply for integral op-

erators which themselves are non-local. The underlying abstract result is due to Prößdorf

[13]. Basic tools for applying Prößdorf’s result are the following superapproximation from

[4] and commutator property from [8]. Both provide an AOC with order 1.
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Proposition 3 Let g ∈ Cr(T) and M < r, 0 ≤ s < r −M + 1

2
, t ≤ r −M . Then

‖(I − Rh)(gvh)‖s ≤ Ch1+t−s‖g′‖r−1,∞‖vh‖t for vh ∈ Sr,M
h .

Proposition 4 Let g ∈ Cr(T) and M < r, 0 ≤ s < r −M + 1

2
, 1
2
< t ≤ r. Then

‖Rhg(I −Rh)v‖s ≤ Ch1+t−s‖g′‖r−1,∞‖v‖t for v ∈ H t.

6 Additional order of convergence

The highest error order in the principle convergence theorem is

‖u− uh‖β ≤ Chr−β‖u‖r if u ∈ Hr.

For example, if L0 is the single-layer potential, where β = −1, and choosing continuous

linear splines as trial space, this means order r = 2 and M = 1, then

‖u− uh‖−1 ≤ Ch3‖u‖2 if u ∈ H2.

This convergence order is disappointing when compared to the highest order negative

norm error bound for the Galerkin solution uG
h (see [9]),

‖u− uG
h ‖−3 ≤ Ch5‖u‖2 if u ∈ H2.

For the qualocation method progress to catch up with the order 5 was made by Sloan [15]

who showed that with specially designed quadrature rules one can obtain the same error

order,

(9) ‖u− uh‖−3 ≤ Ch5‖u‖4 if u ∈ H4.

The estimate requires the higher regularity u ∈ H4 compared to u ∈ H2 for the Galerkin

method. This disadvantage was overcome in [17] with the tolerant version of qualocation,

where the inner product on the right-hand side is evaluated exactly.

6.1 Constant coefficient L0

The AOC result (9) is proved by the principle of parameter selection for cancelling

the leading error term. A key idea of the proof is the following. In [3] the asymptotic

error expansion for the operator L = L+
β or L = L−

β is obtained by Fourier transform in

the form

û(µ)− ûh(µ) = D
( µ

N

)−1

E
( µ

N

)

û(µ) + higher order terms in
( µ

N

)

9



for µ ∈ Λh\{0}, where the symbol of L+
α and L−

α is σ0 = |ξ|α and σ0 = sign ξ |ξ|α,

respectively, and

E(y) :=
J
∑

j=1

ωj

(

Ω1(ξj, y)− 1
)

∆′
1(ξj, y) for |y| ≤

1

2
.

Note that due to the numerical ellipticity
∣

∣D( µ
N )−1

∣

∣ ≤ C. For any choice of the quadrature

rule the function E behaves like

E(y) = O(|y|r−β) as y → 0.

The qualocation method (in the case M = 1 considered here) is said to have additional

order b > 0 (see [15]) if

E(y) = O(|y|r−β+b) as y → 0.(10)

The functions Ω1 and ∆′
1 are given if L0 and the spline spaces are fixed. One can try to

obtain an additional order by selecting the quadrature rule appropriately. Sloan showed

that the choice

ξ1 = 0, ξ2 =
1

2
, ω1 =

3

7
, ω1 =

4

7

combined with linear continuous splines as test and trial space gives b = 2 for the single-

layer equation. Note that the quadrature points are from the trapezoidal rule but not the

weights.

In the case of multiple knot splines the condition for additional order b > 0 from [5] is

M
∑

k=1

D(y)−1
1,kQ

(

Ω̃1(·, y),∆
′
k(·, y)

)

= O(|y|b) as y → 0,(11)

which is in the case M = 1 and b ≤ r′ equivalent to Condition (10) and in the case J = M

to Condition (2.12) in [11].

The general AOC result for constant coefficient L0 is stated in the following theorem.

Theorem 2 Let L = L0 +K : Hβ → H0 be elliptic and injective, where L0 has constant

coefficients and K maps Hq → Hq−β+b boundedly for q ∈ R. Assume that D is elliptic,

that Condition (11) holds and that

β +M < r, M ≤ r′, s < r −M +
1

2
, s ≤ t ≤ r, β − b ≤ s ≤ β < t−

1

2
.

Then the qualocation equations have a unique solution uh for h ∈ H1 satisfying

‖u− uh‖s ≤ Cht−s‖u‖t−s+β if u ∈ H t−s+β.

10



The theorem has been proved in varying settings.

• [15]: even symbol, L ≡ L0, M = 1, quadrature rule of Simpson type,

• [3]: even or odd symbol, M = 1,

• [11]: collocation, i.e. M = J , multiple knots,

• [18]: qualocation, symbol may be neither even nor odd, M = 1,

• [5]: qualocation, multiple knots.

6.2 Variable coefficients

The analysis for variable coefficient operators L0 is technically considerably more in-

volved than for constant coefficients. In the case of variable coefficients AOC has been

proved for smoothest splines in [19]. The authors assume that L = L0 + L1 +K, where

L1 =
b−1
∑

i=1

(

a+i (x)L
+
β−i + a−i (x)L

−
β−i

)

, K : Hq → Hq−β+b+ν boundedly(12)

for q ∈ R and some ν > 1/2. The basic assumptions in [19, Th. 4 and Th. 5] are

conditions for the quadrature rule, which is supposed to be symmetric and to integrate

certain functions exactly (see Lemma 4). In [5] multiple knot splines are considered for

the same class (12) of ψdos and the following conditions for AOC in the spirit of [3] are

given:

∣

∣Q
(

Ω̃k(·, y), 1
)
∣

∣ ≤ C|y|b as y → 0 for k = 1, . . . ,M(13)

with b ∈ N satisfying β − s ≤ b ≤ min(r′, r − β), where Ω̃k has to be taken for L+
β and

L−
β ; additionally,

∣

∣Q
(

1, ∆̃′
1(·, y)

)∣

∣ ≤ C|y|r−β+b−r′ as y → 0,(14)
∣

∣Q
(

1, ∆̃′
k(·, y)

)
∣

∣ ≤ C|y|r−β as y → 0 for k = 2, . . . ,M.(15)

It may be helpful for interpreting the conditions in (13) - (15) to hint to the fact that

Q
(

Ω̃k(·, y), 1
)

can be considered as the result of the quadrature rule Q applied to the

integral (Ω̃k(·, y), 1)0, which vanishes as is immediately seen from the definition of Ω̃k.

Also (1, ∆̃′
k(·, y))0 = 0.

Theorem 3 Let L = L0 + L1 +K satisfy (12) with ν = 0 and be elliptic and injective.

Assume also that D is elliptic, that Conditions (13) - (15) hold and that

β +M < r, M ≤ r′, s < r −M +
1

2
, s ≤ t ≤ r, s ≤ β < t−

1

2
,

11



β − s ≤ b ≤ min(r′, r − β).

Then the qualocation equations have a unique solution uh for h ∈ H1 satisfying

‖u− uh‖s ≤ Cht−s‖u‖t−s+β if u ∈ H t−s+β.

The operator L1 in (12) is said to be even (odd) if a−i = 0 (a+i = 0) for i = 1, . . . , b.

Remark 1 If L0 and L1 are both even or odd then it is sufficient that the qualocation

method has strong additional order b of convergence to require (13) for L+
β or L−

β only,

respectively.

6.3 Negative norm estimates are useful

A word on the significance of the negative norm estimates in the context of boundary

integral equations may be in order (see [16]). As described in Subsection 2.2, for a given

point X0 ∈ Ω the solution of the boundary value problem

UXX + UY Y = 0 in Ω ⊂ R
2, U = F on Γ,

can be written in the form

U(X0) =
1

π

∫ 1

0

1

log |X0 − γ(y)|
u(y) dy,

where u is from (5). The approximation

Uh(X0) =
1

π

∫ 1

0

1

log |X0 − γ(y)|
uh(y) dy

satisfies the error bound

|U(X0)− Uh(X0)| =
1

π
(log |X0 − γ|, u− uh)0

≤ C‖ log |X0 − γ|‖t‖u− uh‖−t for t ∈ R.

Thus, the higher the order of ‖u − uh‖−t the higher the error order (U − Uh)(X0) since

log |X0 − γ| ∈ H t for all t ∈ R.

7 Symmetric quadrature rules

A basic quadrature rule Q satisfying the condition that if ξ ∈ (0, 1
2
) is a quadrature

point then so is (1 − ξ) with the same weight ω is called symmetric. In the case of

smoothest splines in [18] and [19] exactness conditions for symmetric quadrature rules

are given for AOC to hold. In this section we extend these conditions to multiple knot

splines. We always assume that

12



β +M < r and M ≤ r′.

We need the following functions Gα for α > 0 and ξ ∈ (0, 1) which have been studied

in [2]:

Gα(ξ) := 2
∞
∑

$=1

1

+α
cos 2π+ξ.

For symmetric quadrature rules the Conditions (13) - (15) can be further elaborated.

Recall that

Ω̃k(ξ, y) =
∑

$ %=0

σ0(y + +)
+k−1

(y + +)r
Φ$(ξ) for k = 1, . . . ,M,

where we consider these functions for the operators L+
β and L−

β . As shown in [3], Ω̃k(ξ, ·)

has a Taylor expansion with respect to y = 0, where the coefficients for the real part are

easily determined to be equal to

ck,m(ξ) :=
1

m!
Re

∂mΩ̃k(ξ, 0)

∂ym
=

(

β−r
m

)

∑

$ %=0

σ0(+)+
k−1−r−m cos 2π+ξ

=
(

β−r
m

)

∑

$>0

+k−1−r−m(σ0(+) + σ0(−+)(−1)k−1−r−m) cos 2π+ξ

for m ∈ N0 and σ0(ξ) = |ξ|β or σ0(ξ) = sign ξ |ξ|β. It follows that

ck,m =







Gr−β−k+1+m if σ0 and r − k + 1 +m have like parity,

0 otherwise.
(16)

In the next two lemmas we give the Conditions (13) - (15) another form.

Lemma 2 If L0 is even (odd) then Condition (13) is equivalent to

J
∑

j=1

ωjGr−β+$(ξj) = 0 for even (odd) + ∈ [−M + 1, b− 1](17)

if σ0 and r have like (opposite) parity. If L0 is neither even nor odd then (13) is equivalent

to the equation in (17) for all even and odd + ∈ [−M + 1, b− 1].

P r o o f . Since Im Ω̃k(1− ξ, y) = −Im Ω̃k(ξ, y) and Im Ω̃k(0, y) = 0 (needed in the

case ξ1 = 0) it follows by virtue of the symmetry of Q that Q(Im Ω̃k(·, y), 1) = 0 and

Condition (13) is equivalent to

Q(Re Ω̃k(·, y), 1) = O(|y|b) as y → 0 for k = 1, . . . ,M.

13



This relation holds iff the coefficients of ym in the Taylor series of Q(Re Ω̃k(·, y), 1), given

by Q(ck,m, 1), vanish for m < b. If σ0 and r have like parity then, in view of (16), this

is equivalent to −k + 1 +m to be even and Q(Gr−β−k+1+m, 1) = 0 for m = 0, . . . , b − 1.

Since k ∈ [1,M ] the equivalence of (13) with (17) is proved. If σ0 and r have opposite

parity the proof is similar. The last assertion is then implied. !

Lemma 3 Condition (14) is equivalent to

J
∑

j=1

ωjG$(ξj) = 0 for even + ∈ [r′, r − β + b− 1](18)

and Condition (15) is void if M = 1 and if M > 1 equivalent to

J
∑

j=1

ωjG$(ξj) = 0 for even + ∈ [−M + 1 + r′, r − β + r′ − 2].(19)

P r o o f . Note that ∆̃′
k is obtained as a special case of Ω̃k for the (even) operator L+

β

with β = 0 and r replaced by r′. Taking (16) into account it is seen that (14) is equivalent

to Q(1, Gr′+m) = 0 for even r′ +m and m = 0, . . . , r − β + b − r′ − 1. Similarly, (15) is

equivalent to Q(1, Gr′−k+1+m) = 0 for even r′ − k + 1 +m and m = 0, . . . , r − β − 1 and

the equivalence of (19) follows. !

Sufficient conditions for (17) - (19) can be derived by noting that Gα is for even

α a multiple of the Bernoulli polynomial Bα (see [3]). From this observation the next

corollary follows easily from Lemmas 2 and 3. In its formulation we use the notation

of an extended symmetric quadrature formula Q. By this we mean a modification of

Q, which is symmetric for periodic functions only, into a general symmetric formula Q̃.

The modification is necessary only in the case that ξ1 = 0. To obtain Q̃ the additional

quadrature point ξJ+1 := 1 is introduced with weight ωJ+1 := ω1/2 and the weight for

ξ1 = 0 is changed to be also equal to ω1/2.

Corollary 1 Let σ0 and r have like parity and r−β be even or let σ0 and r have opposite

parity and r − β be odd. Then the conditions (17) - (19) are satisfied if the extended

symmetric quadrature rule Q has at least order 2q of exactness, where q = [(r−β+b−1)/2]

unless M > 1 and b < r′ − 1, where q = [(r − β + r′ − 2)/2]. Here [x] denotes truncation

of x to the next integer not larger than x.

In the case of a general operator L observe that by our index assumptions we have

r′ ≥ 1,−M + 1 + r′ ≥ 1 and r − β > 0 and the following corollary can be derived from

Lemmas 2 and 3.

14



Corollary 2 If the symmetric quadrature formula Q satifies

J
∑

j=1

ωjB$(ξj) = 0 for even + ∈ [2, r − β + b− 1],(20)

J
∑

j=1

ωjG$(ξj) = 0 for odd + ∈ [r − β −M + 1, r − β + b− 1](21)

and, additionally, if M > 1 and b < r′ − 1

J
∑

j=1

ωjB$(ξj) = 0 for even + ∈ [r − β + b, r − β + r′ − 2](22)

then Conditions (17) - (19) hold true for general variable coefficient operators L.

If M = 1 these conditions coincide with (1.15) and (1.20) in [19].

In [18] a list of symmetric quadrature formulas with various exactness properties is

provided. In the following table we collect those formulas which satisfy the conditions

of Corollary 1 for certain choices of the parameters and, additionally, the formulas from

Table 2. We keep the notation in [18]. A useful information for us is the first index

indicating the number J .

M r − β b r′ Formula

2 3 1 2 G3,2,2, L3,2,2

2 4 1 2 G4,3,2, L4,3,2

2 3 2 2,3 G4,3,2, L4,3,2

3 4 1 3 G4,3,2, L4,3,2

3 4 2 3 G5,3,3, L5,3,3

Table 1.— Quadrature formulas from [18] and Table 2 providing additional order b of

convergence for general variable coefficient operators L

As an example how to determine the parameters of quadrature formulas like in Table

1 we derive Formula G5,3,3 by an application of Corollary 2. With the parameters given

in the last line in Table 1 Condition (20) is satisfied if all even polynomials of degree

+ ∈ [2, 5] are integrated exactly (here we took into account that due to the normalization

(6) constant functions are always integrated exactly). By applying the formulas to the

polynomials (ξ − 0.5)2 and (ξ − 0.5)4 these two conditions take the form

ω1(2ξ1 − 1)2 + ω2(2ξ2 − 1)2 = 1/6,

ω1(2ξ1 − 1)4 + ω2(2ξ2 − 1)4 = 1/10,
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where the symmetry relations ω5 = ω1,ω4 = ω2, ξ5 = 1 − ξ1, ξ4 = 1 − ξ2, ξ3 = 0.5 were

taken into account. The index + in Condition (21) is odd and runs in [2, 5] providing the

two further equations

2ω1(Gn(ξ1)−Gn(0.5)) + 2ω2(Gn(ξ2)−Gn(0.5)) = Gn(0.5) for n = 3, 5.

Condition (22) is void. Solving numerically the equations for the unknowns ω1,ω2, ξ1 and

ξ2 yields the parameters for G5,3,3 in Table 2. The parameters for L5,3,3 are obtained

similarly.

J ξj ωj Rule name

5 0.03675444410510 0.09796641612174 G5,3,3

0.20980173750308 0.24512752237399

0.5 0.31381212300853

0.79019826249692 0.24512752237399

0.96324555589490 0.09796641612174

5 0.0 0.04767138349495 L5,3,3

0.09758560632523 0.17451387385978

0.34287284360121 0.30165043439274

0.65712715639879 0.30165043439274

0.90241439367477 0.17451387385978

Table 2.— Quadrature formulas providing for M = 3 additional order b = 2 of conver-

gence

Remark 2 The stability of the formulas from [18] has been numerically checked there

for strongly and oddly elliptic operators with integer β ∈ [−1, 1]. For some of the rules

stability was proved analytically in [14].

We conclude this section with some remarks concerning constant coefficient operators

L0 and the collocation method.

Lemma 4 Let M = 1, b ≤ r′ and D be elliptic. Then Condition (11) to hold for both L+
β

and L−
β is equivalent to

J
∑

j=1

ωjGr−β+$(ξj) = 0 for + = 0, . . . , b− 1,(23)

and thus is identical with [18, Condition (4.13)] for AOC of order b.
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The lemma follows from the observation that Condition (11) for M = 1 and b ≤ r′ is

equivalent to

Q(Ω̃1(·, y), 1) = O(|y|b) as y → 0,

which, as in Lemma 2, is equivalent to (23).

For collocation with double knot splines the following conditions for AOC have been

given in [11].

Lemma 5 Assume that the symbol (3) has constant coefficients satisfying a+ = 0 or

a− = 0 and that M = 2. If the quadrature points are

ξ1 = 0, ξ2 =
1

2
and σ0 and r have opposite parity,(24)

or

ξ1 = ε, ξ2 = 1− ε and σ0 and r have like parity, where Gr−β(ε) = 0,(25)

then (11) holds with b = 1 or b = 2, respectively.

It is shown in [3] that Gr−β has a unique zero in (0, 1/2).

P r o o f . For J = M the collocation method is a special case of the qualocation

method if Condition (R′) is satisfied. With the quadrature points in Lemma 5 and the

choice r′ = 3 or r′ = 2 in the case of (24) or (25), respectively, (R′) has been proved in [7,

Prop. 5.1 and 5.2].

In both cases the quadrature rules are symmetric. The numerical symbol D is elliptic,

which follows from a slight generalization of [7, Prop. 5.1 and 5.2] in combination with

[8, Lemma 3.1] (in the case of opposite parity also from [11, Lemma 5.1]). The conditions

Q
(

Ω̃1(·, y), 1
)

= O(|y|b) and D−1
1,2(y)Q

(

Ω̃1(·, y),∆
′
2(·, y)

)

= O(|y|b)(26)

are seen to be sufficient for (11), where for the first condition the boundedness of D−1

and the form ∆′
1(·, y) = 1+ yr

′

∆̃′
1(·, y) with r′(≥ 2) ≥ b was taken into account. Consider

the case of like parity. With the aid of (16) we conclude for the Taylor coefficients c1,m(ξ)

of Re Ω̃1(ξ, ·) that c1,0(1 − ε) = c1,0(ε) = Gr−β(ε) = 0. The relation (16) yields also

c1,1 = 0. Consequently, Re Ω̃1(ξ1, y) = Re Ω̃1(ξ2, y) = O(|y|2) and the first relation in

(26) holds with b = 2. In the case of opposite parity, (16) yields c1,0 = 0 and, consequently,

Re Ω̃1(ξ, y) = O(|y|). Thus the first relation in (26) holds with b = 1.

For the proof of the second relation in (26) first note that, due to

Re Ω̃1(1− ξ, ·) = Re Ω̃1(ξ, ·), Im Ω̃1(1− ξ, ·) = −Im Ω̃1(ξ, ·), Im Ω̃1(0, ·) = 0,

the corresponding relations for ∆′
2 and the symmetry of the quadrature formulas, we have

D−1
1,2(y)Q

(

Ω̃1(·, y),∆
′
2(·, y)

)

= D−1
1,2(y)Q

(

Re
(

Ω̃1(·, y)∆′
2(·, y)

)

)
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= D−1
1,2(y)Q

(

Re Ω̃1(·, y)Re∆′
2(·, y)

)

+D−1
1,2(y)Q

(

Im Ω̃1(·, y)Im∆′
2(·, y)

)

.(27)

¿From the first part of the proof follows that the first term in (27) has the correct order

since D−1
1,2 is bounded. For the second term note that in the case of opposite parity

Im Ω̃1(ξ1, 0) = Im Ω̃1(ξ2, 0) = 0 (see (28)), which implies order b = 1 of the second term

in (27). Consider the case of like parity. It is not difficult to check that for k = 1, 2

Re Ω̃k(·,−y) = (−1)k−1Re Ω̃k(·, y), Im Ω̃k(·,−y) = (−1)kIm Ω̃k(·, y).(28)

The functions ∆′
k satisfy the same relations since their symbol σ0 = |ξ|0 and r′ = 2 have

like parity. Then calculating the matrix element D−1
1,2 with Cramer’s rule it is seen to be

odd. It follows also from (28) that Im Ω̃1(ξ, 0) = 0 and that Q
(

Im Ω̃1(·, y)Im∆′
2(·, y)

)

is odd with respect to y. Thus the second term in (27) is even and vanishes for y = 0

implying the required order b = 2. !

Remark 3 Due to the general assumption β + M < r, which is equally made in [18]

(case M = 1), [11] and [5] it is not allowed in the case M = 2 to set r − β = 2 although

the quantities in Lemmas 2 and 3 are well-defined for this choice and would lead to the

same additional order b = 1 or b = 2 as in Lemma 5 for even or odd variable coefficient

operators L (with weights ω1 = 1/3,ω2 = 2/3 for the rule (24)). The reasons for this

restriction may be of technical nature.
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Abstract

We consider the numerical solution of a poroelasticity problem using a stabilized

finite element method (FEM), based on the perturbation of the flow equation. Semi-

structured triangular grids and stencil-based implementation of the linear FEM for

displacements and pressure are used. An efficient procedure to construct the stencils

associated with the basic diferential operators involved in the poroelasticity equa-

tions, using some reference stencils computed on a canonical hexagon, is presented.

To solve the algebraic system of saddle point type, geometric multigrid methods

based on box-relaxation are proposed which result to have a good performance for

the considered problem. Numerical results are presented to show the behavior of

the method.

1 Introduction

The theory of poroelasticity addresses the time dependent coupling between the de-

formation of a porous material and the fluid flow inside. Although this problem was first

studied by Terzaghi in [18], its general statement was given by Biot in some papers, see

[4, 5, 6]. Biot’s consolidation models are used to study problems in a wide range of sci-

entific disciplines, as geomechanics, hydrogeology, petrol engineering and biomechanics,

for example. Here, we consider the quasi-static Biot model that sometimes is referred

as the incompressible case model. The state of a poroelastic medium is characterized by

the elastic displacements u, and fluid pressure p at each point. It is well known that dis-

cretization by linear finite elements for both unknown fields results in an unstable method

giving non-physical oscillations in the approximation of the pressure field. To overcome

this trouble, we shall use a stabilized finite element scheme presented in [1], which per-

mits us to use linear finite element spaces for both displacements and pressure, providing

solutions without oscillations, independently of the chosen discretization parameters.
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Finite element methods are usually considered to work with unstructured grids, due to

its flexibility. These grids offer advantages with regard to their better fitting to complex

geometries. However, an important issue in the finite element solution of PDE problems

concerns the construction and storage of the large sparse system matrix. This is usually

done by the process so-called “assembly”, and due to the sparse character of the resulting

matrix it is very important the way in which it is stored. Data structures commonly used

to this purpose work with a system of indirect indexing to access only the non-zero entries

of the matrix which sometimes leads to some performance difficulties. On the other hand,

the data structures are much more efficient when working with structured grids. A good

alternative which combines the advantages of both types of meshes is to work with semi-

structured grids, that is, to consider an unstructured mesh as coarsest grid in order to fit

well the domain geometry, and to apply regular refinements to its elements.

One of the most important aspects in the numerical solution of partial differential

equations is the efficient solution of the corresponding large systems of equations arising

from their discretization. Multigrid methods [7, 12, 19] are among the most powerful

techniques for solving such type of algebraic systems, and they have become very popu-

lar among the scientific community. Geometric multigrid methods are characterized by

employing a hierarchy of grids. We are interested in the use of semi-structured triangular

grids, where a nested hierarchy of grids is obtained by dividing each triangle into four

congruent ones, connecting the midpoints of their edges. These grids provide a suitable

framework for the implementation of a geometric multigrid algorithm, permitting the use

of stencil-based data structures, see [3], being necessary only a few stencils to represent the

discrete operator. Besides, an efficient procedure to compute such stencils using canonical

stencils associated with a reference hexagon is proposed, providing expressions which give

the stencils corresponding to an arbitrary triangle.

The choice of a suitable smoother is an important feature for the design of an effi-

cient geometric multigrid method, and even it requires special attention when one works

with systems of PDEs because the smoother should smooth the error for all unknowns.

Moreover, for saddle point problems, see [2], numerical experiments show that smoothing

factors of standard collective point-wise relaxations are not satisfactory [19]. The poroe-

lasticity problem is an example of such type of systems, and its resolution by multigrid

on semi-structured grids is the aim of this paper. An overview of multigrid methods for

discretizations on rectangular grids of saddle point problems is presented in [19], where

box-relaxation appears as one of the most suitable smoothers for this kind of problems.

It consists of decomposing the mesh into small subdomains and treating them separately,

that is, all (or a part of) the equations corresponding to the points in each subdomain are

solved simultaneously as a system. This class of smoothers was introduced by Vanka in

[21], to solve the finite difference discretization on rectangular grids of the Navier-Stokes
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equations. Since then, much literature can be found about the application of this type of

smoothers, mainly in the field of Computational Fluid Dynamics (CFD) [13, 20]. There

are less papers concerning to the performance of this relaxation in the context of Com-

putational Solid Mechanics (CSM), see for example [22]. However, for discretizations of

the poroelasticity problem on rectangular grids, it has been proved to obtain very good

results with these smoothers. For instance, in [10] a box-relaxation is performed for a

discretization of the problem on staggered rectangular grids. Hence, it seems a good idea

to extend box-relaxation to regular triangular grids.

The outline of this paper is the following. In Section 2, the formulation of the poroe-

lasticity problem, as well as its stabilized finite element discretization, will be introduced.

In Section 3, an efficient stencil-based implementation on semi-structured grids of the sta-

bilized FEM scheme is developed. Finally, Section 4 is devoted to introduce the proposed

geometric multigrid algorithm, based on Vanka-type relaxation on triangular grids, and

to present some numerical experiments illustrating the behavior of such smoothers for the

poroelasticity problem.

2 Poroelasticity problem

We consider the quasi-static Biot’s model for soil consolidation. The porous medium

is assumed to be linearly elastic, homogeneous and isotropic, and to be saturated by

an incompressible fluid. According to Biot’s theory [4], the mathematical model of a

consolidation process is given by the following system of equations:

equilibrium equation: divσ′ − α∇ p = g, inΩ, (1)

constitutive equation: σ′ = λtr(ε)I+ 2µε, inΩ, (2)

compatibility condition: ε(u) =
1

2
(∇u+∇ut), inΩ, (3)

Darcy’s law: q = −
κ

η
∇p, inΩ, (4)

continuity equation: ∇ · q+ α
∂

∂t
(∇ · u) = f, inΩ, (5)

where Ω is an open bounded region of Rn, n ≤ 3, with regular boundary Γ, λ and µ are

the so-called Lamé coefficients, α is the Biot-Willis constant which we will assume to be

equal to one, κ is the permeability of the porous medium, and η is the viscosity of the

fluid. I represents the identity tensor, u is the displacement vector, p is the pore pressure,

σ′ and ε are the effective stress and strain tensors for the porous medium, and q is the

percolation velocity of the fluid relative to the soil, where we ignore gravity effects. The

source terms in the right-hand side g and f represent a density of applied body forces

and a forced fluid extraction or injection process, respectively.

23



To complete the formulation of the problem, appropriate boundary conditions must be

included. For instance, we can consider

p = 0, σ′ n = t, on Γt,

u = 0,
κ

η
(∇p) · n = 0, on Γc, (6)

where n is the unit outward normal to the boundary and Γt ∪ Γc = Γ, with Γt and Γc

disjoint subsets of Γ. At the initial time, the following incompressibility condition

∇ · u (x, 0) = 0, x ∈ Ω, (7)

is fulfilled. To establish the variational formulation of the problem, the following function

spaces Q = {q ∈ H1(Ω) | q = 0 on Γt}, and U = {u ∈ (H1(Ω))n |u = 0 on Γc}, are

considered, where H1(Ω) is the well-known subspace of square integrable scalar-valued

functions with also square integrable first derivatives. Denoting by ( · , · ) the usual inner

product between square integrable functions, and by introducing the bilinear forms

a(u,v) = 2µ
n

∑

i,j=1

(εij(u), εij(v)) + λ(∇ · u,∇ · v), b(p, q) =
κ

η

n
∑

i=1

(

∂p

∂xi
,
∂q

∂xi

)

,

where εij(u) are the entries of the effective strain tensor ε(u) =
1

2
(∇u +∇ut), the vari-

ational formulation of problem (1)–(5) with boundary and initial conditions given in (6)

and (7) reads:

For each t ∈ (0, T ], find (u(t), p(t)) ∈ U ×Q such that

a(u(t),v) + (∇p(t),v) = (g,v) + (t,v)Γt
, ∀v ∈ U , (8)

(
∂

∂t
(∇ · u(t)), q) + b(p(t), q) = (f, q), ∀q ∈ Q, (9)

with the initial condition (∇ · u(0), q) = 0, ∀ q ∈ L2(Ω), and where

(t,v)Γt
=

∫

Γt

t · v dΓ.

The most common way to solve poroelasticity problems is to use finite element meth-

ods, see for example [15]. However, standard finite element discretizations give satisfactory

solutions only when the solution is smooth, since when sharp pressure gradients appear,

these methods turn out to be unstable in the sense that strong non-physical oscillations

appear in the approximation of the pressure. This oscillatory behavior is minimized with

the use of FEM methods satisfying the LBB stability condition [9], although these os-

cillations are not completely eliminated, and therefore other stabilization techniques are
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necessary, see [14, 16, 17] for example. In [1], using continuous piecewise linear approxima-

tion spaces for displacements and pressure, a new stabilization based on the perturbation

of the flow equation is given, providing solutions without oscillations independently of the

chosen discretization parameters. Here, this stabilized finite element scheme will be used.

Let us consider a triangulation Th of Ω, which is assumed to satisfy the usual ad-

missibility assumption. Let S1
h ⊂ H1(Ω) be the C0 piecewise linear polynomial finite

element space. Let be Uh = U
⋂

(S1
h × S1

h) and Qh = Q
⋂

S1
h. By considering these finite

dimensional spaces, of dimensions nu and np, respectively, and using an implicit time

discretization, the following discrete formulation of the considered problem is obtained:

For a time-step k ≥ 1, find (uk
h, p

k
h) ∈ Uh ×Qh such that

a(uk
h,vh) + (∇pkh,vh) = (gk,vh) + (t,vh)Γt

, ∀vh ∈ Uh, (10)

(∇ · uk
h, qh) + τ b(pkh, qh) = (∇ · uk−1

h , qh) + τ (fk, qh) ∀qh ∈ Qh, (11)

where τ is the time discretization parameter.

Let ϕ̃i be a vector nodal basis of Uh, with all its components equal to ϕi, and ϕj a nodal

basis of Qh. As consequence, the discrete approximations at time-step k can be written

as

uh
k =

nu
∑

i=1

Uk
iϕi, pkh =

np
∑

j=1

P k
j ϕj ,

and the discrete formulation (10)-(11), can be expressed as a system of linear algebraic

equations as follows

[

A G

D τ B

][

Uk

Pk

]

=

[

0 0

D 0

][

Uk−1

Pk−1

]

+

[

Gk

τ Fk

]

, (12)

where Uk and Pk represent the unknown vectors in the k th time step: (Uk
1,U

k
2, . . . ,U

k
nu
)

and (P k
1 , P

k
2 , . . . , P

k
np
), A is the elasticity matrix, B is the diffusive matrix multiplied

by a coefficient κ/η, and G and D are the gradient and divergence matrices, respec-

tively. Gk and Fk are the right hand side vectors in the k th time step, with components

Gk
i = (gk, ϕ̃i) + (t, ϕ̃i)Γt

, i = 1, . . . , nu and F k
i = (fk,ϕi), i = 1, . . . , np, respectively, and

DU0 = 0.

As mentioned before,we consider the stabilized scheme presented in [1]. In such

scheme, a term which arises from the discretization of the time derivative of the Laplacian

of the pressure multiplied by a coefficient β = h2/4(λ + 2µ), where h is the space dis-

cretization parameter, is added in the flow equation, and thus, the corresponding discrete
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variational problem results in:

For k ≥ 1, find (uk
h, p

k
h) ∈ Uh ×Qh such that

a(uk
h,vh) + (∇pkh,vh) = (gk,vh) + (t,vh)Γt

, ∀vh ∈ Uh,

(∇ · uk
h, qh) + (τ + β ′)b(pkh, qh) = τ(fk, qh) + (∇ · uk−1

h , qh) + β ′b(pk−1
h , qh), ∀qh ∈ Qh,

which in matrix-form reads as
[

A G

D (τ + β ′)B

][

Uk

Pk

]

=

[

0 0

D β ′B

][

Uk−1

Pk−1

]

+

[

Gk

τ Fk

]

, (13)

where β ′ = β
η

κ
.

3 Implementation on semi-structured triangular grids

The stabilized finite element scheme introduced in Section 2 for problem (1)-(5) is

considered on a particular triangulation of the domain related to a semi-structured grid

obtained by local regular refinement of an input unstructured triangulation. The semi-

structured character of the grid allows the use of low-cost memory storage of the discrete

operator based on stencil formulation. An efficient procedure to construct these stencils

by means of a reference hexagon is presented further on.

Let us denote T0 a coarse triangulation of Ω, which is assumed to be fine enough in order

to fit the geometry of the domain. Once this coarse triangulation is given, each one of its

triangles is divided into four congruent triangles connecting the midpoints of their edges,

and this is repeated until a mesh Tf is obtained with the desired fine scale. This strategy

generates a hierarchy of meshes, T0 ⊂ T1 ⊂ · · · ⊂ Tf .

For the implementation of the finite element method, we wish to store the coefficient

matrix using a stencil–wise procedure, since a few types of stencils are enough to describe

the discrete operator. For this, we distinguish three different types of points in the grid:

interior nodes of a triangle of the coarsest grid, vertices of T0 and nodes lying on the edges

of T0, see Figure 1. Depending on the location of a node in the grid, the way in which the

discrete operator is described is different. A stencil form for interior points to each coarse

triangle and different stencil forms for nodes lying on the edges of T0, are enough, since

both types of points have a regular structure. However, in order to describe the discrete

operator in the nodes of T0, which is unstructured, it is necessary to construct the stiffness

matrix on the coarsest grid, by the usual assembly process, which will be scaled depending

on the refinement level we are working with. In fact, two different data structures must

be used, one of them totally unstructured, whereas the other, corresponding to the most
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of the nodes, is a hierarchical structure, see Figure 1. This methodology, see [3], resembles

the way of working with finite difference methods on block–structured grids.

!

Figure 1.— Different kinds of nodes on a triangle of the coarsest grid: interior points

(white circles), nodes lying on the edges (crosses), and vertexes of the unstructured

grid (black circles).

Next, we concentrate on constructing the stencil associated with an interior point of a

triangle T of the coarsest grid. To this end, we are going to define the regular grid arising

inside this triangle. By considering a unitary basis of R2, {e′1, e′2}, fitting the geometry

of the triangle, as we can see in Figure 2, we can define the grid for a refinement level

1 ≤ * ≤ f in the following way:

GT ,! = {x = (x, y)|{e′i} | x = nh1, y = mh2, n = 0, . . . , 2!, m = 0, . . . , n},

where h = (h1, h2) is the grid spacing in triangle T , associated with the refinement level

*. Hence, a local numeration with double index can be fixed in each one of the triangles

"#$#%!

!

!

"&$&%!

"'$'%!

"'$(%!"($(%!

"#$&%!")$&%!"'$&%!"($&%!

")$)%!

")$'%!

")$(%!

"#$)%!

"#$'%!

"#$(%!

Figure 2.— New basis in R2 fitting the geometry of a triangle of the coarsest grid, and

local numeration.

of the coarsest grid. For a refinement level *, nodes are referred by (n,m), n = 0, . . . , 2!,

m = 0, . . . , n, in such a way that the indexes of the vertices of the triangle are (0, 0),
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(2!, 0), (2!, 2!), as we can also observe in Figure 2 for * = 2. This way of numbering

nodes is very convenient for identifying the neighboring nodes, which will be crucial when

performing the geometric multigrid method.

For simplicity of presentation of the numerical scheme, we will consider only homoge-

neous boundary conditions. Spaces U and Q are the corresponding subspaces of functions

in (H1(Ω))2 and H1(Ω), respectively, vanishing in the Dirichlet boundary, and the asso-

ciated finite element spaces are built as in Section 2. Let us consider an interior node

xi to the grid GT ,!, associated with unknowns uk
i and pki . Since there is a biyective

correspondence between the global and the local numeration, node xi corresponds to an

index (n,m), and therefore uk
i and pki can be denoted as uk

! (xn,m) and pk! (xn,m). Thus,

the equations of system (13) corresponding to such interior point can be written in terms

of discrete operators as follows:

A!u
k
! (xn,m) +G!p

k
! (xn,m)=gk(xn,m), (14)

D!u
k
! (xn,m) + (τ + β)B!p

k
! (xn,m)=D!u

k−1
! (xn,m) + β ′B!p

k−1
! (xn,m) + τfk(xn,m),

where uk−1
! (xn,m) and pk−1

! (xn,m) are known values, since represent the solution at previous

time step, and A!, B!, G!, and D! denote the local discrete operators corresponding to an

interior point of the considered triangle. As uk
! (xn,m) = (uk

! (xn,m), vk! (xn,m))t, operators

A! and G! are vector discrete operators, which in stencil notation are given by

A! =

[

A11
! A12

!

A21
! A22

!

]

, G! =

[

Gx
!

Gy
!

]

,

where

Aij
! =









0 aij01 aij11
aij−10 aij00 aij10
aij−1−1 aij0−1 0









, Gx
! =









0 gx01 gx11
gx−10 gx00 gx10
gx−1−1 gx0−1 0









, Gy
! =









0 gy01 gy11
gy−10 gy00 gy10
gy−1−1 gy0−1 0









.

Analogously, D! is given by
[

Dx
! Dy

!

]

, where Dx
! = Gx

! and Dy
! = Gy

! , whereas B! is a

simple scalar discrete operator

B! =









0 b01 b11

b−10 b00 b10

b−1−1 b0−1 0









.

Notice that each interior node is the center of a hexagon H , consisting of six congru-

ent triangles, so the only unknowns appearing in the equations of node (n,m) are the

corresponding to indexes (n + 1, m), (n − 1, m), (n,m + 1), (n,m − 1), (n + 1, m + 1),

(n−1, m−1), see Figure 3. This allows us to write previous equations (14) in the following
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way

∑

(κ1,κ2)∈I

a11κ1,κ2
uk
! (xn+κ1,m+κ2

) +
∑

(κ1,κ2)∈I

a12κ1,κ2
vk! (xn+κ1,m+κ2

) +
∑

(κ1,κ2)∈I

gxκ1,κ2
pk! (xn+κ1,m+κ2

) =

∫

H

gk1ϕn,mdx,

∑

(κ1,κ2)∈I

a21κ1,κ2
uk
! (xn+κ1,m+κ2

) +
∑

(κ1,κ2)∈I

a22κ1,κ2
vk! (xn+κ1,m+κ2

) +
∑

(κ1,κ2)∈I

gyκ1,κ2
pk! (xn+κ1,m+κ2

) =

∫

H

gk2ϕn,mdx,

∑

(κ1,κ2)∈I

dxκ1,κ2
uk
! (xn+κ1,m+κ2

) +
∑

(κ1,κ2)∈I

dyκ1,κ2
vk! (xn+κ1,m+κ2

) + (τ + β)
∑

(κ1,κ2)∈I

bκ1,κ2
pk! (xn+κ1,m+κ2

) =

∑

(κ1,κ2)∈I

dxκ1,κ2
uk−1
! (xn+κ1,m+κ2

) +
∑

(κ1,κ2)∈I

dyκ1,κ2
vk−1
! (xn+κ1,m+κ2

) + β ′
∑

(κ1,κ2)∈I

bκ1,κ2
pk−1
! (xn+κ1,m+κ2

) +

τ

∫

H

fkϕn,mdx, (15)

where I is the set I = {(κ1, κ2) | κ1, κ2 = −1, 0, 1} ⊂ Z2.

In order to efficiently compute the previous stencils associated with discrete operators,

we use a strategy similar to that used in the standard finite element assembly, taking in

this case a reference hexagon. In order to illustrate such construction, we begin considering

operator B!. The stencil form for operator B! reads

B! =
κ

η
·

·



















0

∫

T2∪T3

∇ϕn,m+1 ·∇ϕn,m dx

∫

T1∪T2

∇ϕn+1,m+1 ·∇ϕn,m dx

∫

T3∪T4

∇ϕn−1,m ·∇ϕn,m dx

∫

∪6
i=1Ti

∇ϕn,m ·∇ϕn,m dx

∫

T1∪T6

∇ϕn+1,m ·∇ϕn,m dx

∫

T4∪T5

∇ϕn−1,m−1 ·∇ϕn,m dx

∫

T5∪T6

∇ϕn,m−1 ·∇ϕn,m dx 0



















,

(16)

where Ti, i = 1, . . . , 6 are the triangles composing the hexagonH around node (n,m), and

the nodal basis functions ϕk,l are referred to the local numeration, see Figure 3. In order

to have an effective computation of this stencil we will use a reference hexagon Ĥ with

center x̂0,0 = (0, 0) and vertices x̂1,0 = (1, 0), x̂1,1 = (1, 1), x̂0,1 = (0, 1), x̂−1,0 = (−1, 0),

x̂−1,−1 = (−1,−1), x̂0,−1 = (0,−1), and an affine transformation FH mapping hexagon Ĥ

onto H , x = FH(x̂) = BH x̂+ bH with

BH =

(

xn+1,m − xn,m xn+1,m+1 − xn+1,m

yn+1,m − yn,m yn+1,m+1 − yn+1,m

)

, bH =

(

xn,m

yn,m

)

,

where (xk,l, yk,l) are the coordinates of the nodes xk,l. Note that matrix BH is proportional

with factor 2−!, where * is the refinement level, to the matrix associated with the affine

transformation between T̂1 (see Figure 3) and the current triangle of the input coarsest

grid. With these definitions, we can translate the degrees of freedom and basis functions

(denoted here by ϕ̂) on the reference hexagon to degrees of freedom and basis functions
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Figure 3.— Reference hexagon and corresponding affine transformation FH .

on the hexagon H . In particular, we have

ϕ̂k,l = ϕk,l ◦ FH , ∇ϕ̂k,l = Bt
H∇ϕk,l ◦ FH .

By applying the change of variable associated with the affine mapping, the entries of the

stencil (16) yield the following expressions

b0,1 = | detBH |
κ

η

(

∫

T̂2

(B−1
H )t∇ϕ̂0,1 · (B

−1
H )t∇ϕ̂0,0dx̂ +

∫

T̂3

(B−1
H )t∇ϕ̂0,1 · (B

−1
H )t∇ϕ̂0,0dx̂

)

,

b1,1 = | detBH |
κ

η

(

∫

T̂1

(B−1
H )t∇ϕ̂1,1 · (B

−1
H )t∇ϕ̂0,0dx̂ +

∫

T̂2

(B−1
H )t∇ϕ̂1,1 · (B

−1
H )t∇ϕ̂0,0dx̂

)

,

b−1,0 = | detBH |
κ

η

(

∫

T̂3

(B−1
H )t∇ϕ̂−1,0 · (B

−1
H )t∇ϕ̂0,0dx̂ +

∫

T̂4

(B−1
H )t∇ϕ̂−1,0 · (B

−1
H )t∇ϕ̂0,0dx̂

)

,

b0,0 = | detBH |
κ

η

(

6
∑

i=1

∫

T̂i

(B−1
H )t∇ϕ̂0,0 · (B

−1
H )t∇ϕ̂0,0dx̂

)

,

b1,0 = | detBH |
κ

η

(

∫

T̂1

(B−1
H )t∇ϕ̂1,0 · (B

−1
H )t∇ϕ̂0,0dx̂ +

∫

T̂6

(B−1
H )t∇ϕ̂1,0 · (B

−1
H )t∇ϕ̂0,0dx̂

)

,

b−1,−1 = | detBH |
κ

η

(

∫

T̂4

(B−1
H )t∇ϕ̂−1,−1 · (B

−1
H )t∇ϕ̂0,0dx̂+

∫

T̂5

(B−1
H )t∇ϕ̂−1,−1 · (B

−1
H )t∇ϕ̂0,0dx̂

)

,

b0,−1 = | detBH |
κ

η

(

∫

T̂5

(B−1
H )t∇ϕ̂0,−1 · (B

−1
H )t∇ϕ̂0,0dx̂ +

∫

T̂6

(B−1
H )t∇ϕ̂0,−1 · (B

−1
H )t∇ϕ̂0,0dx̂

)

.

Now, defining the 2× 2 matrix CH = B−1
H (B−1

H )t,

CH =

(

cH11 cH12
cH12 cH22

)

,

the stencil (16) has the expression

B! = | detBH |
κ

η

(

cH11Ŝxx + 2 cH12Ŝxy + cH22Ŝyy

)

,

where

Ŝxx =









0 0 0

−1 2 −1

0 0 0









, Ŝxy = Ŝyx =
1

2









0 1 −1

1 −2 1

−1 1 0









, Ŝyy =









0 −1 0

0 2 0

0 −1 0









,
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are the stencils associated with operators −∂xx, −∂xy, −∂yx, and −∂yy , in the reference

hexagon.

Analogously, we can obtain similar expressions in function of these reference stencils,

for discrete operators Aij
! , i, j = 1, 2, Gx

! = Dx
! , and Gy

! = Dy
! .

For the stencils corresponding to the elasticity operator A!, some of their coefficients are

given by

a1101 =

∫

T2∪T3

[

(λ+ 2µ)
∂ϕn,m+1

∂x

∂ϕn,m

∂x
+ µ

∂ϕn,m+1

∂y

∂ϕn,m

∂y

]

dx,

a1201 =

∫

T2∪T3

[

λ
∂ϕn,m+1

∂y

∂ϕn,m

∂x
+ µ

∂ϕn,m+1

∂x

∂ϕn,m

∂y

]

dx,

a2101 =

∫

T2∪T3

[

λ
∂ϕn,m+1

∂x

∂ϕn,m

∂y
+ µ

∂ϕn,m+1

∂y

∂ϕn,m

∂x

]

dx,

a2201 =

∫

T2∪T3

[

µ
∂ϕn,m+1

∂x

∂ϕn,m

∂x
+ (λ+ 2µ)

∂ϕn,m+1

∂y

∂ϕn,m

∂y

]

dx,

and the rest of them have analogous definitions. Using the change of variable previously

introduced, and defining the inverse of the matrix of the transformation as:

B−1
H =

(

bH11 bH12
bH21 bH22

)

,

the four scalar stencils corresponding to A! can be written in terms of the reference stencils

in the following way:

A11
! = | detBH |(((λ+ 2µ)(bH11)

2 + µ(bH12)
2) Ŝxx + (µ(bH22)

2 + (λ+ 2µ)(bH21)
2) Ŝyy

+((λ+ 2µ)bH11b
H
21 + µbH22b

H
12) (Ŝxy + Ŝyx)),

A12
! = | detBH |((λ+ µ)bH11b

H
12 Ŝxx + (λ+ µ)bH22b

H
21 Ŝyy + (λbH12b

H
21 + µbH22b

H
11) Ŝxy

+(λbH22b
H
11 + µbH21b

H
12) Ŝyx),

A21
! = | detBH |((λ+ µ)bH11b

H
12 Ŝxx + (λ+ µ)bH22b

H
21 Ŝyy + (λbH22b

H
11 + µbH21b

H
12) Ŝxy

+(λbH12b
H
21 + µbH22b

H
11) Ŝyx),

A22
! = | detBH |(((λ+ 2µ)(bH12)

2 + µ(bH11)
2) Ŝxx + (µ(bH21)

2 + (λ+ 2µ)(bH22)
2) Ŝyy

+((λ+ 2µ)bH22b
H
12 + µbH11b

H
21) (Ŝxy + Ŝyx)),

Now, it is straightforward to see that the stencils corresponding to Gx
! = Dx

! and Gy
! = Dy

! ,
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are given by

Gx
! =



















0

∫

T2∪T3

∂ϕn,m+1

∂x
ϕn,m dx

∫

T1∪T2

∂ϕn+1,m+1

∂x
ϕn,m dx

∫

T3∪T4

∂ϕn−1,m

∂x
ϕn,m dx

∫

∪6
i=1Ti

∂ϕn,m

∂x
ϕn,m dx

∫

T1∪T6

∂ϕn+1,m

∂x
ϕn,m dx

∫

T4∪T5

∂ϕn−1,m−1

∂x
ϕn,m dx

∫

T5∪T6

∂ϕn,m−1

∂x
ϕn,m dx 0



















,

and

Gy
! =



















0

∫

T2∪T3

∂ϕn,m+1

∂y
ϕn,m dx

∫

T1∪T2

∂ϕn+1,m+1

∂y
ϕn,m dx

∫

T3∪T4

∂ϕn−1,m

∂y
ϕn,m dx

∫

∪6
i=1Ti

∂ϕn,m

∂y
ϕn,m dx

∫

T1∪T6

∂ϕn+1,m

∂y
ϕn,m dx

∫

T4∪T5

∂ϕn−1,m−1

∂y
ϕn,m dx

∫

T5∪T6

∂ϕn,m−1

∂y
ϕn,m dx 0



















,

And following calculations similar to those for the previous operators, they can be written

in terms of reference stencils in the following way

Gx
! = | detBH |

(

bH11 Ŝx + bH21 Ŝy

)

,

Gy
! = | detBH |

(

bH12 Ŝx + bH22 Ŝy

)

,

where

Ŝx =
1

6









0 −1 1

−2 0 2

−1 1 0









, Ŝy =
1

6









0 2 1

1 0 −1

−1 −2 0









,

are the stencils corresponding to operators ∂x and ∂y computed in the reference hexagon.

Finally, we normalize equations in (15) with the factor | detBH |, and then the right–

hand sides are approximations of gk(xn,m) and fk(xn,m). Notice that these stencil forms

of the discrete operators in function of the reference stencils give the stencil corresponding

to an interior point of an arbitrary triangle with any geometry and any position in the

plane.

With obvious modifications of the above process, it is possible to construct the stencil

associated with the nodes located at the edges in T0 in terms of the basic stencils and the

appropriate affine transfonmations.

4 Multigrid based on Vanka-type smoothers

The design of an efficient geometric multigrid method for a concrete problem depends

strongly on the choice of adequate components of the algorithm. These components have

to be chosen so that they efficiently interplay with each other in order to obtain a good
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connection between the relaxation and the coarse-grid correction. In this paper, linear

interpolation is chosen as the prolongation, and its adjoint as the restriction operator.

The discrete operator on each mesh in the hierarchy results from the direct discretization

of the system of partial differential equations on the corresponding grid. Due to the semi-

structured character of the grid, we will use a block-wise multigrid algorithm, in which

each triangle of the coarsest triangulation is treated as a different block with regard to the

smoothing process. However, there are several points in the algorithm, where information

from neighboring triangles must be transferred, and to facilitate this communication each

triangle of the coarsest grid is augmented by an overlap-layer of so-called ghost nodes that

surround it.

As commented in the introduction, standard smoothers, as simple point-wise gauss-

seidel smoothers (with any ordering), are not appropriate for saddle point type problems.

We shall see that box-relaxation can be taken as a suitable smoother to deal with poroe-

lasticity problems. It consists of decomposing the grid into small overlapped subdomains

and looping over all of them solving the system arising from the equations corresponding

to the points in the subdomain. There are many variants of box-type smoothers, they can

differ in the choice of the subdomains which are solved simultaneously, and in the way

in which the local systems are solved. Also, the different subdomains can be visited in

differente orderings, for example red-black or three-color ordering (see [11]), yielding to a

wide variety of box-relaxations. Here, we only deal with a pair of them. Firstly, we con-

sider a point-wise box Gauss-Seidel iterative algorithm, which consists of simultaneously

updating all unknowns corresponding to the nodes located at the vertexes of an hexagon

centered on a grid point, together with the unknowns at this point. This means that 21

unknowns corresponding to displacement and pressure unknowns (see left Figure 4) are

relaxed simultaneously and therefore, a 21 × 21 system has to be solved for each box.

In the variant considered here, the subdomains are visited in lexicographic order. The

need of solving such systems makes these smoothers expensive. A simplified variant of

them can be considered by only coupling the unknowns associated with a cell in the grid,

that is, unknowns located at the three vertexes of each triangle, see right Figure 4. This

implies to solve a 9×9 system on each triangular cell. This smoother is known as cell-wise

box relaxation. In this paper, a variant of this cell-wise box smoother is considered, in

particular a red-black cell-wise box-relaxation is used. It consists of looping the trian-

gular cells of the grid in a checkerboard manner, that is, first the up-oriented triangles

are updated, and the down-oriented ones are relaxed in the second partial relaxation step.

In order to see the suitability of box-smoothers for the considered problem, we solve

the so-called poroelasticity footing problem on the computational rectangular domain

depicted in left part of Figure 5, with dimensions Ω = [0, 1]× [0,
√
3/2].
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!

!

!

!

!

Figure 4.— Unknowns simultaneously updated in point-wise and cell-wise box Gauss-

Seidel.

!!

!

!

!

Figure 5.— Rectangular computational domain, and considered coarsest triangulation.

The body is assumed rigid at the bottom and a uniform load is applied in a strip

of length 0.4, in the central part of the upper boundary. Besides, the whole contour

is assumed free to drain. More concretely, the considered boundary conditions are the

following

p = 0, on Γ = ∂Ω,

σ′ n = t, on Γt,1,

σ′ n = 0, on Γt,2,

u = 0, on Γc = Γ\{Γt,1 ∪ Γt,2},

where t = (0,−104)t, and

Γt,1 = {(x, y) ∈ Γ | y =
√
3/2, 0.3 ≤ x ≤ 0.7},

Γt,2 = {(x, y) ∈ Γ | y =
√
3/2, 0 ≤ x ≤ 0.3 or 0.7 ≤ x ≤ 1},

and the material properties of the porous medium are given in Table 1. The considered

time-step is τ = 10−2.

The coarsest triangulation, composed of 10 triangles, is also depicted in right part of

Figure 5. From this grid, a regular refinement process is applied to each element of the
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Property Value Unit

Young’s modulus 3× 104 N/m2

Poisson’s ratio 0.2 -

Permeability 10−10 m2

Fluid viscosity 10−3 Pas

Table 1.— Material parameters for the considered poroelastic problem.

triangulation until to achieve a target grid with the desired fine scale to approximate the

solution of the problem. For all the numerical experiments performed next, the stopping

criterion per time step is that the absolute residual should be less than 10−6.

First of all, a standard smoother is considered in order to see the convergence troubles

that appear when trying to solve the system of poroelasticity with the corresponding

multigrid method. In particular, a three-color Gauss-Seidel is considered, since in [11] this

smoother resulted to have a better performance than other standard smoothers for the

Poisson problem. Three color smoother consists of splitting grid nodes into three disjoint

sets, with each set having a different color, and simultaneously updating all nodes of the

same color. The good convergence properties displayed by this smoother for the Poisson

problem are lost when it is used to solve a poroelasticity problem. This can be seen in

Figure 6, where the history of the convergence of a multigrid algorithm based on three-

color smoother, applied to the considered poroelasticity problem, is shown. An F (2, 1)

cycle is used, and for different numbers of refinement levels it is shown that this smoother

is not robust with respect to the space discretization parameter, since the number of

iterations, necessary to reach the desired value for the residual, grows up as the number

of refinement levels increase, yielding a significative deterioration of the convergence.

Besides, even divergence can be seen for some refinement levels.

!

Figure 6.— History of the convergence of multigrid based on three-color smoother for

poroelasticity.
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This unsatisfactory convergence of the multigrid method, is improved by considering

box-relaxation. Next, results for both box-smoothers previously introduced, are presented.

In Figure 7, the obtained results for the convergence of the multigrid method based on

cell-wise (right-hand panel) and point-wise box-smoothers (left-hand panel) are displayed.

It is observed a very good behavior of these methods for the poroelasticity problem, and it

can be seen that even the convergence improves when a finer grid is considered. Besides, a

similar behavior of both smoothers is reported, being cheaper the cell-wise box-relaxation.

! !

Figure 7.— Convergence of point-wise and cell-wise box-smoothers, respectively, for

different numbers of refinement levels.

Finally, the behavior of V− and F−cycles for cell-wise and point-wise box-smoothers

is analyzed. In Figure 8, the convergence obtained with V (2, 1) and F (2, 1)− cycles is

displayed for both smoothers. It is observed that F− cycles provide good convergence,

whereas V−cycles yield to divergence of the method. This is due to the poor coarse-grid

correction which appears when stabilization terms are added to the equations. F−cycles,

which invest more work on coarser grids, can overcome these troubles, but on the contrary

V−cycles do not manage it. Moreover, an increase on the number of pre- and post-

smoothing steps does not improve significantly the results. Some techniques to beat

these problems, as residual overweighting and defect correction strategies, see [8], will be

investigated in the future.
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Abstract

Non-negative matrix factorisation covers a variety of algorithms that attempt to

represent a given, large, data matrix as a sum of low rank matrices with a prescribed

sign pattern. There are intuitave advantages to this approach, but also theoretical

and computational challenges. In this exploratory paper we investigate the use of

non-negative matrix factorisation algorithms as a means to reorder the nodes in

a large network. This gives a set of alternatives to the more traditional approach

of using the singular value decomposition. We describe and implement a range

of recently proposed algorithms and evaluate their performance on synthetically

constructed test data and on a real data set arising in cancer research.

1 Introduction

Many large, complex networks contain hidden substructures that can be revealed

using a range of post-processing algorithms. In particular, reordering the network nodes

appropriately may help to summarise key properties by exposing significant clusters, or

more generally sets of neighbours with similar features. This work focuses on the use of

matrix factorisation methods to derive network reorderings.

Non-negative matrix factorisation (NMF) is a relatively new matrix computation tool

that has been applied to problems in data compression and feature extraction [1, 2, 6]. We

aim here to study the potential for NMF in network reordering. Our target applications

concerns the behaviour of genes and proteins in cells. Microarray data produces large

non-square matrices of information recording the behaviour of many genes across a small

number of samples. This data is by its very nature non-negative. A common aim is then

to cluster or order the genes/samples into groups where members behave similarly to each
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other and differently to those in other groups. This allows us to find sets of genes whose

behaviour distinguishes different sample types. As we are particularly interested in using

the technique to classify clusters of samples from microarray data we typically talk about

the rows of a matrix being genes and the columns as samples. Currently this is often done

using the singular value decomposition. [3, 4].

In Section 2 we introduce non-negative matrix factorisation, before giving specific

algorithms in Section 3. In this section we also describe how we use the factorisation for

reordering. In Section 4 we test all the algorithms on synthetic data before looking at a

real data set in Section 5.

2 Non-negative Matrix Factorisation

In general, given an input matrix A with non-negative entries, ai,j ≥ 0, NMF produces

lower rank non-negative factors W and H , so that

A ≈ WH, (1)

with A ∈ Rm×n, W ∈ Rm×k and H ∈ Rk×n, for k $ min(m,n). We often express the two

factors in terms of their rows or columns, that is,W = [w1, . . . , wk], andH = [h1, . . . , hk]
T.

NMF techniques, which are relatively new in the context of network reordering, have the

intuitive advantage of respecting the non-negative nature of the original data. It has been

shown in other areas of research that the outer product of a column of the first factor wi

and a row of the second hi may pick out a feature of the original data [6]. For network

reordering this has the potential to generate bases of “eigen-genes” or “eigen-samples”

that combine non-negatively to represent the expression of a particular gene across the

samples or the gene expression for a particular sample type. In this setting the (i, j)th

entry of Wi,j is the level of expression of gene i in eigen-sample j, and Hi,j, the (i, j)th

entry of H , is the importance of eigen-gene i in sample j.

Although NMFs take advantage of the non-negative nature of the original data, they

have various theoretical and practical drawbacks that are yet to be fully explored in the

network reordering context. Different NMF variations can produce very different results,

and the iterative nature of the underlying computations makes them highly sensitive to

the choice of target rank and initial starting guess.

3 Specific NMF Algorithms

There are many different NMF algorithms. We look at five variants [7].

Multiplicative Update Here both factors need to be initialised with starting guesses

40



W 0 and H0, typically random matrices. The algorithm is then:

H i+1 = H i. ∗
W iTA

W iTW iH i + 10−9

W i+1 = W i. ∗
AH iT

W iH iH iT + 10−9



























(2)

where .∗ denotes point-wise multiplication.

Alternating Least Squares Only W 0 needs to be initialised. The algorithm is

Solve for H i+1 in W iH i+1 = A

Set all negative entries in H i+1 to 0

Solve for W i+1 in W i+1H i+1 = A

Set all negative entries in W i+1 to 0























(3)

Tri-factorisation Here A is factorised into three factors so that A ≈ WSH with W ∈

Rm×k S ∈ Rk×! andH ∈ R!×n, with k, ! $ min(m,n). This allows different numbers

of clusters in the rows and columns of the data. After initialising all the factors with

random guesses the algorithm is then:

H i+1 = H i. ∗

√

SiTW iTA

SiTW iTAH iTH i + 10−9

W i+1 = W i. ∗

√

AH iTSiT

W iW iTAH iTSiT + 10−9

Si+1 = Si. ∗

√

W iTAH iT

W iTW iSiH iH iT + 10−9































































(4)

Both the multiplicative update method and the alternating least squares algorithms are

included in the MATLAB statistics toolbox1. There are also partial-non-negative factori-

sations, which allow an input matrix of mixed sign and produce factorisations where one

of the two factors is non-negative. We will consider the case where A ≈ WH as before

but with A and W allowed to have negative entries. Two examples of these are;

Semi-NMF Only H0 is initialised with the algorithm being:

W i+1 = AH iT(H iH iT)−1

H i+1 = H i. ∗

√

(W iTA)+ + (W iTW i)−H i

(W iTA)− + (W iTW i)+H i























(5)

1http://www.mathworks.com/
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Convex-NMF In this factorisation the columns of W lie in the space spanned by the

columns of A, i.e. W = AR so A ≈ ARH. The algorithm is;

H i+1 = H i. ∗

√

RiT(ATA)+ +RiT(ATA)−RiH i

RiT(ATA)− +RiT(ATA)+RiH i

Ri+1 = Ri. ∗

√

(ATA)+H iT + (ATA)−RiH iH iT

(ATA)−H iT + (ATA)+RiH iH iT



































(6)

where (M)+ =
(|M | +M)

2
and (M)− =

(|M |−M)

2
, the positive and negative parts of

the matrix.

In all cases the aim is that a row/column of the factorisation matrices W and H

conveys information on a single feature of the data. For k = 1 all the algorithms produce

the same result. In this case W is the first left singular vector of A and H is the first

right singular vector. However, for k > 1 the algorithms all differ.

3.1 Permutation

We can show that one positive feature as of all these algorithms is that they are

impervious to permutation of the original matrix. This means that the initial ordering

of the nodes in the network has no influence on the final reordering produced by the

algorithm.

This can be verified for all algorithms using the properties of permutation matrices.

By way of example we show the calculations for the method of multiplicative update.

Letting P1 and P2 denote arbitrary permutation matrices and starting with ˜W 0 = P1W 0

and ˜H0 = H0PT
2 , the factorisation of P1APT

2 gives that;

˜W 1 = P1W
0. ∗

P1APT
2

(

H0PT
2

)T

P1W 0H0PT
2 (H0PT

2 )
T
+ 10−9

= P1W
0. ∗

P1AH0T

P1W 0H0H0T + 10−9

= P1

(

W 0. ∗
AH0T

W 0H0H0T + 10−9

)

= P1W
1
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and

˜H1 = H0PT
2 . ∗

(P1W 0)T P1APT
2

(P1W 0)T P1W 0H0PT
2 + 10−9

= H0PT
2 . ∗

W 0TAPT
2

W 0TW 0H0PT
2 + 10−9

=

(

H0. ∗
W 0TA

W 0TW 0H0 + 10−9

)

PT
2

= H1PT
2 .

Therefore the result follows by induction.

3.2 Ordering and Clustering

Using ideas from [2] we put the rows of W and the columns of H into k clusters. Each

row of W is placed into a cluster according to the most highly expressed column, e.g.

row i of W belongs to cluster j if Wi,j is the maximum over Wi,{1,...,k}. Similarly for the

columns of H , column j of H belongs to cluster i if Hi,j is the maximum over H{1,...,k},j.

Each cluster is then sorted independently by size of element in that column/row. So the

rows of W in cluster j are sorted in order of the jth column of W , and the columns of H

in cluster i are sorted in order of the ith row of H . The orderings are then put together

into a single reordering vector with the reordered cluster 1 appearing before the reordered

cluster 2 and so on. The MATLAB code for clustering and reordering W reads:

% finding the clusters

for i=1:m

[b,clustW(i)]=max(W(i,:));

end

% sorting the clusters

for i=1:k

k_ind=find(clustW==i);

[b,tind]=sort(W(k_ind,i));

indW(kind)=kind(tind);

end

% sorting the ordering so we have cluster 1

% then cluster 2 etc...

[d,cind]=sort(clustW);

indW=indW(cind);

clustW=d;
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Figure 1.— The left panel has the original test data with three hidden blocks. The

panel on the right shows this matrix with the rows and columns shuffled independently;

this is the matrix that is factorised.

where indW contains the ordering indices for the rows and clustW has the reordered cluster

numbers. The same method is used to sort the columns of H .

4 Performance on test data

The first test for the algorithms was whether they could find significant blocks placed in

a random matrix. The test matrix, generated by a pseudo-random number generator, has

three blocks with higher values, as shown in the left panel of Figure 1. The highest block

is referred to as block 1 and the lowest is block 3. The rows and columns of this matrix

are then shuffled independently to produce the picture on the right of Figure 1. This is

the matrix the algorithms are tested on. In all the figures the darker colours represent

the higher values in the matrix as shown by the colourbar in this figure. Each algorithm

is run with 10 different random initial conditions and the factorisation that produces the

the lowest approximation error in the Frobenius norm ‖A−WH‖F is chosen to represent

the factorisation method.

The results are shown in Figures 2–7. The first three panels of the top row show the

matrix reshuffled using the relative sizes of the first, second and third rows of W and the

first second and third columns of H respectively. The fourth shows them clustered and

ordered as in Section 3.2. The bottom row shows the ordering and clusters in the clustered

version with ∗ denoting the original block 1, ◦ block 2, and + block 3; the remaining rows

and columns are shown by dots. The vertical axis shows the cluster number with the

reordered (as in Section 3.2) position on the horizontal axis. The graph on the left shows
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Figure 2.— Results using multiplicative update with k = 3.

the reordering of the rows and the graph on the right that for the columns.

Figure 2 shows the results using multiplicative update (2) for k = 3. We see that

ordering purely on the magnitude of the first column of W and first row of H finds one

of the blocks in the original matrix, as do the second and third components. Using the

clustering and ordering given in Section 3.2 we see all the blocks appearing with one block

in each cluster. For this algorithm we get that ‖A−WH‖F = 0.55737.

The results from the alternating least squares method (3) are in Figure 3 for k = 3.

The algorithm converges to a rank one solution rather than a rank 3 solution. All but the

first column of W and the first row of H are zeros. There is only one “cluster” found, but

the row reordering nearly finds two of the three blocks. The column ordering is not as

good. This algorithm is also slower than the multiplicative update, and the approximation

isn’t as close to the original matrix with ‖A−WH‖F = 0.83243.

With the tri-factorisation (4) the clusters are no longer necessarily in the same order

in the rows and columns; this can be seen in Figure 4. However looking at the matrix

S, shown in Figure 5, we can see that row cluster i corresponds to column cluster j

if Si,j = maxp∈{1,...,!} Si,p. Similarly, column cluster j corresponds to row cluster i if

Si,j = maxp∈{1,...,k} Sp,j. If k )= ! it is possible that there are row or column clusters
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Figure 3.— Results using alternating least squares with k = 3.

Figure 4.— Results using tri-factorisation with k = 3 and l = 3.
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Figure 5.— A heat map of the middle factor S of the factorisation.

Figure 6.— Results using semi-NMF with k = 3.
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Figure 7.— Results using convex-NMF with k = 3.

that do not corrrespond to a cluster the other dimension, usually this row/column of S

doesn’t have any particularly large values. It is also possible that one row/column cluster

corresponds to more than one different column/row clusters, these are still the highest

values in S, usually noticeably larger than the other values. For this test example with

k = ! = 3 the results are very similar to those using multiplicative update, but with

the row/column cluster shuffled. The algorithm also takes about the same time as the

multiplicative update and ‖A−WSH‖F = 0.57826, similar to that of the multiplicative

update. The major difference between the two algorithms is that here we can have different

numbers of row clusters and column clusters. In some applications this can be a benefit,

however, it does give another parameter that needs to be fixed before the factorisation

can begin.

Semi-NMF (5), shown in Figure 6, is the fastest of the algorithms and also produces

good results, with ‖A−WH‖F = 0.55720.

Initialising both R andH with random matrices the convex-NMF algorithm (6), shown

in Figure 7, does as well as any of the other algorithms but it takes a lot longer to run

with the error being on a par with the other algorithms at ‖A − WH‖F = 0.56763. It

is considerably faster if R0 = g/(g′ ∗ g), where g is a random matrix, and the results are

similar.
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Figure 8.— The ordering as given by the singular value decomposition. The vertical

axis has the value of the normalised second or third right singular vector in the top

and bottom images respectively.

5 Performance on a cancer microarray data set

We have further tested the algorithms on microarray data from bone marrow samples

from patients with acute leukaemia. In the data set the rows represent different genes and

the columns are the samples. An individual entry is then the level of gene expression in

that sample. The matrix is therefore long and thin with 5000 rows and only 38 columns.

There are different types of leukaemia represented here: acute myelogenous leukaemia

(AML) and acute lymphoblastic leukaemia (ALL). The second type is further divided

into T and B cell subtypes. This data set has been widely used to test algorithms, see

for example [2, 5]. It contains two samples that are misclassified by many methods, these

are included in our analysis. This time the factorisation with the lowest approximation

error is chosen from five different random initial conditions.

For comparison we first show the results achieved by using the singular value decompo-

sition on a normalised data set, see [4] for details. These can be found in Figure 8; where

we see the sorted index numbering along the horizontal axis with the value of the right

singular vector on the vertical axis. The top graph shows the samples sorted using the

second right singular vector, here we see that with one exception the AML type and the

ALL types are split. The lower graph has the same information, but sorted by the third

singular vector. This time the three different types are split with only two exceptions.

The results from the multiplicative update are in Figure 9. In this figure, and in

those following, the value on the vertical axis is the cluster number. This time we see

that choosing k = 2, as in the top graph, we correctly split the ALL and AML type

with two exceptions. For k = 3 in the bottom graph we have split the three different

leukaemia types again with two exceptions. As we cluster the results from the non-
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Figure 9.— The ordering as given by the multiplicative update. The vertical axis has

the cluster number for k = 2, or k = 3 in the top and bottom images respectively.

Figure 10.— The ordering as given by the alternating least squares algorithm. The

vertical axis has the cluster number for k = 2, or k = 3 in the top and bottom images

respectively.

Figure 11.— The ordering as given by tri-factorisation. The vertical axis has the cluster

number for k = 2, or k = 3 in the top and bottom images respectively.
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Figure 12.— The ordering as given by semi-NMF. The vertical axis has the cluster

number for k = 2, or k = 3 in the top and bottom images respectively.

Figure 13.— The ordering as given by convex-NMF. The vertical axis has the cluster

number for k = 2, or k = 3 in the top and bottom images respectively.

negative factorisations, it has the benefit of clear separation of the cell types unlike the

singular value decomposition approach where the split is less clear.

The alternating least squares algorithm does a bad job of clustering or ordering the

samples, just as it did with the test data in Section 4. The results are shown in Figure 10,

where we see that the algorithm produces a rank one solution regardless of the choice of

k, and even ordering on the size of the elements of the rank one matrix H does not split

the data into the different groups.

As we have mentioned before, it is possible to have different numbers of row and

column clusters when using tri-factorisation. However, for ease of comparison we present

results for k = l = 2, or 3; see Figure 11. For both k = l = 2 and k = l = 3, we get very

similar results to those from the multiplicative update method, though it takes longer.

This method is of more benefit in situations where having different numbers of row and

column clusters gives a clearer picture.
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The semi-NMF algorithm is one of the quicker algorithms, though this test shows that

it isn’t as accurate in splitting the different leukaemia types. The results in Figure 12

show that with k = 2 in the top picture one AML type is placed amongst the ALL types,

but three of the ALL types are also placed in the cluster dominated by the AML type.

Increasing k to 3 doesn’t increase the accuracy with four samples mis-assigned.

The convex-NMF algorithm, despite being able to factorise a mixed sign matrix into

the product of a mixed sign and a non-negative matrix, produces clusters that split the

different types. For k = 2 in the top row of Figure 13 shows that there is a single

sample misplaced. When k = 3 as in the bottom graph there are only the two samples

mis-assigned, these results are on a level with the multiplicative update, and the tri-

factorisation.

6 Summary

In this paper we have investgated the use of non-negative matrix factorisation algo-

rithms for reordering data sets and applied them to genetic microarray data. If we look

solely at the ability to distinguish the different clusters it would appear that the multi-

plicative update, tri-factorisation and the convex-NMF algorithms are the best algorithms

to use. However, since the tri-factorisation and convex-NMF are much slower, the multi-

plicative update appears to be the winner in most settings. The other two methods both

have added features though, making them possibly more useful in other contexts.

The algorithms have both practical and theoretical challenges that need to be ad-

dressed. A basic issue is how to choose the rank of the desired factorisation. How do we

choose a value of k (and !) which gives full information from the data without producing

misleading results? From a practical point of view it would be ideal to be able to evaluate

the data set and then compute one factorisation. However this is probably unrealistic, a

more feasible answer would be to find some statistic by which to compare the factorisa-

tions for different values of k. A further challenge is how to initialise the algorithms since

they produce different results for different initial conditions. Currently we make multiple

runs with different initial random matrices and use the factorisation that produces the

lowest approximation error. With large data sets this can become costly and time con-

suming, so some investigation into how best to pick the initial guess would be beneficial.

From a theoretical perspective, it would be very helpful to have analytical results that

allow us to distinguish between the NMF variants in the network reordering application,

and compare them with the more traditional singular value decomposition approach.
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Abstract

The construction of symmetric and symplectic exponentially-fitted Runge-Kutta

methods for the numerical integration of Hamiltonian systems with oscillatory so-

lutions is reconsidered. In previous papers fourth-order and sixth-order symplectic

exponentially-fitted integrators of Gauss type, either with fixed or variable nodes,

have been derived. In this paper new fourth-order integrators are constructed by

making use of the six-step procedure of Ixaru and Vanden Berghe (Exponential

fitting, Kluwer Academic Publishers, 2004). Numerical experiments for some os-

cillatory problems are presented and compared to the results obtained by previous

methods.

MSC: 65L05,65L06

Keywords : Exponential fitting, symplecticness, RK-methods, Oscillatory Hamilto-

nian Systems

1 Introduction

The construction of Runge-Kutta (RK) methods for the numerical solution of ODEs,

which have periodic or oscillating solutions has been considered extensively in the litera-

ture [1]-[12]. In this approach the available information on the solutions is used in order

to derive more accurate and/or efficient algorithms than the general purpose algorithms

for such type of problems. In [13] a particular six-step flow chart is proposed by which

specific exponentially-fitted algorithms can be constructed. Up to now this procedure has
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not yet been applied in all its aspects for the construction of symplectic RK methods of

Gauss type.

In principle the derivation of exponentially-fitted (EF) RK methods consists in selecting

the coefficients of the method such that it integrates exactly all functions of a particular

given linear space, i.e. the set of functions

{1, t, . . . , tK , exp(±λt), t exp(±λt), . . . , tP exp(±λt)} , (1)

where λ ∈ C is a prescribed frequency. In particular when λ = iω,ω ∈ R the couple

exp(±λt) is replaced by sin(ωt), cos(ωt). In all previous papers other set of functions

have been introduced.

On the other hand, oscillatory problems arise in different fields of applied sciences such

as celestial mechanics, astrophysics, chemistry, molecular dynamics and in many cases

the modelling gives rise to Hamiltonian systems. It has been widely recognized by sev-

eral authors [8, 12],[14]-[16] that symplectic integrators have some advantages for the

preservation of qualitative properties of the flow over the standard integrators when they

are applied to Hamiltonian systems. In this sense it may be appropriate to consider

symplectic EFRK methods that preserve the structure of the original flow. In [12] the

well-known theory of symplectic RK methods is extended to modified (i.e. by introducing

additional parameters) EFRK methods, where the set of functions {exp(±λt)} has been

introduced, giving sufficient conditions on the coefficients of the method so that symplec-

ticness for general Hamiltonian systems is preserved. Van de Vyver [12] was able to derive

a two-stage fourth-order symplectic modified EFRK method of Gauss type with constant

knot-points. Calvo et al. [2]-[4] have studied two-stage as well as three-stage methods.

In their applications for fourth-order methods they consider pure EFRK methods. Their

set of functions is the trigonometric polynomial one consisting essentially of the func-

tions exp(±λt) combined with exp(±2λt).They constructed fourth-order (two-stage case)

methods of Gauss type with frequency dependent knot points. On the other hand Vanden

Berghe et al. have constructed a two-stage EFRK method of fourth-order integrating the

set of functions (1) with (K = 2, P = 0) and (K = 0, P = 1), but unfortunately these

methods are not symplectic. In addition it has been pointed out in [14] that symmetric

methods show a better long time behaviour than non-symmetric ones when applied to

reversible differential systems.

In this paper we investigate the construction of two-stage (fourth-order) symmetric and

symplectic modified EFRK methods which integrate exactly first-order differential sys-

tems whose solutions can be expressed as linear combinations of functions present in the

set (1), but also give a review of previous work [2, 12]. Our purpose consists in deriving

accurate and efficient modified EF geometric integrators based on the combination of the

EF approach, followed from the sixth step flow chart [13], and symmetry and symplectic-
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ness conditions. The paper is organized as follows. In Section 2 we present the notations

and definitions used in the rest of the paper. In Section 3 we present the previously

derived methods of order four. In Section 4 we derive a class of new two-stage symplectic

modified EFRK integrators with frequency dependent nodes and based upon some prop-

erties of symplectic and symmetric methods also described in [4]. In Section 5 we present

some numerical experiments for fourth-order methods with oscillatory Hamiltonian sys-

tems and we compare them with the results obtained by other symplectic (EF)RK Gauss

integrators given in [2, 12, 14].

2 Notations and definitions

We consider initial value problems for first-order differential systems

y′(t) = f(t, y(t)), y(t0) = y0 ∈ R
m . (2)

In case of Hamiltonian systems m = 2d and there exits a scalar Hamiltonian function

H = H(t, y), so that f(y) = −J∇yH(t, y), where J is the 2d-dimensional skew symmetric

matrix

J =

(

0d Id

−Id 0d

)

, J−1 = −J

and where ∇yH(t, y) is the column vector of the derivatives of H(t, y) with respect to the

components of y = (y1, y2, . . . , y2d)T . The Hamiltonian system can then be written as

y′(t) = −J∇yH(t, y(t)), y(t0) = y0 ∈ R
2d . (3)

For each fixed t0 the flow map of (2) will be denoted by φh : Rm → Rm so that φh(y0) =

y(t0+h; t0, y0). In particular, in the case of Hamiltonian systems, φh is a symplectic map

for all h in its domain of definition, i.e. the Jacobian matrix of φh(y0) satisfies

φ′
h(y0)Jφ

′
h(y0)

T = J .

A desirable property of a numerical method ψh for the numerical integration of a Hamil-

tonian system is to preserve qualitative properties of the original flow φh such as the

symplecticness, in addition to provide an accurate approximation of the exact φh.

Definition 2.1

A numerical method defined by the flow map ψh is called symplectic if for all Hamiltonian

systems (3) it satisfies the condition

ψ′
h(y0)Jψ

′
h(y0)

T = J . (4)

One of the well-known examples of symplectic numerical methods is the s-stage RK Gauss

methods which possess order 2s. In this paper we shall deal with so-called (modified)
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implicit RK-methods, introduced for the first time to obtain explicit EFRK methods

[9] and re-used by Van de Vyver [12] for the construction of two-stage symplectic RK

methods.

Definition 2.2

A s-stage modified RK method for solving the initial value problems (1) is a one step

method defined by

y1 = ψh(y0) = y0 + h
s

∑

i=1

bif(t0 + cih, Yi) , (5)

Yi = γiy0 + h
s

∑

j=1

aijf(t0 + cjh, Yj), i = 1, . . . , s , (6)

where the real parameters ci and bi are respectively the nodes and the weights of the

method. The parameters γi make the method modified with repect to the classical RK

method, where γi = 1, i = 1, . . . , s. The s-stage modified RK-method (5)-(6) can also be

represented by means of its Butcher’s tableau

c1 γ1 a11 . . . a1s

c2 γ2 a21 . . . a2s
... . . .

...
. . .

...

cs γs as1 . . . ass

b1 . . . bs

(7)

or equivalently by the quartet (c, γ, A, b).

The conditions for a modified RK method to be symplectic have been obtained by Van

de Vyver [12] and they are given in the following theorem.

Definition 2.3

A modified RK-method (5)-(6) for solving the Hamiltonian system (3) is symplectic if the

following conditions are satisfied

mij ≡ bibj −
bi
γi
aij −

bj
γj
aji = 0, 1 ≤ i, j ≤ s . (8)

In [2] it is shown that a modified RK-method not only preserves the linear invariants but

also quadratic invariants if its coefficients satisfy conditions (8).

3 A review of previously constructed two-stage methods

In all applications we shall write down the results in terms of exponential or hyperbolic

functions in order to make it easy for the reader to compare the formulae with previously

published material.
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3.1 The method of Van de Vyver [12]

Van de Vyver considers the modified RK method (7) with s = 2 and associates with the

internal stages the following linear operators:

Li[h, a]y(t) = y(t+ cih)− γiy(t)− h
2

∑

j=1

aijy
′(t+ cjh), i = 1, 2 , (9)

and with the final stage the linear operator

L[h,b]y(t) = y(t+ h)− y(t)− h
2

∑

i=1

biy
′(t + cih) (10)

Requiring that the operators vanish for the functions exp(±λt) with fixed nodes ci, i = 1, 2

gives respectively rise to the following equations for the internal (i = 1, 2) and final stages

cosh(ciz)− γi − z(ai1 sinh(c1z) + ai2 sinh(c2z)) = 0

(11)

sinh(ciz)− z(ai1 cosh(c1z) + ai2 cosh(c2z)) = 0

with z = λh and

cosh(z)− 1− z(b1 sinh(c1z) + b2 sinh(c2z)) = 0

(12)

sinh(z)− z(b1 cosh(c1z) + b2 cosh(c2z)) = 0

The equations (11) and (12) together with the symplecticity conditions

b1
a11
γ1

+ b1
a11
γ1

− b1b1 = 0, b1
a12
γ1

+ b2
a21
γ2

− b2b1 = 0,

b2
a22
γ2

+ b2
a22
γ2

− b2b2 = 0,

form a consistent non-linear system for the unknowns aij , bi and γi. In order to obtain

a fourth-order method the Gauss nodes are chosen, i.e. c1,2 = 1

2
±

√
3

6
. The following

solution was obtained:

a11 =
(exp(z)− 1)(1 + E2)

z(exp(z) + 1)(1 + E)2
, a12 =

2(exp(z)− E2)

z(exp(z) + 1)(1 + E)2
,

a21 =
2(−1 + exp(z)E2)

z(exp(z) + 1)(1 + E)2
, a22 = a11,

γ1 =
2 exp(z/2)(1 + E + E2 + E3)
√
E(1 + E)2(exp(z) + 1)

, γ2 = γ1,

b1 =
exp(z)− 1

z exp(c1z)(1 + E)
, b2 = b1,

with E = exp(z
√
3/3).

(13)
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The series expansions for these coefficients for small values of z are given by:

b1 =
1

2
+

1

8640
z4 −

1

272160
z6 +

13

104509440
z8 −

163

38799129600
z10 + . . .

γ1 = 1−
1

288
z4 +

1

2160
z6 −

881

17418240
z8 +

617

117573120
z10 + . . .

a11 =
1

4
−

7

8640
z4 +

31

272160
z6 −

167

13063680
z8 +

1861

1385683200
z10 + . . .

a12 = −

√
3

6
+

1

4
+

√
3

216
z2 − (

√
3

6480
+

7

8640
)z4 + (

17
√
3

3265920
+

31

272160
)z6 −

(
31
√
3

176359680
+

167

13063680
)z8 + (

691
√
3

116397388800
+

1861

1385683200
)z10 + . . .

a21 =

√
3

6
+

1

4
−

√
3

216
z2 + (

√
3

6480
−

7

8640
)z4 + (−

17
√
3

3265920
+

31

272160
)z6

+(
31
√
3

176359680
−

167

13063680
)z8 + (−

691
√
3

116397388800
+

1861

1385683200
)z10 + . . .

Let us remark that these series are slowly converging and up to terms z22 have to be taken

into account to reach an acceptable accuracy. It is also clear that in the limit z → 0 the

well-known classical fourth-order Gauss method is reproduced (see also (21)).

3.2 The method of Calvo et al. [2]

The method of Calvo et al. starts by considering two-stage methods with variable sym-

metric nodes c1,2 = 1

2
± θ(h,λ) such that all linear functionals(9) and (10) are exact for

the set {1, exp(±λt)}. The requirement Li[h, a]1 = 0, i = 1, 2 implies that γi = 1, i = 1, 2,

meaning that classical RK are considered. The conditions L[h,b] exp(±λt) = 0 and

Li[h, a] exp(±λt) = 0, i = 1, 2 results in a unique solution for the bi’s and aij ’s, i.e.

b1 = b2 =
sinh(z/2)

z cosh(zθ)

a11 = −
cosh(2zθ)− cosh(z(θ + 1/2))

z sinh(2zθ)
, a12 = −

−1 + cosh(z(θ − 1/2))

z sinh(2zθ)
(14)

a21 =
−1 + cos(z(θ + 1/2))

z sinh(2zθ)
, a22 =

cosh(2zθ)− cosh(z(θ − 1/2))

z sinh(2zθ)

The symplecticness conditions (8) become here

m11 = b1(2a11 − b1) = 0

m22 = b1(2a22 − b1) = 0 (15)

m12 = m21 = b1(b1 − a12 − a21) = 0

The last condition of (15) is automatically satisfied in view of (14). The conditions m11

and m22 hold iff

θ =
1

z
arccosh





cosh(z/2) +
√

8 + cosh2(z/2)

4



 . (16)
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Further (14) and (16) imply that L[h,b] exp(±2λt) = 0 automatically and therefore

the final state is exact for the basis {1, exp(±λt), exp(±2λt)} or when λ = iω for the

trigonometric polynomial basis {1, sin(ωt), cos(ωt), sin(2ωt), cos(2ωt)}.

Also here it is worthwhile to give the series expansions:

b1 =
1

2
− 1

2160
z4 + 1

108864
z6 + 1

2799360
z8 − 23

1939956480
z10 + . . .

a11 =
1

4
− 7

8640
z4 + 31

272160
z6 − 167

13063680
z8 + 1861

1385683200
z10 + . . .

a12 = (−
√
3

6
+ 1

4
) +

√
3

432
z2 + (− 1

4320
+ 13

√
3

311040
)z4 + (− 37

√
3

17418240
+ 1

217728
)z6+

(− 1121
√
3

45148078080
+ 1

5598720
)z8 + ( 355363

√
3

178786389196800
− 23

3879912960
)z10 + . . .

a21 = (
√
3

6
+ 1

4
)−

√
3

432
z2 − ( 1

4320
+ 13

√
3

311040
)z4 + ( 37

√
3

17418240
+ 1

217728
)z6+

( 1121
√
3

45148078080
+ 1

5598720
)z8 − ( 355363

√
3

178786389196800
+ 23

3879912960
)z10 + . . .

a22 =
1

4
− 1

4320
z4 + 1

217728
z6 + 1

5598720
z8 − 23

3879912960
z10 + . . .

θ =
√
3

6
+

√
3

432
z2 −

√
3

311040
z4 − 17

√
3

17418240
z6 − 61

√
3

15049359360
z8 + 15073

√
3

16253308108800
z10 + . . .

Let us remark here that these series are also slowly converging and up to terms z22 have

to be taken into account to reach an acceptable accuracy.

4 New two-stage methods

It has been remarked by Hairer et al. [14] that symmetric numerical methods show a

better long time behaviour than nonsymmetric ones when applied to reversible differential

equations, as it is the case of conservative mechanical systems. In [3] it is observed that for

modified RK methods whose coefficients are even functions of h the symmetry conditions

are given by

c(h) + Sc(h) = e, b(h) = Sb(h), γ(h) = Sγ(h), SA(h) +A(h)S = γ(h)bT (h) , (17)

where

e = (1, ..., 1)T ∈ R
s and S = (sij) ∈ R

s×s with sij =

{

1, if i+ j = s + 1,

0, if i+ j (= s + 1.

Since for symmetric EFRK methods the coefficients contain only even powers of h, the

symmetry conditions can be written in a more convenient form by putting [3]

c(h) =
1

2
e + θ(h), A(h) =

1

2
γ(h)bT (h) + Λ(h) , (18)

where

d(h) = (θ1, . . . , θs)
T ∈ R

s and Λ = (λij) ∈ R
s×s .
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Therefore, for a symmetric EFRK method whose coefficients aij are defined by

aij =
1

2
γibj + λij, 1 ≤ i, j ≤ s

the symplecticness conditions (8) reduce to

µij ≡
bi
γi
λij +

bj
γj
λji = 0, 1 ≤ i, j,≤ s . (19)

The idea of constructing symplectic EFRK taking into account the six-step procedure [13]

is new. We briefly shall survey this procedure and suggest some adaptation in order to

make the comparison with previous work more easy.

In step (i) we define the appropriate form of an operator related to the discussed problem.

Each of the s internal stages (6) and the final stage (5) can be regarded as being a

generalized linear multistep method on a nonequidistant grid; we can associated with each

of them a linear operator (see (9) and (10)). We further construct the so-called moments

which are for Gauss methods the expressions for Li,j(h, a) = Li[h, a]tj , j = 0, . . . , s − 1

and Li(h,b) = L[h,b]tj , j = 0, . . . , 2s− 1 at t = 0, respectively, with s = 2.

In step (ii) the linear systems

Lij(h, a) = 0, i = 1, . . . , s, j = 0, 1, . . . , s− 1 ,

Li(h,b) = 0, i = 0, 1, . . . , 2s− 1 .

are solved to reproduce the classical Gauss RK collocation methods, showing the maxi-

mum number of functions which can be annihilated by each of the operators.

The steps (iii) and (iv) can be combined in the present context. First of all we have to

define all reference sets of s and 2s functions which are appropriate for the internal and

final stages respectively. These sets are in general hybrid sets of the following form

1, t, t2, . . . , tK or tK
′

exp(±λt), t exp(±λt), . . . , tP exp(±λt) or tP
′

exp(±λt)

where for the internal stages K + 2P = s− 3 and for the final stage K ′ + 2P ′ = 2s− 3.

The set in which there is no classical component is identified by K = −1 and K ′ = −1,

while the set in which there is no exponential fitting component is identified by P = −1

or P ′ = −1. It is important to note that such reference sets should contain all successive

functions inbetween. Lacunary sets are in principle not allowed.

Once the sets chosen the operators (9)-(10) are applied to the members of the sets, in this

particular case by taking into account the symmetry and the symplecticness conditions

described above. The obtained independent expressions are put to zero and in step (v) the

available linear systems are solved. The numerical values for λij(h), bi(h), γi(h) and θi(h)
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are expressed for real values of λ (the pure exponential case) or for pure imaginary λ = i ω

(oscillatory case). In order to make the comparison with previous work transparable we

have opted to denote the results for real λ-values.

After the coefficients in the Butcher tableau have been filled in, the principal term of the

local truncation error can be written down (step (vi)). Essentially, we know [11] that the

algebraic order of the EFRK methods remains the same as the one of the classical Gauss

method when this six-step procedure is followed, in other words the algebraic order is

O(h2s), while the stage order is O(hs). Explicit expressions for this local truncation error

will not be discussed here.

Here we shall analyze in particular the construction of symmetric and symplectic EFRK

Gauss methods with s = 2 stages whose coefficients are even functions of h. These EFRK

methods have stage order 2 and algebraic order 4. From the symmetry conditions (17),

taking into account (18) it follows that the nodes cj = cj(h2) and weights bj = bj(h2)

satisfy

c1 =
1

2
− θ, c2 =

1

2
+ θ, b1 = b2 ,

θ being a real parameter, and the coefficients aij = aij(h2) and γi(h2) satisfy:

a11 + a22 = γ1b1, a21 + a12 = γ2b1 .

The symplecticness conditions (8) or (19) are equivalent to

a11 = γ1b1/2,
a12
γ1

+
a21
γ2

= b1, a22 = γ2b2/2 ,

which results in

γ1 = γ2, λ21 = −λ12 .

Taking into account the above relations the Butcher tableau can be expressed in terms of

the unknowns θ, γ1,λ12 and b1 :

1

2
− θ γ1

γ1b1
2

γ1b1
2

+ λ12

1

2
+ θ γ1

γ1b1
2

− λ12

γ1b1
2

b1 b1

(20)

For the internal stages, the relation K +2P = −1 results in the respective (K,P )-values:

• (K = 1, P = −1) (the classical polynomial case with hybrid set {1, t}), and

• (K = −1, P = 0) (the full exponential case with hybrid set {exp(λt), exp(−λt)}).

For the outer stage, we have K ′ + 2P ′ = 1, resulting in the respective (K ′, P ′)-values:

• (K ′ = 3, P ′ = −1) (the classical polynomial case with hybrid set {1, t, t2, t3}),
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• (K ′ = 1, P ′ = 0) (mixed case with hybrid set {1, t, exp(±λt)}) and

• (K ′ = −1, P ′ = 1)( the full exponential case with hybrid set {exp(±λt), t exp(±λt)}).

The hybrid sets (K = 1, P = −1) and (K ′ = 3, P ′ = −1) are related to the polynomial

case, giving rise to the well-known RK order conditions and to the fourth order Gauss

method [17]
1

2
−

√
3

6
1 1

4

1

4
−

√
3

6

1

2
+

√
3

6
1 1

4
+

√
3

6

1

4

1

2

1

2

(21)

Let us remark that considering the (K = 1, P = −1) set for the internal stages gives rise

to γ1 = 1, a value which is not compatible with the additional symmetry, symplecticity

and order conditions imposed. Therefore in what follows we combine the (K = −1, P = 0)

case with either (K ′ = 1, P ′ = 0) or (K ′ = −1, P ′ = 1).

Case (K ′ = 1, P ′ = 0)

The operators (9) and (10) are applied to the functions present in the occurring hybrid

sets, taking into account the structure of the Butcher tableau (20). Following equations

arise with z = λh:

2b1 = 1 (22)

2b1 cosh(z/2) cosh(θz) =
sinh(z)

z
(23)

λ12 cosh(θz) = −
sinh(θz)

z
(24)

λ12 sinh(θz)−
cosh(θz)

z
= −

γ1
z
cosh(z/2) (25)

resulting in the results

b1 = 1/2, θ =
1

z
arccosh

(

2 sinh(z/2)

z

)

, λ12 = −
sinh(θz)

z cosh(θz)

γ1 =
z

cosh(z/2)

(

sinh(θz)2

z cosh(θz)
+

cosh(θz)

z

)

.

The series expansions for these coefficients for small values of z are given by

θ =
√
3
(

1

6
+ 1

2160
z2 − 1

403200
z4 + 1

145152000
z6 + 533

9656672256000
z8 − 2599

2789705318400000
z10 + . . .

)

,

λ12 =
√
3
(

−1

6
+ 1

240
z2 − 137

1209600
z4 + 143

48384000
z6 − 81029

1072963584000
z8 + 16036667

8369115955200000
z10 + . . .

)

,

γ1 = 1− 1

360
z4 + 11

30240
z6 − 71

1814400
z8 + 241

59875200
z10 + . . . ,
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showing that for z → 0 the classical values are retrieved.

Case (K ′ = −1, P ′ = 1)

In this approach equations (23)-(25) remain unchanged and they deliver expressions for

b1, γ1 and λ12 in terms of θ. Only (22) is replaced by

b1(cosh(θz) (2 cosh(z/2) + z sinh(z/2)) + 2θz cosh(z/2) sinh(θz)) = cosh(z) (26)

By combining (23) and (26) one obtains an equation in θ and z, i.e.:

θ sinh(z) sinh(θz) = cosh(θz)

(

cosh(z)−
sinh(z)

z
− sinh2(z/2)

)

It is not anymore possible to write down an analytical solution for θ, but iteratively a

series expansion can be derived. We give here those series expansions as obtained for the

four unknowns

θ =
√
3
(

1

6
+ 1

1080
z2 + 13

2721600
z4 − 1

7776000
z6 − 1481

1810626048000
z8 + 573509

63552974284800000
z10 + . . .

)

,

b1 =
1

2
− 1

8640
z4 + 1

1088640
z6 + 1

44789760
z8 − 149

775982592000
z10 + . . .

λ12 =
√
3
(

−1

6
+ 1

270
z2 − 223

2721600
z4 + 17

9072000
z6 − 259513

5431878144000
z8 + 9791387

7944121785600000
z10 + . . .

)

,

γ1 = 1− 1

480
z4 + 17

60480
z6 − 2629

87091200
z8 + 133603

43110144000
z10 + . . . .

5 Numerical experiments

In this section we report on some numerical experiments where we test the effectiveness of

the new and the previous [2, 12] (modified) Runge-Kutta methods when they are applied

to the numerical solution of several differential systems. All the considered codes have

the same qualitative properties for the Hamiltonian systems. In the figures we show the

decimal logarithm of the maximum global error versus the number of steps required by

each code in logarithmic scale. All computations were carried out in double precision and

series expansions are used for the coefficients when |z| < 0.1.

Problem 1: Kepler’s plane problem defined by the Hamiltonian function

H(p, q) =
1

2
(p21 + p22)− (q21 + q22)

−1/2 ,

with the initial conditions q1(0) = 1 − e, q2(0) = 0, p1(0) = 0, p2(0) = ((1 + e)/(1 −

e))
1

2 , where e, (0 ≤ e < 1) represents the eccentricity of the elliptic orbit. The exact

solution of this IVP is a 2π-periodic elliptic orbit in the (q1, q2)-plane with semimajor

axis 1, corresponding the starting point to the pericenter of this orbit. In the numerical
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experiments presented here we have chosen the same values as in [4], i.e. e = 0.001,λ = iω

with ω = (q21 + q22)
− 3

2 and the integration is carried out on the interval [0, 1000] with the

steps h = 1/2m, m = 1, . . . , 4. The numerical behaviour of the global error in the solution

is presented in figure 1. The results obtained by the four discussed methods (Calvo et

al. (Calvo), Van de Vyver (Vyver), the new methods with P = 0 and P = 1) and the

classical Gauss method (class.) are represented. The results for the four EFRK methods

are approximately falling together. They are however more accurate than the results of

the classical Gauss method of the same order.

3.2 3.4 3.6 3.8 4 4.2 4.4
!7

!6

!5

!4

!3

!2

!1

0

1

steps

e
rr

o
r

 

 

class.

P=0

P=1

Vyver

Calvo

Figure 1.— Maximum global error in the solution of Problem 1.

Problem 2 A perturbed Kepler’s problem defined by the Hamiltonian function

H(p, q) =
1

2
(p21 + p22)−

1

(q21 + q22)1/2
−

2ε+ ε2

3(q21 + q22)3/2
,

with the initial conditions q1(0) = 1, q2(0) = 0, p1(0) = 0, p2(0) = 1+ ε , where ε is a small

positive parameter. The exact solution of this IVP is given by

q1(t) = cos(t+ εt), q2(t) = sin(t+ εt), pi(t) = q′i(t), i = 1, 2 .

As in [4] the numerical results are computed with the integration steps h = 1/2m, m =

1, . . . , 4. We take the parameter ε = 10−3,λ = iω with ω = 1 and the problem is integrated

up to tend = 1000.. The global error in the solution is presented in figure 2. The methods

of Van de Vyver with the constant nodes gives the most accurate values. Our two new
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Figure 2.— Maximum global error in the solution of Problem 2.

symmetric methods are more accurate that the one of Calvo et al. All EFRK methods

are more accurate than the classical Gauss method.

Problem 3 Euler’s equations that describe the motion of a rigid body under no forces

q̇ = f(q) = ((α− β)q2q3, (1− α)q3q1, (β − 1)q1q2)
T ,

with the initial values q(0) = (0, 1, 1)T , and the parameter values α = 1 +
1

√
1.51

and

β = 1−
0.51
√
1.51

. The exact solution of this IVP is given by

q(t) =
(√

1.51 sn(t, 0.51), cn(t, 0.51), dn(t, 0.51)
)T

,

it is periodic with period T = 7.45056320933095, and sn, cn, dn stand for the elliptic

Jacobi functions. Figure 3 shows the numerical results obtained for the global error

computed with the interation steps h = 1/2m, m = 1, . . . , 4, on the interval [0, 1000], and

respective λ-values λ = i2π/T (left) and λ = i/2 (right). In this problem the choice of

the frequency is not so obvious and therefore the differentiation between the classical and

the EF methods is not so pronounced. For λ = i2π/T only the results of Calvo et al. are

more accurate that the classical Gauss results. For λ = i/2 all EFRK results are falling

together and are slightly more accurate than the classical results.
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Figure 3.— Maximum global error in the solution of Problem 3. In the upper figure

the results obtained with λ = i2π/T are displayed. In the bottom figure the results

obtained with λ = i/2 are shown.

68



6 Conclusions

In this paper another approach for constructing symmetric symplectic modified EFRK

methods based upon the sixth-step procedure of [13] is presented. Two-stage fourth-order

integrators of Gauss type which are symmetric and symplectic and which preserve linear

and quadratic invariants have been derived. When the frequency used in the exponen-

tial fitting process is put to zero all considered integrators reduce to the classical Gauss

integrator of the same order. Some numerical experiments show the utility of these new

integrators for some oscillatory problems. The results obtained here are quite similar to

the ones obtained in [2] and [12], but they differ in some of the details. The introduced

method can be extended to EFRK with larger algebraic order.
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Abstract

Se analiza la construcción de métodos Runge–Kutta–Nyström (RKN) expĺıcitos

de orden elevado y ajustados exponencialmente (EF) para la resolución numérica de

sistemas diferenciales con soluciones oscilatorias. Partiendo de dos métodos EFRKN

básicos de referencia que son simétricos y simplécticos estudiamos dos procedimien-

tos para construir métodos expĺıcitos de orden alto. El primer procedimiento se

basa en métodos de composición y permite construir métodos ajustados exponen-

cialmente que son simétricos y simplécticos. El segundo procedimiento se basa

en combinar distintos métodos para construir pares encajados de métodos parale-

los ajustados exponencialmente que permiten su implementación en códigos a paso

variable sin coste computacional añadido. Los experimentos numéricos realizados

muestran el comportamiento cualitativo y la eficiencia numérica de los métodos con-

struidos cuando se comparan con algunos métodos clásicos de la literatura cient́ıfica.

Keywords: Métodos Runge–Kutta–Nyström; ajuste exponencial; métodos simétricos

y simplécticos; métodos paralelos; sistemas diferenciales oscilatorios.

AMS classification: 65L05; 65L06; 65Y05

1 Introducción

En el presente trabajo abordamos la construcción de métodos Runge–Kutta–Nyström

ajustados exponencialmente (EFRKN) de tipo expĺıcito para la integración numérica de

sistemas diferenciales oscilatorios. Los sistemas diferenciales oscilatorios son frecuentes

en diferentes campos de las ciencias aplicadas tales como mecánica celeste, astrof́ısica,

qúımica, electrónica y dinámica de part́ıculas entre otras (ver [1]). El diseño y la cons-

trucción de métodos numéricos para resolver sistemas diferenciales que poseen soluciones
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periódicas u oscilantes ha sido considerado por diversos autores (ver [2–24] y las referen-

cias citadas en estos art́ıculos). El objetivo de estos métodos es utilizar la información

disponible sobre las soluciones de los problemas correspondientes para construir algo-

ritmos más precisos y eficientes que los algoritmos de propósito general para este tipo

de problemas. Un trabajo pionero en esta materia se debe a Gautschi [14] en el cual

se introdujeron métodos lineales multipaso ajustados exponencialmente para resolver

sistemas diferenciales con soluciones oscilatorias. En cambio, el desarrollo de métodos

RK o RKN ajustados exponencialmente (EFRK o EFRKN) se ha realizado más recien-

temente. Un survey detallado incluyendo una extensiva bibliograf́ıa sobre esta mate-

ria puede encontrarse en el libro de Ixaru and Vanden Berghe [16]. Un camino para

construir métodos EFRK o EFRKN consiste en seleccionar los coeficientes del método

de manera que integre exactamente un conjunto de funciones linealmente independien-

tes que se eligen dependiendo de la naturaleza de las soluciones de los sistemas dife-

renciales que se pretenden resolver. Algunos resultados sobre la existencia y unicidad

de solución para los coeficientes de un método EFRK han sido obtenidos por Ozawa

[17, 18], y diversos autores [5, 10, 12, 13, 17, 19, 22] han construido métodos con coe-

ficientes variables que integran exactamente sistemas diferenciales de primer o segundo

orden cuyas soluciones pertenecen al espacio lineal generado por el conjunto de funciones

{1, t, . . . , tk, exp(±λt), t exp(±λt), . . . , tp exp(±λt)}, donde λ ∈ C es una frecuencia de-

terminada. En la práctica, estos métodos integran los sistemas diferenciales oscilatorios

con mayor precisión que los métodos clásicos basados en funciones polinómicas.

Por otra parte, diversos autores (ver [2–4, 13, 25–27]) han comprobado que los inte-

gradores simplécticos obtienen superioridad numérica cuando se aplican a la resolución

numérica de sistemas Hamiltonianos sobre intervalos de tiempo largos. Por lo tanto,

para la clase de sistemas Hamiltonianos oscilatorios seŕıa apropiado considerar métodos

simplécticos ajustados exponencialmente que conserven la estructura del flujo original.

Ejemplos de tales métodos se pueden encontrar en [3, 5, 6, 7] en los cuales se han cons-

truido métodos EFRK simplécticos de tipo impĺıcito con dos y tres etapas y órdenes

algebraicos cuatro y seis. Además, en [3] se ha extendido la teoŕıa clásica de métodos RK

simplécticos al caso de métodos EFRK modificados, obteniendo condiciones suficientes

sobre los coeficientes de estos métodos que implican simplectitud para sistemas Hamilto-

nianos generales, y en [5] se ha analizado la preservación de propiedades por parte de los

métodos EFRK modificados para el caso de sistemas diferenciales de primer orden.

La aparición de los ordenadores paralelos o multiprocesador ha dado lugar en las

últimas décadas a un estudio intensivo para diseñar y construir nuevos integradores

numéricos que utilicen las posibilidades de estas maquinas (ver por ejemplo [28–38] y

las referencias citadas en ellos). En el caso de métodos RKN se han investigado diversas
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clases de métodos expĺıcitos de tipo predictor-corrector (PC) basados en métodos cor-

rectores RKN [30–34, 38]. Un objetivo común en los métodos PC iterados en paralelo

consiste en reducir, para un orden de aproximación dado, el número f -evaluaciones se-

cuenciales por paso utilizando procesadores paralelos. La principal desventaja de estos

métodos es el alto coste de comunicación requerido entre los distintos procesadores lo que

da lugar a una reducción significativa en la eficiencia cuando se implementan sobre algu-

nas arquitecturas paralelas o cuando las f -evaluaciones no requieren mucho coste. Para

evitar este inconveniente una alternativa consiste en considerar distintos métodos RKN

expĺıcitos de si-etapas (i = 1, . . . , k) que se implementan sobre distintos procesadores y

con las aproximaciones obtenidas se construye una combinación lineal de la forma

y1 =
k

∑

i=1

ωi y
(i)
1 , y′1 =

k
∑

i=1

ωi y
′ (i)
1 donde

k
∑

i=1

ωi = 1, (1)

que proporciona las aproximaciones finales y1 e y′1 en el instante t1 = t0+h. Estos métodos

no requieren de comunicación entre los distintos procesadores excepto en la última etapa

en la cual los datos necesitan ser trasmitidos para calcular y1 e y′1. Métodos de la forma (1)

han sido considerados por diversos autores [28, 35, 37] y aqúı se utilizarán para construir

métodos EFRKN expĺıcitos de orden alto.

El objetivo de este trabajo de investigación es la construcción de métodos EFRKN

expĺıcitos de orden alto que integren exactamente sistemas diferenciales de segundo or-

den cuyas soluciones pertenecen al espacio lineal generado por el conjunto de funciones

{exp(λt), exp(−λt)}, λ ∈ C, ó {sin(ωt), cos(ωt)} cuando λ = iω, ω ∈ R. La construcción

de métodos EFRKN expĺıcitos de orden bajo (hasta 4 ó 5) basada en las condiciones de

orden para este tipo de métodos ya ha sido realizada (ver por ejemplo [12] y [13]). Pero

para orden alto (≥ 6), las condiciones de orden de este tipo de métodos son complicadas

de obtener y su resolución aún es más complicada de realizar debido a que ahora los

coeficientes del método son funciones de un parámetro z = λh ∈ C, donde h es el paso

de integración. Aqúı, presentamos dos procedimientos alternativos que permiten la con-

strucción de métodos EFRKN expĺıcitos de orden alto. La organización del trabajo es la

siguiente: La sección 2 se dedica a presentar los conceptos y resultados básicos aśı como

la notación que utilizaremos a lo largo del documento. En la sección 3 presentamos un

procedimiento basado en métodos de composición que permite construir métodos EFRKN

expĺıcitos de orden alto que son simétricos y simplécticos. En la sección 4 presentamos

otro procedimiento basado en combinar distintos métodos EFRKN expĺıcitos para con-

struir pares encajados de métodos EFRKN paralelos de orden alto que permiten su imple-

mentación en códigos a paso variable. En la sección 5 presentamos algunos experimentos

numéricos con un sistema diferencial oscilatorio que muestran el comportamiento cuali-

tativo y la eficiencia numérica de los nuevos métodos EFRKN cuando se comparan con
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algunos métodos clásicos de la literatura cient́ıfica. Finalmente, la sección 6 la dedicamos

a presentar algunas conclusiones.

2 Conceptos y resultados básicos

Consideramos problemas de valor inicial (IVPs) para sistemas diferenciales no stiff de

segundo orden de la forma

y′′(t) = f(t, y(t)), y(t0) = y0, y′(t0) = y′0, (2)

suponiendo que f : R × Rm → Rm es suficientemente diferenciable, de manera que para

todo (t0, y0, y′0) ∈ R × Rm × Rm, el IVP (2) tiene solución única y(t) = y(t; t0, y0, y′0)

definida en algún entorno de t0 con orden de derivación tan alto como sea necesario.

Un método RKN modificado de s etapas para la resolución numérica del IVP (2) es

un método de un paso definido por las ecuaciones

Yi = αi y0 + γi ci h y
′
0 + h2

s
∑

j=1

aij f(t0 + cjh, Yj), i = 1, . . . , s,

y1 = αs+1 y0 + γs+1 h y
′
0 + h2

s
∑

i=1

b̄i f(t0 + cih, Yi), (3)

y′1 = y′0 + h
s

∑

i=1

bi f(t0 + cih, Yi),

donde h es el paso de integración, Yi ≈ y(t0+ cih) son las etapas internas del método e y1

e y′1 representan aproximaciones a y(t0+h) e y′(t0+h), respectivamente. Los parámetros

reales ci bi y b̄i, i = 1, . . . , s, se conocen como los nodos y los pesos del método y los

parámetros αi y γi se introducen (ver [12, 13]) para poder determinar métodos EFRKN

expĺıcitos. En el caso de métodos EFRKN los coeficientes αi, γi, ci bi, b̄i y aij dependen

del paso de integración h. Además, cuando αi = γi = 1, i = 1, . . . , s+ 1, el algoritmo (3)

se reduce al de un método RKN. El método RKN modificado (3) se puede representar

también mediante la tabla de coeficientes

c α γ A

αs+1 γs+1 b̄T

bT

=

c1 α1 γ1 a11 · · · a1s
...

...
...

...
. . .

...

cs αs γs as1 · · · ass

αs+1 γs+1 b̄1 · · · b̄s

b1 · · · bs

(4)
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Un método RKN modificado tiene orden algebraico p si p es el mayor entero positivo

de manera que el error de truncación local satisface

LE :=

(

y1

y′1

)

−

(

y(t0 + h)

y′(t0 + h)

)

= O
(

hp+1
)

, h → 0, (5)

y este error posee un desarrollo asintótico de la forma [41]

LE :=

(

y1

y′1

)

−

(

y(t0 + h)

y′(t0 + h)

)

= dp+1(t0) h
p+1 + · · ·+ dN+1(t0) h

N+1 +O
(

hN+2
)

, (6)

siempre que la ecuación diferencial de (2) sea suficientemente diferenciable. Además, el

desarrollo asintótico (6) implica que el error global tiene un desarrollo asintótico [41]

∆n :=

(

yn

y′n

)

−

(

y(x)

y′(x)

)

= ep(x) h
p + · · ·+ eN (x) h

N + Eh(x) h
N+1, (7)

donde x = t0+nh, Eh(x) está acotado para t0 ≤ x ≤ tend y 0 ≤ h ≤ h0, y los ej(x), j ≥ p

son soluciones de los IVPs

e′j(x) = L(x, y(x)) ej(x) + dj+1(x), ej(t0) = 0, (8)

con

L(x, y(x)) =

(

0 I

Jf(x) 0

)

, Jf (x) :=
∂f

∂y
(x, y(x)).

Para cada t0 fijo, el flujo original del IVP (2) se denotará por ψh de manera que

ψh(y0, y′0) = (y(t0 + h), y′(t0 + h))T , y el flujo numérico del método RKN modificado (3)

se denotará por φh tal que φh(y0, y′0) = (y1, y′1)
T . El flujo original del IVP (2) satisface

la propiedad

(ψ−h ◦ ψh) (y0, y
′
0) = (y0, y

′
0)

T , para todo y0, y
′
0 ∈ R

m, (9)

y cuando el flujo numérico φh también satisface la condición (9), al método de un paso se

le llama simétrico. En general, para integraciones sobre intervalos de tiempo largos, los

métodos numéricos simétricos muestran un comportamiento mejor que los no simétricos

cuando se aplican a sistemas diferenciales reversibles, como es el caso de los sistemas

mecánicos conservativos. Este hecho ha sido indicado por Hairer et al. [25] (ver Cap. V y

XI), y estos autores han probado que para todo sistema diferencial cuya aplicación flujo

es reversible, el flujo numérico de un método de un paso será también reversible si y solo

si el método es simétrico. La clave para comprender el significado de esta propiedad es el

concepto de método adjunto.
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Definición 2.1 El método adjunto φ∗
h de un método numérico φh es la aplicación inversa

del método original con paso de integración opuesto −h, es decir, φ∗
h := φ−1

−h. En otra

palabras, y1 = φ∗
h(y0) esta definido impĺıcitamente por φ−h(y1) = y0. Un método para el

cual φ∗
h = φh se llama simétrico.

Una de las propiedades de los métodos simétricos es que su orden algebraico es par

(p = 2q) y el desarrollo asintótico del error global (7) contiene solo potencias pares de h:

∆n = e2q(x) h
2q + e2q+2(x) h

2q+2 + · · ·+ e2q+2r(x) h
2q+2r + · · · , (10)

con e2j(t0) = 0, j ≥ q.

En el caso de sistemas Hamiltonianos asociados a sistemas diferenciales de segundo

orden (2) el campo vectorial f(t,q) (cambiando y → q) esta definido mediante una

función escalar (función potencial) V = V (t,q) : R× Rm → R, de manera que f(t,q) =

−S ∇qV (t,q). Aqúı S es una matriz m–dimensional regular y simétrica de coeficientes

constantes y ∇qV (t,q) es el vector columna que contiene las derivadas de V (t,q) con

respecto a las componentes de q = (q1, . . . qm)T . Aśı, el sistema Hamiltoniano queda

definido mediante una función Hamiltoniana separable de la forma

H(t,p,q) =
1

2
pT Sp+ V (t,q), (11)

y puede escribirse de forma equivalente a (2) como

q′ = Sp, p′ = −∇qV (t,q), q(t0) = q0 = y0, p(t0) = p0 = S−1 y′0. (12)

Para cada t0 fijo la aplicación flujo ψh(p0,q0) del sistema Hamiltoniano (12) es una

transformación simpléctica para todo h en su dominio de definición (see [25, 26, 27]), es

decir, la matriz Jacobiana de ψh(p0,q0) satisface

ψ′
h(p0,q0)Jψ′

h(p0,q0)
T = J, ∀ t0 ∈ R and (p0,q0) ∈ R

2m, (13)

y preserva la 2-forma diferencial dp ∧ dq = dp1 ∧ dq1 + · · ·dpm ∧ dqm:

dp ∧ dq = dp0 ∧ dq0, ∀ (p0,q0) ∈ R
2m, (14)

donde J es la matriz antisimétrica 2m–dimensional

J =

(

0m Im

−Im 0m

)

, J−1 = −J.

Una caracteŕıstica deseable en un método numérico φh para la resolución del sistema

Hamiltoniano (12), además de proporcionar una aproximación precisa del flujo exacto

ψh para un rango razonable de pasos de integración h ∈ [0, h0], es preservar propiedades

cualitativas del flujo original ψh tales como la simplectitud dada por (13) ó (14).
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Definición 2.2 Un método numérico (3) definido por la aplicación flujo φh se llama

simpléctico si para todo sistema Hamiltoniano (12) satisface la condición

φ′
h(p0,q0)Jφ′

h(p0,q0)
T = J, ∀ t0 ∈ R and (p0,q0) ∈ R

2m, (15)

o la condición

dp1 ∧ dq1 = dp0 ∧ dq0, ∀ (p0,q0) ∈ R
2m. (16)

Uno de los más conocidos ejemplos de métodos RKN expĺıcitos y simplécticos son los

métodos de Störmer-Verlet [25, 27] los cuales poseen orden algebraico 2. Las condiciones

para que un método RKN modificado y expĺıcito sea simpléctico han sido obtenidas en

[13].

A continuación introducimos algunos conceptos t́ıpicos en la terminoloǵıa de métodos

paralelos. Para un método RKN expĺıcito, se define una unidad de tiempo secuencial como

el tiempo requerido para una evaluación secuencial de la forma f(tn + cih, Y ). En [36],

los autores introducen el concepto de método r-paralelo y q-procesador en el contexto de

los métodos RK que se puede extender con facilidad al caso de métodos RKN expĺıcitos.

Definición 2.3 Un método RKN expĺıcito de s etapas es r-paralelo y q-procesador, si r

y q son los enteros más pequeños para los cuales las s etapas internas del método pueden

evaluarse en r unidades de tiempo secuenciales utilizando q procesadores.

Otra forma equivalente de expresar esta definición es que se puede realizar una par-

tición de la matriz A del método RKN (después de una permutación de las etapas) en r

bloques o superetapas

A =



















0

A21 0

A31 A32 0
...

...
. . . . . .

Ar1 Ar2 · · · Ar,r−1 0



















, (17)

dondeAij es una matriz de tamaño µi×µj y las derivadas segundas f(t0+cσ+1h, Yσ+1), · · · ,

f(t0 + cσ+µi
h, Yσ+µi

) de cada bloque se pueden calcular en paralelo sobre µi procesadores

de forma que un paso del método RKN se calcula en r unidades de tiempo secuenciales

(q = max{µi, 2 ≤ i ≤ r}).

Una cota sobre el orden algebraico alcanzable por un método RKN expĺıcito r-paralelo

y q-procesador se ha obtenido en [42] y viene recogida en el siguiente resultado:

Teorema 2.4 El orden algebraico de un método RKN expĺıcito r-paralelo y q-procesador

cuya matriz A se puede partir como en (17) es como mucho 2r, independientemente del

número de procesadores q y del número de etapas s.
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Los métodos RKN expĺıcitos con orden algebraico p = 2r se denominan métodos

P -optimales.

La idea de construir métodos numéricos que integren exactamente un conjunto de

funciones linealmente independientes distintas de los polinomios ha sido propuesto por

diversos autores (ver por ejemplo [9, 17, 18, 19, 22, 24]). Esta idea consiste en determinar

los coeficientes del método de manera que éste integre exactamente, en el intervalo [t0, t0+

h], al conjunto de funciones escalares linealmente independientes

F = 〈u1(t), u2(t), . . . , ur(t)〉, r ≤ s.

En el caso de métodos RKN modificados (3) que son exactos para las funciones del

espacio lineal generado por F , sus coeficientes quedan determinados por la solución de

los sistemas lineales siguientes

bT u′′
k(t e+ h c) =

u′
k(t+ h)− u′

k(t)

h
, k = 1, . . . , r, (18)

b̄T u′′
k(t e+ h c) =

uk(t+ h)− αs+1 uk(t)− h γs+1 u′
k(t)

h2
, k = 1, . . . , r, (19)

A u′′
k(t e+ h c) =

uk(t e+ h c)− α uk(t)− h (γ · c) u′
k(t)

h2
, k = 1, . . . , r, (20)

donde e = (1, . . . , 1)T ∈ Rs, γ · c = (γ1 c1, . . . , γs cs)T ∈ Rs, y para un vector v =

(v1, . . . , vs)T ∈ Rs y una función escalar g denotamos por g(v) al vector real s-dimensional

(g(v1), . . . , g(vs))T .

En particular, cuando r = s los coeficientes b = (bi), b̄ = (b̄i) y A = (aij) definidos

por los sistemas lineales (18)–(20) quedan determinados de forma única para todo h > 0,

si la matriz








u′′
1(t + c1h) · · · u′′

1(t + csh)
... · · ·

...

u′′
s(t + c1h) · · · u′′

s(t + csh)









, (21)

es no singular, y estos coeficientes son h-dependientes.

El caso más habitual consiste en considerar funciones exponenciales y trigonométricas

como conjunto de referencia: F1 = 〈exp(λt), exp(−λt)〉 o F2 = 〈sin(ωt), cos(ωt)〉. El

caso trigonométrico F2 se obtiene de F1 con λ = iω. Para el conjunto de funciones de

referencia F1 los sistemas lineales (18)–(20) se reducen a

bT cosh(c z) =
sinh(z)

z
, bT sinh(c z) =

cosh(z)− 1

z
, (22)

b̄T cosh(c z) =
cosh(z)− αs+1

z2
, b̄T sinh(c z) =

sinh(z)− z γs+1

z2
, (23)

A cosh(c z) =
cosh(c z)− α

z2
, A sinh(c z) =

sinh(c z)− z (γ · c)

z2
, (24)
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donde z = λh.

Hasta el momento se han construido métodos EFRKN expĺıcitos y simplécticos con

orden algebraico hasta cuatro (ver [13]). En las secciones siguientes presentamos algunos

procedimientos que permiten construir métodos EFRKN simétricos y simplécticos (SSE-

FRKN) y expĺıcitos de orden alto, aśı como pares encajados de métodos EFRKN expĺıcitos

también de orden alto.

3 Métodos SSEFRKN expĺıcitos de orden alto

En esta sección presentamos un procedimiento basado en métodos de composición

que permite construir métodos EFRKN expĺıcitos simétricos y simplécticos (métodos

SSEFRKN expĺıcitos) de orden alto. Este procedimiento, como en el caso de métodos

RKN clásicos, se basa en partir de un método básico exponencialmente ajustado y expĺıcito

φh que sea simétrico y simpléctico, y mediante una composición simétrica de éste método

de referencia construir integradores de orden alto.

3.1 Métodos básicos de referencia SSEFRKN

Primero construimos métodos básicos de referencia SSEFRKN que son extensiones de

los métodos clásicos de Störmer-Verlet [27, 25] representados por las tablas de coeficientes

SV1 :

1/2 0

1/2

1

SV2 :

0 0
1 1/2 0

1/2 0

1/2 1/2

(25)

La versión exponencialmente ajustada del método SV1 (EFSV1) viene definida por las

ecuaciones

Y1 = α1 y0 +
h

2
γ1 y

′
0 ≈ y(t0 +

h

2
), (26)

y1 = y0 + h γ2 y
′
0 + h2 b̄1 f(t0 +

h

2
, Y1) ≈ y(t0 + h), (27)

y′1 = y′0 + h b1 f(t0 +
h

2
, Y1) ≈ y′(t0 + h), (28)

o la tabla de coeficientes

EFSV1 :

1/2 α1 γ1 0

1 γ2 b̄1

b1

(29)
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Calculando el adjunto φ∗
h e imponiendo que φ∗

h = φh (Definition 2.1), las condiciones

para que el método (26)–(28) sea simétrico vienen dadas por

b̄1 =
b1 γ2
2

, γ1 = α1 γ2. (30)

Si el método (26)–(28) se aplica al sistema Hamiltoniano (12), entonces

dp1 ∧ dq1 = dp0 ∧ dq0 + h2

(

γ2 b1 − b̄1 −
b1 γ1
2α1

)

df1 ∧ dp0, (31)

con f1 = f(t0 + h/2, Y1), y el método será simpléctico (Definition 2.2) si satisface la

condición

b̄1 = b1

(

γ2 −
γ1
2α1

)

. (32)

Observar que las condiciones de simetŕıa (30) implican la condición de simplectitud

(32).

Si ahora imponemos que el método (26)–(28) sea exacto para toda función del espacio

lineal F1, las condiciones (22)–(24) implican que

α1 = cosh(z/2), γ1 =
sinh(z/2)

z/2
, γ2 =

2 sinh(z/2)

z cosh(z/2)
, b̄1 =

2 sinh2(z/2)

z2 cosh(z/2)
, b1 = γ1,

(33)

y los coeficientes (33) satisfacen las condiciones de simetŕıa (30) y simplectitud (32). En

consecuencia, el nuevo método EFSV1 es simétrico, simpléctico y tiene orden algebraico

2.

La versión exponencialmente ajustada del método SV2 (EFSV2) viene definida por las

ecuaciones

y1 = y0 + h γ2 y
′
0 + h2 b̄1 f(t0, y0) ≈ y(t0 + h), (34)

y′1 = y′0 + h (b1 f(t0, y0) + b2 f(t0 + h, y1)) ≈ y′(t0 + h), (35)

o la tabla de coeficientes

EFSV2 :

0 1 1 0

1 1 γ2 b̄1 0

1 γ2 b̄1 0

b1 b2

(36)

Imponiendo que φ∗
h = φh, las condiciones para que el método (34)–(35) sea simétrico

vienen dadas por

b̄1 = b1 γ2, b2 = b1. (37)
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Si el método (34)–(35) se aplica al sistema Hamiltoniano (12), entonces

dp1 ∧ dq1 = dp0 ∧ dq0 + h2
(

γ2 b1 − b̄1
)

df0 ∧ dp0, (38)

con f0 = f(t0, y0), y el método será simpléctico si satisface la condición

b̄1 = b1 γ2. (39)

Observar que las condiciones de simetŕıa (37) implican la condición de simplectitud

(39).

Si ahora imponemos que el método (34)–(35) sea exacto para toda función del espacio

lineal F1, las condiciones (22)–(24) implican que

γ2 =
sinh(z)

z
, b̄1 =

cosh(z)− 1

z2
, b2 = b1 =

sinh(z)

z (1 + cosh(z))
, (40)

y los coeficientes (40) satisfacen las condiciones de simetŕıa (37) y simplectitud (39). En

consecuencia, el nuevo método EFSV2 es simétrico, simpléctico y tiene orden algebraico

2.

Notamos que cuando z = 0 los métodos EFSV1 y EFSV2 se reducen a los métodos

clásicos SV1 y SV2. Además, en el caso trigonométrico (λ = iω) resulta que z = iν con

ν = ωh, y los coeficientes de los métodos EFSV1 y EFSV2 se obtienen teniendo en cuenta

las relaciones cosh(iν) = cos(ν) y sinh(iν) = i sin(ν).

3.2 Métodos de composición exponencialmente ajustados

Dado un método básico de referencia φh y s números reales δ1, . . . , δs, un método de

composición Φh viene definido por

Φh = φδ1h ◦ φδ2h ◦ · · · ◦ φδsh,
s

∑

i=1

δi = 1, (41)

donde φδih representa al método de referencia con paso de integración δi h. Además,

un método RKN modificado φh está ajustado al espacio lineal F , si para toda función

u(t) ∈ F

φh(u(t0), u
′(t0)) =

(

u(t0 + h)

u′(t0 + h)

)

. (42)

Teorema 3.1 Sea Φh un método de composición definido por (41)

i) Si el método de referencia φh está ajustado al espacio lineal F , entonces el método de

composición Φh también está ajustado a F .
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ii) Si el método de referencia φh es simétrico y los coeficientes δi satisfacen δi = δs+1−i,

para todo i (composición simétrica), entonces el método de composición Φh es

simétrico.

iii) Si el método de referencia φh es simpléctico, entonces el método de composición Φh

también es simpléctico.

Dem: i) Si φh satisface (42) para toda función u(t) ∈ F , entonces se tiene que

(φδ1h ◦ φδ2h) (u(t0), u
′(t0)) = φδ1h(u(t0 + δ2h), u

′(t0 + δ2h)) =

(

u(t0 + (δ1 + δ2)h)

u′(t0 + (δ1 + δ2)h)

)

.

(43)

En consecuencia, para toda función u(t) ∈ F

Φh(u(t0), u
′(t0)) =

(

u(t0 + (
∑s

i=1
δi)h)

u′(t0 + (
∑s

i=1
δi)h)

)

=

(

u(t0 + h)

u′(t0 + h)

)

. (44)

ii) Φh es simétrico por ser una composición simétrica de métodos simétricos [25].

iii) Φh es simpléctico por ser una composición de métodos simplécticos (la composición

de transformaciones simplécticas es una transformación simpĺectica [25]). !

El Teorema 3.1 asegura que si el método EFRKN de referencia es simétrico y simpléctico,

y los coeficientes del método de composición Φh son simétricos (δi = δs+1−i, para todo i),

entonces el método Φh es un método EFRKN simétrico y simpléctico. En consecuencia,

utilizando los métodos EFSV1 y EFSV2 como métodos de referencia se pueden construir

métodos de composición EFRKN simétricos y simplécticos de orden alto.

Las condiciones de orden para métodos de composición con coeficientes simétricos

pueden encontrarse en [25], aśı como los coeficientes δi. Acontinuación presentamos los

coeficientes para métodos de orden 6 y 8.

• Orden 6 con s = 9 etapas

δ1 = δ9 = 0.392161444007314139

δ2 = δ8 = 0.332599136789359438

δ3 = δ7 = −0.706246172557639359

δ4 = δ6 = 0.082213596293550800

δ5 = 0.798543990934829963

(45)
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• Orden 8 con s = 17 etapas

δ1 = δ17 = 0.130202483088890081

δ2 = δ16 = 0.561162981775108384

δ3 = δ15 = −0.389474962644847286

δ4 = δ14 = 0.158841906555155601

δ5 = δ13 = −0.395903894133237577

δ6 = δ12 = 0.184539640978315707

δ7 = δ11 = 0.258374387686322047

δ8 = δ10 = 0.295011723609310299

δ9 = −0.605508533830034512

(46)

4 Métodos paralelos EFRKN expĺıcitos de orden alto

Ahora investigamos la construcción de una familia de métodos paralelos EFRKN

expĺıcitos que consisten de k métodos EFRKN expĺıcitos de si etapas (i = 1, . . . , k) que

se implementan sobre distintos procesadores, y las aproximaciones obtenidas se combinan

para obtener la solución numérica y1 e y′1 en t1 = t0 + h. Utilizando la notación de Iserles

and Norsset [35] se pueden representar en la forma

c1 α(1) γ(1) A1

α(1)

s+1 γ(1)

s+1 b̄T
1

bT
1

+ · · ·+

ck α(k) γ(k) Ak

α(k)
s+1 γ(k)

s+1 b̄T
k

bT
k

(47)

donde ci, bi, b̄i, α(i), γ(i), α(i)
s+1, γ

(i)
s+1 yAi son los coeficientes de cada método EFRKN de si

etapas que proporcionan las aproximaciones y(i)1 e y′ (i)1 en t1 = t0+h, y las aproximaciones

finales se obtienen tomando una combinación lineal de ellos

y1 =
k

∑

i=1

ωi y
(i)
1 , y′1 =

k
∑

i=1

ωi y
′ (i)
1 ,

k
∑

i=1

ωi = 1. (48)

Los métodos (47)–(48) también se pueden representar mediante la tabla de Butcher
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c1 α(1) γ(1) A1 0 · · · 0

c2 α(2) γ(2) 0 A2 · · · 0
...

...
...

...
...

. . .
...

ck α(k) γ(k) 0 0 . . . Ak

∑k
i=1

ωi α
(i)
s+1

∑k
i=1

ωi γ
(i)
s+1 ω1 b̄T

1 ω2 b̄T
2 . . . ωk b̄T

k

ω1 bT
1 ω2 bT

2 · · · ωk bT
k

(49)

4.1 Una familia de pares encajados de métodos EFRKN paralelos

Consideramos un método básico de referencia simétrico y de orden 2 (EFSV1 o EFSV2)

que denotaremos por su aplicación flujo φh, y construimos un nuevo método Φ(s)
h conectando

s pasos de φ∆t con tamaño ∆t = h/s, es decir,

Φ(s)
h = φh/s ◦ φh/s ◦ · · · ◦ φh/s, (s−veces). (50)

El nuevo método Φ(s)
h también es simétrico (por ser una composición simétrica de

métodos simétricos), tiene orden 2 y un desarrollo asintótico del error global (10) de la

forma

∆(s)
n =

1

s2
e2(x) h

2 +
1

s4
e4(x) h

4 + · · ·+
1

s2m
e2m(x) h

2m + · · · (51)

Dada una secuencia arbitraria s1, s2, . . . , sk de enteros positivos satisfaciendo

0 < s1 < s2 < · · · < sk, (52)

se puede construir el esquema k-procesador

Φh =
k

∑

i=1

ωiΦ
(si)
h ,

k
∑

i=1

ωi = 1, (53)

donde cada uno de los métodos Φ(si)
h puede evaluarse en un procesador diferente (Φ(si)

h se

determina conectando si pasos de φh con tamaño h/si como in (50)), y cuyo error global

admite un desarrollo asintótico de la forma

∆n(Φh) :=
k

∑

i=1

ωi ∆
(si)
n =

k
∑

i=1

ωi

s2i
e2(x) h

2 + · · ·+
k

∑

i=1

ωi

s2mi
e2m(x) h

2m + . . . , (54)

En consecuencia, si los pesos ωi se eligen satisfaciendo las condiciones

k
∑

i=1

ωi = 1,
k

∑

i=1

ωi

s2ji
= 0, j = 1, . . . , m− 1, (55)
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entonces la expresión del error global (54) se reduce a

∆n(Φh) =
k

∑

i=1

ωi

s2mi
e2m(x) h

2m +O
(

h2m+2
)

. (56)

Teniendo en cuenta que el error local coincide con el error global cometido en el primer

paso (LE(Φh) := ∆1(Φh)) y el desarrollo asintótico e2j(t0+h) = e2j(t0)+h e′2j(t0)+O (h2)

con e2j(t0) = 0, se tiene que

LE(Φh) =
k

∑

i=1

ωi

s2mi
e′2m(t0) h

2m+1 +O
(

h2m+2
)

, (57)

y el método Φh definido en (53) con los pesos ωi satisfaciendo las condiciones (55) tiene

orden algebraico p = 2m.

A continuación veremos que si el esquema básico de referencia es de tipo EFRKN,

entonces el esquema k-procesador (53) es un método EFRKN.

Teorema 4.1 Si el método de referencia φh está ajustado al espacio lineal F , entonces

el método Φh definido en (53) también está ajustado a F .

Dem: Por el Teorema 3.1 el método de composición Φ(si)
h está ajustado al espacio lineal

F . Por lo tanto, para toda función u(t) ∈ F

Φh(u(t0), u
′(t0)) =

k
∑

i=1

ωi Φ
(si)
h (u(t0), u

′(t0)) =
k

∑

i=1

ωi

(

u(t0 + h)

u′(t0 + h)

)

=

(

u(t0 + h)

u′(t0 + h)

)

.

(58)

!

Entonces, para los métodos básicos de referencia EFSV1 y EFSV2 podemos escribir el

siguiente resultado:

Teorema 4.2 Si el método de referencia φh es un método EFRKN simétrico de orden 2

(EFSV1 ó EFSV2), entonces el método EFRKN definido en (53) tiene orden maximal 2k

cuando los pesos estan dados por

wi =































1, para k = 1,

s2k−2
i

k
∏

j !=i
j=1

(s2i − s2j )

, para k ≥ 2, i = 1, . . . , k, (59)

y el término principal del error local es

LE(Φh) =
(−1)k+1

s21 s
2
2 · · · s2k

e′2k(t0) h
2k+1 +O

(

h2k+2
)

. (60)
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Dem: El orden maximal 2k se sigue de (55) con m = k y los pesos (59) se obtienen

resolviendo el sistema lineal de tipo Vandermonde resultante. Sustituyendo los pesos (59)

en la expresión del error local (57) se obtiene (60). !

Observaciones.

1. Para k ≥ 4, el teorema 4.2 proporciona un procedimiento para construir una fa-

milia de métodos EFRKN expĺıcitos de orden elevado (p ≥ 8) que requieren sk

f -evaluaciones secuenciales por paso.

2. El procedimiento (53) también permite la construcción de otro esquema paralelo

Φ∗
h =

k−1
∑

i=1

ω∗
i Φ

(si)
h , (61)

con los pesos definidos por

w∗
i =

s2k−4
i

k−1
∏

j !=i
j=1

(s2i − s2j )

, i = 1, . . . , k − 1, (62)

y orden algebraico 2k − 2. Por lo tanto, existe una familia de pares encajados de

orden 2k(2k − 2) que permite la implementación de los métodos paralelos EFRKN

en códigos a paso variable sin coste adicional.

Entonces, considerando los métodos básicos de referencia EFSV1 y EFSV2 y seleccio-

nando una secuencia (52) podemos calcular en paralelo sobre k procesadores

Φ(si)
h (y0, y

′
0) = (y(si)1 , y′ (si)1 )T , i = 1, . . . , k,

(cada método Φ(si)
h se evalua en un procesador) y después evaluar

(y1, y′1)
T =

k
∑

i=1

ωi Φ
(si)
h (y0, y

′
0),

Est(h) =
k−1
∑

i=1

(ωi − ω∗
i )Φ

(si)
h (y0, y

′
0) + ωk Φ

(sk)
h (y0, y

′
0),

donde Est(h) representa una estimación del error local basada en el par encajado 2k(2k−

2). En la Tabla I mostramos los pesos ωi y ω∗
i para el caso de la secuencia si = i,

i = 1, . . . , k, con k = 4, 5, 6, y los métodos se denotarán por EFRKNp (s1, . . . , sk) donde

p indica el orden.

TABLA I: Pesos ωi y ω∗
i para los pares encajados p (p− 2) con p = 8, 10, 12
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EFRKN8(1,2,3,4) EFRKN10(1,2,3,4,5) EFRKN12(1,2,3,4,5,6)

wi w∗
i wi w∗

i wi w∗
i

−
1

360

1

24

1

8640
−

1

360
−

1

302400

1

8640
16

45
−
16

15
−

64

945

16

45

8

945
−

64

945

−
729

280

81

40

6561

4480
−
729

280
−
2187

4480

6561

4480
1024

315
−
16384

2835

1024

315

65536

14175
−
16384

2835
390625

72576
−
9765625

798336

390625

72576
17496

1925

5 Experimentos numéricos

En esta sección presentamos algunos experimentos numéricos con un sistema diferen-

cial oscilatorio para mostrar el comportamiento cualitativo y la eficiencia numérica de

los nuevos métodos EFRKN construidos en las secciones 3 y 4 cuando se comparan con

algunos métodos clásicos de la literatura cient́ıfica. El criterio utilizado en las compara-

ciones numéricas se basa en calcular el máximo del error global en la solución (MGE =

log10(max ‖y(tn)− yn‖)) o en el Hamiltoniano (MGEH = log10(max |H(0)−Hn|)), y los

cálculos se realizan en aritmética de doble precisión (16 d́ıgitos).

El sistema diferencial oscilatorio considerado es el problema gravitacional de los dos

cuerpos (problema plano de Kepler) definido mediante el Hamiltoniano

H(p, q) =
1

2

(

p21 + p22
)

−
(

q21 + q22
)−1/2

,

con las condiciones iniciales q1(0) = 1−e, q2(0) = 0, p1(0) = 0, p2(0) = ((1 + e)/(1− e))1/2,

donde e (0 ≤ e < 1) representa la excentricidad de la órbita eĺıptica. La solución exacta

de este PVI es una órbita eĺıptica 2π-periódica con semieje mayor 1 dada por

q1(t) = cos(u(t))− e, q2(t) =
√
1− e2 sin(u(t)),

donde u(t) es la solución de la ecuación de Kepler: t = u(t)− e sin(u(t)). La integración

se realiza en el intervalo [0, 20] con los valores de los parámetros e = 0.001, λ = iω con

ω = (q21 + q22)
−3/2 como en [3].
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5.1 Comparaciones a paso fijo

Los nuevos métodos de composición EF de la sección 3 se han comparado con los

métodos de composición simétricos de coeficientes constantes y órdenes 6 y 8 (SIM6

y SIM8) dados en [25]. La Figura 1 muestra el máximo del error global en la solución

(MGE) con respecto al número de f -evaluaciones secuenciales requeridas por cada método

para los pasos h = 0.8/2j, j ≥ 0.
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Figura 1: Curvas de eficiencia (a paso fijo).

La Figura 2 muestra el máximo del error global en el Hamiltoniano (MGEH) como una

función del tiempo en los instantes finales tend = 10j, j = 1, . . . , 5, con paso de integración

h = 0.8.
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Figura 2: Error en el Hamiltoniano como una función del tiempo (h = 0.8).

De los resultados numéricos obtenidos (Figuras 1 y 2) se observa que los métodos

de composición simétricos EF (EFSIM6 y EFSIM8) muestran un comportamiento más
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eficiente que sus homólogos de coeficientes constantes (SIM6 y SIM8). Además, aunque los

métodos simétricos y simplécticos no preservan el Hamiltoniano, la Figura 2 muestra que

el error en la enerǵıa permanece prácticamente constante para el sistema Hamiltoniano

oscilatorio considerado.

5.2 Comparaciones a paso variable

Los nuevos métodos paralelos EFRKN de la sección 4 se han comparado con el par

encajado clásico RKN8(6) obtenido en [39]. En la Figura 3 se muestran las curvas de

eficiencia de los métodos (máximo del error global en la solución (MGE) versus el coste

computacional medido por el número de f -evaluaciones secuenciales requeridas por cada

método) para tolerancias del error local de la forma Tol = 10−j, j ≥ 3.
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Figura 3: Curvas de eficiencia (a paso variable).

En el caso de códigos a paso variable, la Figura 3 muestra claramente que los esquemas

paralelos de orden alto ajustados exponencialmente son más eficientes que el código clásico

RKN8(6).

6 Conclusiones

En este trabajo se presentan dos procedimientos para construir métodos RKN expĺıcitos

ajustados exponencialmente de orden alto. El primer procedimiento se basa en la com-

posición simétrica de métodos simétricos partiendo de un método básico de referencia

que es ajustado exponencialmente, además de simétrico y simpléctico. El segundo pro-

cedimiento se basa en una combinación convexa de k métodos EFRKN expĺıcitos de si

etapas los cuales se construyen conectando si pasos de un método de referencia EFRKN
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expĺıcito y simétrico con longitud ∆t = h/si. Considerando como métodos de referencia

una versión ajustada exponencialmente de los métodos de Störmer-Verlet, se construye

una familia de esquemas paralelos EFRKN expĺıcitos en el formato de pares encajados

con órdenes 2k(2k − 2). Ambos procedimientos se muestran como alternativas de con-

fianza frente a los códigos RKN clásicos para integrar sistemas diferenciales oscilatorios

de segundo orden. Los experimentos numéricos realizados con un sistema Hamiltoniano

oscilatorio muestran que los nuevos métodos EFRKN mejoran la eficiencia computacional

obtenida con otros integradores RKN clásicos de la literatura cient́ıfica.
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Abstract

Hamiltonian Boundary Value Methods are a new class of energy preserving one

step methods for the solution of polynomial Hamiltonian dynamical systems. They

can be thought of as a generalization of collocation methods in that they may be

defined by imposing a suitable set of extended collocation conditions. In particular,

in the way they are described in this note, they are related to Gauss collocation

methods with the difference that they are able to precisely conserve the Hamil-

tonian function in the case where this is a polynomial of any high degree in the

momenta and in the generalized coordinates. A description of these new formulas

is followed by a few test problems showing how, in many relevant situations, the

precise conservation of the Hamiltonian is crucial to simulate on a computer the

correct behavior of the theoretical solutions.

1 Introduction

Hamiltonian Boundary Value Methods (HBVMs) form a subclass of Boundary Value

Methods (BVMs), whose main feature is that of precisely conserving the Hamiltonian

function associated with a canonical Hamiltonian system
{

ẏ = J∇H(y),

y(t0) = y0 ∈ R2m,
J =

(

0 I

−I 0

)

∈ R
2m×2m, (1)

∗Work developed within the project “Numerical methods and software for differential equations”.
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(I is the identity matrix of dimension m), in the case where such function is of polynomial

type.

Two key ideas have permitted the realization of HBVMs: the definition of discrete line

integral and what we called extended collocation conditions. The former, first introduced

in [15, 16], represents the discrete counterpart of the line integral defined over conservative

vector fields, while the second is a relaxation of the classical collocation conditions which

assures the conservation of the energy along the numerical solution {yn} generated by the

method itself.

Just as an initial clarification, we briefly show how this new approach to the problem

reads when the classical Gauss collocation method is considered (see [18, Remark 2.1] for

more details). Given a stepsize h > 0 and a set of s abscissae c1 < · · · < cs disposed

according to a Gauss-Legendre distribution on [0, 1], the Gauss method of order 2s is

defined by means of the following polynomial collocation problem:






σ(t0) = y0,

σ̇(t0 + cih) = J∇H(σ(t0 + cih)), i = 1, . . . , s.
(2)

As is well known, conditions (2) uniquely define a polynomial σ(t) of degree s which is

used to advance the solution by posing y1 = σ(t0 + h), while the internal stages satisfy

Yi = σ(t0 + cih), i = 1, . . . s. The coefficients of the Butcher array and the weights are

given by

bj =

∫ 1

0

"j(c)dc, aij =

∫ ci

0

"j(c)dc, with "j(c) =
∏

r "=j

c− cr
cj − cr

.

The s-degree polynomial σ(t) may be thought of as a path in the phase space linking the

state vectors y0 to y1 and passing through the stages {Yi}. Due to the conservative nature

of the vector field, we have that

H(y1)−H(y0) =

∫

σ

∇H(y) · dy = h

∫ 1

0

σ̇(t0 + τh)T∇H(σ(t0 + τh))dτ. (3)

Now, the above integral is exactly computed by the Gauss quadrature formula with ab-

scissae {ci} and weights {bi} if the degree of the integrand is not greater than 2s−1 which

means that the degree of H(y), say ν, must not exceed 2 (linear or quadratic Hamiltoni-

ans only). Under this assumption, taking into account the collocation conditions (2), we

obtain
H(y1)−H(y0) = h

∑s
i=1

bi(σ̇(t0 + cih))T∇H(σ(t0 + cih))

= −h
∑s

i=1
bi∇TH(σ(t0 + cih))J∇H(σ(t0 + cih)) = 0.

(4)

Thus, by following a different route, we have obtained the classical result that the Gauss

methods conserve quadratic Hamiltonian functions while fail to conserve polynomial

Hamiltonian functions of higher degree.1

1 This argument may be generalized to other classes of collocation methods.
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The above example is the starting point of our approach: the discrete line integral is

the first sum in (4), which turns out to vanish for quadratic Hamiltonians, due to the

collocation conditions (2).

The next section reports a descriptive introduction to HBVMs with much emphasis to

the key ideas they rely on. We refer the reader to the papers [3, 4, 18, 2, 5, 13, 14, 1] for

the details about the basic theory and implementation of HBVMs, and to the monograph

[6] as a reference for the theory of BVMs.

In Section 3 we report a number of test problems of some relevance in the literature,

for which the precise conservation of the energy turns out to be a crucial feature for the

correct reproduction of the long time behavior of the solutions. This will be testified by

comparing HBVMs to the Gauss method which, by the way, is a symplectic integrator.

2 Hamiltonian Boundary Value Methods

In this section we introduce HBVMs by slightly elaborating the arguments in [3, 4, 5].

As was said above, the basic idea which HBVMs rely on is the so called discrete line

integral, which is the discrete counterpart of the line integral associated with a conservative

vector field. In more detail, starting from (3), we consider a polynomial, of degree at most

s, such that

σ(t0) = y0, σ(t0 + h) = y1, (5)

providing an approximation to the solution on the interval [t0, t0 + h]. We consider the

following expansions,

σ̇(t0 + τh) =
s

∑

j=1

Pj(τ)γj, σ(t0 + τh) = y0 + h
s

∑

j=1

∫ τ

0

Pj(x)dx γj, (6)

where the (vector) coefficients {γi} are to be determined. We also assume that the poly-

nomials {Pi} constitute an orthonormal basis, on the interval [0, 1], for the vector space

Πs−1 of polynomials of degree at most s− 1, i.e.,

∫ 1

0

Pi(τ)Pj(τ) = δij , i, j = 1, . . . , s.

Such polynomials can be easily obtained by a suitable scaling of the shifted Legendre

polynomials [5]. Substitution of the first expansion in (6) into the line integral in (3),

which we require to vanish, then gives

s
∑

j=1

γT
j

∫ 1

0

Pj(τ)∇H(σ(t0 + τh))dτ = 0,

which is certainly satisfied by choosing

97



γj =

∫ 1

0

Pj(τ)J∇H(σ(t0 + τh))dτ, j = 1, . . . , s. (7)

Multiplication of (7) by h
∫ c

0
Pj(x)dx and summation over j then gives, by virtue of the

second expansion in (6),

σ(t0 + ch) = y0 + h
s

∑

j=1

∫ c

0

Pj(x)dx

∫ 1

0

Pj(τ)J∇H(σ(t0 + τh))dτ, c ∈ [0, 1]. (8)

Let us now assume that H(y) is a polynomial of degree ν. Consequently, the integral

appearing at the right-hand side in (8) can be exactly discretized by a Gaussian formula

over k Gauss-Legendre abscissae {ci}, which we shall consider hereafter, provided that

k ≥
νs

2
. (9)

Let us denote by {ωi} the weights of the quadrature formula, and set

yi = σ(t0 + cih), aij =

∫ ci

0

Pj(x)dx, i = 1, . . . , k, j = 1, . . . , s. (10)

Consequently, (8) can be (exactly) discretized as:

yi = y0 + h
s

∑

j=1

aij

k
∑

#=1

ω#P#(c#)J∇H(y#), i = 1, . . . , k. (11)

Definition 2.1 The set of equations (11), to be solved for the unknowns {yi}, defines an

HBVM with k steps and degree s, in short HBVM(k, s).

For such method, the following properties hold true [4]:

• it has order 2s for all k ≥ s;

• it is symmetric and perfectly A-stable (i.e., its stability region coincides with the

left-half complex plane, C− [6]);

• for k = s, it reduces to the Gauss-Legendre method of order 2s;

• it exactly preserves polynomial Hamiltonian functions of degree ν, provided that

(9) holds true.

Remark 2.2 The actual implementation of HBVM(k, s) can be seen to result in the solu-

tion of a system of (block) size s, whatever is the value of k considered [3, 5]. Consequently,

if needed, large values of k can be easily considered.
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The arguments in the previous remark, allow us to consider the limit formula of (10)–

(11), in the case where H(y) is non-polynomial, as k → ∞. Clearly such a limit is given

by formula (8), which, according to [4], is named HBVM(∞, s) or ∞-HBVM of degree s.

However, we emphasize that formula (8) becomes an operative method only after that

a suitable discretization of the inner integral is considered and, replacing the integral by

a quadrature formula with k nodes, leads back to a HBVM(k, s) method.

One can easily argue that, since in the non polynomial case the quadrature formula

can approximate the corresponding integral with an arbitrary accuracy, under suitable

regularity assumptions for H(y), a practical conservation of the energy may be obtained

[4, 17]. The term “practical” means that, in many general situations, when k is high

enough, the method makes no distinction between the function H(y) and its polynomial

approximation, being the latter in a neighborhood of size ε of the former, where ε denotes

the machine precision.

We end this section by observing that, by differentiating both members of (8), one

obtains

σ̇(t0 + ch) =
s

∑

j=1

Pj(c)

∫ 1

0

Pj(τ)J∇H(σ(t0 + τh))dτ, c ∈ [0, 1],

which at the points {ci} provides, assuming H(y) to be a polynomial and k large enough:

σ̇(t0 + cih) =
s

∑

j=1

Pj(ci)

∫ 1

0

Pj(τ)J∇H(σ(t0 + τh))dτ, i = 1, . . . , k.

Such formulae (the former being the limit of the latter as k → ∞) can be regarded as

a kind of extended collocation conditions that generalize conditions (2), according to [18,

Section 2] (see also [4]).

3 Numerical tests

We present a few numerical test highlighting the good behavior of HBVMs in the

long-time simulation of Hamiltonian systems. A direct comparison of HBVMs with Gauss

methods is reported in order to better emphasize the stability properties of the former

methods even when compared to a well known class of symplectic formulae.2

The use of a large stepsize of integration is a prerogative in long-time simulation

of an evolutionary problem but, in general, one is forced to reduce h under a critical

threshold in order to guarantee the qualitative behavior of the theoretical solution to be

well reproduced by the numerical solution. From this point of view, we show that HBVMs

2As was seen in the previous section, the choice of Gauss methods has also been dictated by the fact

that they represent the generating formulae of HBVMs when we use a Gauss distribution of the abscissae,

namely the Gauss method of order 2s coincides with HBVM(s,s).
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allow the use of larger stepsizes than Gauss methods, which states that the conservation

of the Hamiltonian function plays an important role in detecting the correct topological

features of the solutions.

3.1 Sitnikov’s problem

One of the main problems in Celestial Mechanics is to describe the motion of N point

particles of positive mass {mi} moving under Newton’s law of gravitation when we know

their positions {qi} and momenta {pi} at a given time. Such a dynamical system, called

the N -body problem, is in the form (1), with Hamiltonian

H(q,p) =
1

2

N
∑

i=1

||pi||22
mi

−G
N
∑

i=1

mi

i−1
∑

j=1

mj

||qi − qj ||2
, (12)

with G the gravitational constant. While the two-body problem is completely solved in

the sense that we can describe explicitly all its solutions (see, e.g., [12]), this is no more

the case, for N ≥ 3. Consequently, numerical simulation is of interest, in such a case.

The Sitnikov problem is a particular configuration of the 3-body dynamics. In this

problem two bodies of equal mass (primaries) revolve about their center of mass, here

placed at the origin, in elliptic orbits in the (x, y)-plane. A third, and much smaller body

(planetoid), is placed on the z-axis with initial velocity parallel to this axis as well.

The third body is small enough that the two body dynamics of the primaries is not

destroyed. Then, the motion of the third body will be restricted to the z-axis and os-

cillating around the origin but not necessarily periodic. In fact, this problem has been

shown to exhibit a chaotic behavior when the eccentricity of the orbits of the primaries

exceeds a critical value that, for the data set we have used, is ē ( 0.725 (see Figure 1).

We have solved the Kepler problem with Hamiltonian function (12) by the Gauss

method of order 4 (HBVM(2,2)) and by HBVM(18,2) (order 4 and 18 steps), with the

following set of parameters:

N G m1 m2 m3 e d h tmax

3 1 1 1 10−5 0.75 5 0.5 1500

where e is the eccentricity, d is the distance of the apocentres of the primaries (points

at which the two bodies are the furthest), h is the time-step and [0, tmax] is the time

integration interval. The eccentricity e and the distance d may be used to define the

initial condition y0 = [q0,p0] (see [19] for the details):

q0 = [−5

2
, 0, 0, 5

2
, 0, 0, 0, 0, 10−9],

p0 = [0, − 1

20

√
10, 0, 0, 1

20

√
10, 0, 0, 0, 1

2
].
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Figure 1.— The left picture displays the configuration of 3-bodies in the Sitnikov

problem. To an eccentricity of the orbits of the primaries e = 0.75, there correspond

bounded chaotic oscillations of the planetoid as is argued by looking at the space-time

diagram in the right picture.
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Figure 2.— Left picture: relative error |H(yn) − H(y0)|/|H(y0)| of the Hamiltonian

function evaluated along the numerical solution of the HBVM(18,2) and the Gauss

method. Right picture: relative error |M(yn) − M(y0)|/|M(y0)| of the angular mo-

mentum evaluated along the numerical solution of the HBVM(18,2) and the Gauss

method.

First of all, we consider the two pictures in Figure 2 reporting the relative errors in

the Hamiltonian function and in the angular momentum evaluated along the numerical

solutions computed by the two methods. According to (9), we know that the HBVM(18,2)

precisely conserves Hamiltonian polynomial functions of degree at most 18. This accu-

racy is high enough to guarantee that the nonlinear Hamiltonian function (12) is as well

conserved up to the machine precision (see the left picture): from a geometrical point of

view, this means that a local approximation of the level curves of (12) by a polynomial

of degree 18 leads to a negligible error. The Gauss method exhibits a certain error in

the Hamiltonian function while, being this formula symplectic, it precisely conserves the

angular momentum, as is confirmed by looking at the right picture of Figure 2. From the

same picture, one sees that the error in the numerical angular momentum associated with

the HBVM(18,2) undergoes some bounded periodic-like oscillations.

Figures 3 and 4 show the numerical solution computed by the Gauss method and
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Figure 3.— The Sitnikov problem solved by the Gauss method of order 4, with stepsize

h = 0.5, in the time interval [0, 1500]. The trajectories of the primaries in the (x, y)-

plane (left picture) exhibit a very irregular behavior which causes the planetoid to

eventually leave the system, as illustrated by the space-time diagram in the right

picture.
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Figure 4.— The Sitnikov problem solved by the HBVM(18,2) method (order 4), with

stepsize h = 0.5, in the time interval [0, 1500]. Left picture: the trajectories of the

primaries are ellipse shape. The discretization introduces a fictitious uniform rotation

of the (x, y)-plane which, however, does not alter the global symmetry of the system.

Right picture: the space-time diagram of the planetoid on the z-axis displayed (for

clearness) on the time interval [0, 350] shows that, although a large value of the stepsize

h has been used, the overall behavior of the dynamics is well reproduced (compare with

the right picture of Figure 1).

HBVM(18,2), respectively. Since the methods leave the (x, y)-plane invariant for the

motion of the primaries and the z-axis invariant for the motion of the planetoid, we have

just reported the motion of the primaries in the (x, y)-phase plane (left pictures) and the

space-time diagram of the planetoid (right picture).

We observe that, for the Gauss method, the orbits of the primaries are irregular in

character so that the third body, after performing some oscillations around the origin,

will eventually leave the system (see the right picture of Figure 3). On the contrary (left

picture of Figure 4), the HBVM(18,2) generates a quite regular phase portrait. Due to

the large stepsize h used, a sham rotation of the (x, y)-plane appears which, however, does
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Figure 5.— Distance between the two primaries as a function of the time, related to

the numerical solutions generated by the Gauss method (left picture) and HBVM(18,2)

(right picture). The maxima correspond to the distance of apocentres. These are

conserved by HBVM(18,2) while the Gauss method introduces patchy oscillations that

destroy the overall symmetry of the system.

not destroy the global symmetry of the dynamics, as testified by the bounded oscillations

of the planetoid (right picture of Figure 4) which look very similar to the reference ones in

Figure 1. This aspect is also confirmed by the pictures in Figure 5, displaying the distance

of the primaries as a function of the time. We see that the distance of the apocentres

(corresponding to the maxima in the plots), as the two bodies wheel around the origin,

are preserved by the HBVM(18,2) (right picture) while the same is not true for the Gauss

method (left picture).

3.2 The Hénon-Heiles problem

The Hénon-Heiles equation originates from a problem in Celestial Mechanics describing

the motion of a star under the action of a gravitational potential of a galaxy which

is assumed time-independent and with an axis of symmetry (the z-axis) (see [11] and

references therein). The main question related to this model was to state the existence of

a third first integral, beside the total energy and the angular momentum.3 By exploiting

the symmetry of the system and the conservation of the angular momentum, Hénon and

Heiles reduced from three (cylindrical coordinates) to two (planar coordinates) the degrees

of freedom, thus showing that the problem was equivalent to the study of the motion of

a particle in a plane subject to an arbitrary potential U(q1, q2):

H(q,p) =
1

2
(p21 + p22) + U(q1, q2). (13)

Since U in (13) has no symmetry in general, we cannot consider the angular momen-

tum as an invariant anymore, so that the only known first integral is the total energy

3An analytical approach to the problem may be found in [10], where the author finds out a formal

expansion of the third invariant.
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Figure 6.— Level curves of the potential U(q1, q2) of the Hénon-Heiles problem (see

(14)). The origin O is a stable equilibrium point, whose domain of stability contains the

equilateral triangle having as vertices the saddle points P1, P2, and P3, provided that

the total energy does not exceed the value 1
6
. Inside the triangle an orbit (q1(t), q2(t))

is traced whose total energy is close (but lower than) 1
6
. The trajectory gets very close

to the sides of the triangle, which makes the problem of conserving the total energy in

the numerical solution an important feature to avoid instability when a large stepsize

is used.

represented by (13) itself, and the question is whether or not a second integral does exist.

Hénon and Heiles conducted a series of tests with the aim of giving a numerical evidence

of the existence of such integral for moderate values of the energy H , and of the appear-

ance of chaotic behavior when H(q,p) becomes larger than a critical value. In particular,

for their experiments they choose

U(q1, q2) =
1

2
(q21 + q22) + q21q2 −

1

3
q32, (14)

which makes the Hamiltonian function a polynomial of degree three.

When U(q1, q2) approaches the value
1

6
, the level curves of U tend to an equilateral tri-

angle, whose vertices are saddle points of U (see Figure 6). This vertices have coordinates

P1 = (0, 1), P2 = (−
√
3

2
,−1

2
) and P3 = (

√
3

2
,−1

2
).

We consider an initial point (q0,p0) such that q0 is inside the triangle U ≤ 1

6
and

H(q0,p0) < 1

6
: then the orbit originating from (q0,p0) will never abandon the triangle

for any value of the time t. However, when H(q0,p0) is chosen very close to 1

6
, a numerical

method which does not preserve exactly the total energy could cause the (numerical) orbit

to jump outside the triangle and possibly to diverge to infinity. This aspect is further

emphasized when a large stepsize of integration is used, as is usually required in the long

time simulation of a dynamical system.
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Figure 7.— The numerical trajectory in the (q1, q2)-plane computed by the Gauss

method of order four with stepsize h = 1. The stable character of the continuous orbit

is not correctly reproduced by the numerical method: after a time t ( 7000 the orbit

escapes from the triangle (see the dots surrounded by small circles at the bottom right

of the picture).

We have integrated problem (13) in the time interval [0, 5 · 104] with stepsize h = 1 by

using the Gauss method of order four (HBVM(2,2)) and the HBVM(4,2) method which

assures an exact conservation of the total energy.

Figures 7 and 8 show the numerical trajectories in the (q1, q2)-plane as dots that even-

tually will densely fill the triangle. The orbit generated by the Gauss method is plotted

up to time t ( 7000, since it then escapes from the triangle, as highlighted by the three

circles close to the saddle point P3. In fact, as Figure 9 shows, the numerical Hamiltonian

function associated with the Gauss method produces very irregular oscillations around

the theoretical value (straight line) which eventually determine a loss of stability.

On the contrary, all the 50000 dots of the numerical trajectory computed by the

HBVM(4,2) method are visible in Figure 8.

3.3 Computing the period annulus of a non-degenerate center of a polynomial Hamilto-

nian planar system.

Non-degenerate centers4 of planar, in particular polynomial, Hamiltonian systems are

extensively researched in the modern literature (see [9, 7, 22, 8] and references therein).

The integration of such systems by means of HBVMs deserves a particular interest be-

cause, the degrees of freedom being one, the corresponding numerical solution is guaran-

4 We recall that a center is an equilibrium point which is surrounded by periodic orbits. It is non-

degenerate if the linearized vector field at this point has non-zero eigenvalues.
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Figure 8.— The numerical trajectory in the (q1, q2)-plane computed by the HBVM(4,2)

method with stepsize h = 1. Since this method precisely conserves the total energy of

the system, the orbit is entirely contained in the triangle at all times.

teed to lie on the same level set H(q, p) = H(q0, p0) as the theoretical orbit. Furthermore,

if this latter consists of a closed orbit surrounding an equilibrium point (center), the nu-

merical solution will (in general) fill densely the corresponding closed level curve, thus

reproducing the very same phase portrait associated with the original continuous problem.

The region of marginal stability of a center P0, is called the period annulus of P0 and

will be denoted by P: it is the largest punctured neighborhood of the center consisting of

only periodic orbits. The function which associates to any periodic orbit in P its period

is called the period function of the center. Such function has been being intensively

studied for many years: its behavior relates to problems of isochronicity,5 monotonicity,

bifurcation of its critical points, etc.

The aim of the present example is to consider one such system and try to reproduce

numerically, as best as possible, the set ∂P, that is the boundary of the period annulus

P. Let H∗ < +∞ be the value of the Hamiltonian function corresponding to any points

on ∂P.6 The Hamiltonian function we consider here is the fifth-degree polynomial

H(p, q) = A(p) + B(p)q + C(p)q2 +D(p)q3, (15)

where

A(p) = p2(1
2
+ c3p + b3p2 + a3p3), B(p) = p2(c2 + b2p+ a2p2),

C(p) = 1

2
+ c1p+ b1p2 + a1p3, D(p) = c0 + b0p + a0p2,

5 Namely, all the orbits surrounding the center P0 share the same period.
6 Here we assume that the center P0 is non global: this is certainly true if H(q, p) is a polynomial of

odd degree.
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Figure 9.— Hamiltonian function evaluated along the numerical solution of the Gauss

and HBVM(4,2) methods. The irregular oscillations introduced by the Gauss method

will cause the associated numerical solution to eventually leave the stability region

centered at the origin.

with (a0, a1, a2, a3) += (0, 0, 0, 0).7 Note that, since H(q, p) = 1

2
(p2 + q2) + h.o.t., we can

assume P0 to be the origin O = (0, 0).

The class of Hamiltonian systems defined by (15) has been proposed in [20] and [21].8

Their main result was proving that the origin may not be an isochronous center [20] and,

more specifically, that the period tends to infinity as H(q0, p0) ↗ H∗, (q0, p0) being the

initial condition associated with the differential system.

For our experiments, we have set the values of the coefficients {ai}, {bi}, and {ci} as

follows:

a0 = 0; a1 = 0; a2 = 1; a3 = 0;

b0 = 0; b1 = 1; b2 = 0; b3 = 1; (16)

c0 = 0; c1 = 1; c2 = 1; c3 = 0.

In such a case, besides the origin P0 = (0, 0), H(q, p) admits the following real equilibrium

points (up to the machine precision):

P1 = (−6.879526475540134 · 10−1, − 5.206527058470621 · 10−1) −→ saddle point;

P2 = (−1.179582379893681, 1.756351969248087) −→ saddle point.

7 Otherwise the degree of H(q, p) becomes lower than 5.
8 The authors showed that, without loss of generality, the form (15) may be associated to any poly-

nomial Hamiltonian system of degree four and admitting a non-degenerate center, via a suitable change

of coordinates.
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Figure 10 reports the shape of the level curves of (15)–(16) in a region enclosing P0 and

P1. We see that the limit closed orbit corresponding to ∂P is the one embracing P0 and

having P1 as both ω-limit point and α-limit point9 and, therefore, the value H∗ may be

computed with precision as

H∗ = H(P1) = 9.050199350868576 · 10−2. (17)

Now suppose we do not know the value H∗ in (17) (it will be used as a reference value)

and that we want to reproduce the orbit covering ∂P by simply picking initial points

(q0, p0) further and further away from the origin, and checking whether the numerical

solution remains bounded over a long time.10 More precisely, we will locate the limit

cycle by means of a dichotomic search, according to the following algorithm:

step 1: find a point Q from which an orbit originates that does not embraces the critical

point P0 (that is Q +∈ P);

step 2: consider the segment joining P0 to Q:

γ(c) = (1− c)P0 + cP1, c ∈ [0, 1],

and set c0 = 0 and c1 = 1;

step 3: if c1 − c0 < tol, STOP (tol is a specified tolerance);

step 4: set c = c0+c1
2

and solve numerically the Hamiltonian problem defined in (15), consid-

ering γ(c) as initial condition, in the time interval [0, hN ] where h > 0 is the stepsize

and N is a positive integer such that hN is large enough to give some information

about the fate of the orbit originating from γ(c).

step 5: if the numerical solution eventually depart from P0, set c1 = c, otherwise set c0 = c,

go to step 3;

The point y0 ≡ (q0, p0) = γ(c), where c is the value resulting after the execution of

the above procedure, may be assumed as a point on ∂P within the specified tolerance

tol. Detecting the limit cycle with high accuracy requires a huge number of simulations

and therefore large run times, also taking into account the wide time intervals that must

be used in order to inspect the asymptotic behavior of the numerical solution.11 Con-

sequently, it would be advisable to work with a relatively large stepsize h. We have

set:

h = 1, 0.5, N = 2500, 5000, tol = 2−52 (i.e., the value of eps in Matlab), Q = (0, 1),

to cover the integration interval [0, 2500].

9 That is, limt→±∞(q(t), p(t)) = P1 for any choice of (q0, p0) ∈ ∂P .
10 Of course, we cannot assume (q0, p0) = P1 since P1 is an equilibrium point.
11Actually, by virtue of their conservation properties, HBVMs do not need to be integrated over a long

time, even though here we do that for comparison purposes.
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h s
a point y(s,s)

0
∈ ∂P computed

by the Gauss method
|H(y

(s,s)
0

)−H∗|
H∗

a point y(k,s)
0

∈ ∂P computed
by HBVM(k,s)

|H(y
(k,s)
0

)−H∗|
H∗

2 (0, 3.723580509957994 · 10−1) 2.15 · 10−2 (0, 3.757055929263451 · 10−1) 7.66 · 10−16

1 3 (0, 3.748759009745006 · 10−1) 5.38 · 10−3 (0, 3.757055929263451 · 10−1) 4.60 · 10−16

4 (0, 3.754691919292651 · 10−1) 1.53 · 10−3 (0, 3.757055929263450 · 10−1) 1.22 · 10−15

5 (0, 3.756914213384024 · 10−1) 9.20 · 10−5 (0, 3.757055929263451 · 10−1) 4.60 · 10−16

2 (0, 3.756045691696934 · 10−1) 6.56 · 10−4 (0, 3.757055929263451 · 10−1) 4.60 · 10−16

1

2
3 (0, 3.756828289241957 · 10−1) 1.47 · 10−4 (0, 3.757055929263451 · 10−1) 4.60 · 10−16

4 (0, 3.757049796804918 · 10−1) 3.98 · 10−6 (0, 3.757055929263451 · 10−1) 4.60 · 10−16

5 (0, 3.757055571549585 · 10−1) 2.32 · 10−7 (0, 3.757055929263451 · 10−1) 4.60 · 10−16

Table 1.— A point y0 on the boundary of the period annulus P is computed by the

Gauss and HBVM methods of orders 4, 6, 8 and 10 (corresponding to s = 2, 3, 4, 5

respectively). By their very nature, if used with a sufficient number of silent stages,

HBVMs produce a numerical orbit that precisely lie on the same level set H(q, p) =

H(q0, p0) as the theoretical one, therefore we see that HBVMs can locate the point y0

with extreme precision, whatever the order and/or the stepsize used. On the contrary,

Gauss methods produce a certain error that may be lowered by reducing the stepsize

of integration h and/or by raising their order.

Table 1 compares the results obtained by using the Gauss (HBVM(s,s)) and HBVM(k,s)

methods of orders 4, 6, 8 and 10 (therefore, since s = 2, 3, 4, 5, we must choose, according

to (9), k = 5, 8, 10, 13, respectively, in order for the HBVM(k,s) to exactly conserve the

Hamiltonian function). We have denoted by y(k,s)0 the point computed by the method

HBVM(k,s), and reported the error |H(y(k,s)0 ) − H∗|/H∗ to estimate the accuracy with

which each method computes the boundary of P. As was expected, the accuracy in de-

tecting the right boundary of the period annulus by means of HBVMs is of the same order

as the machine precision whatever the order and stepsize used (indeed, the value of y(k,s)0

remains the same for all simulations). On the contrary, the Gauss methods produce a

certain error which depends both on the stepsize and on the order used: increasing the

accuracy would require a suitable reduction of the stepsize and/or a grow-up of the order.

Figure 11 shows that even small oscillations of the numerical Hamiltonian function (left

picture) could produce a noticeable irregularity of the numerical orbit in a neighborhood

of the boundary of the period annulus (right picture). By their very nature, HBVMs suc-

ceed in detecting the set ∂P with an accuracy of the same order as the machine precision:

the error in the Hamiltonian function is negligible (left picture) and the numerical orbit

correctly passes through the saddle point P1.
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Figure 10.— Level curves of the Hamiltonian (15) in a region that embraces the center

point P0 and the saddle point P1. Each level curve, corresponding to an orbit of the

associated Hamiltonian system, is labeled by a number that indicates its elevation.
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respectively. Right picture: a closeup of the two numerical orbits in a neighborhood

of the saddle point P1 reveals the difficulty of the Gauss method in detecting the

boundary of the period annulus.
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Abstract

We analyze the so-called generalized polar decomposition determined by an in-

volutive automorphism in a Lie group. This concept generalizes the well known

factorization of a matrix as the product of a positive semidefinite matrix and an

orthogonal matrix in linear algebra. We provide a different constructive proof of

the existence of such a decomposition in a neighborhood of the identity and obtain

several explicit bounds on the convergence domain of the series defined each factor.

1 Introduction

The polar decomposition can be seen as the matrix analog of the polar form of a

complex number z = r eiθ, r > 0. If A is any n × n matrix, then there exists a unitary

matrix U and a unique Hermitian positive semidefinite matrix H such that

A = H U.

Furthermore, if A is invertible, then H is positive definite and U is uniquely determined. If

A is real, the matrix U is orthogonal and H is symmetric. It is well known that the factors

H and U possess best approximation properties. Specifically, the polar factor U is the best

unitary (orthogonal in the real case) approximant to A in any unitarily invariant norm,

whereas H is a good Hermitian positive definite approximation to A when it is nonsingular

and Hermitian, and 1

2
(A+H) is a best Hermitian positive semidefinite approximation to

A [8].
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The polar decomposition has been generalized to abstract Lie groups and even to

semigroups [11]. Such generalized polar decomposition has been found to be closely

related with the concept of involutive automorphism and the subspace decomposition

it induces. In this setting, the polar decomposition is equivalent to expressing a group

element as the product of a term in a symmetric subspace and a term in a subgroup of

the given Lie group.

More specifically, let G be a Lie group and σ : G −→ G an involutive automorphism.

By this we mean a one-to-one map such that σ(xy) = σ(x)σ(y), σ $= id and σ2 = id. Let

Gσ denote the subgroup of G consisting of fixed points of σ, i.e., Gσ = {x ∈ G : σ(x) = x}

and Gσ the set of anti-fixed points of σ, Gσ = {x ∈ G : σ(x) = x−1}. The set Gσ is not

a group, but a symmetric space with the non-associative multiplication x · y ≡ xy−1x [7].

Then, the generalized polar decomposition of z ∈ G consists in writing

z = xy, x ∈ Gσ, y ∈ Gσ. (1)

Since σ induces an involutive automorphism dσ on the Lie algebra g corresponding to G

as

dσ(X) ≡
d

dt

∣

∣

∣

t=0
σ(exp(tX))

for all X ∈ g, then g can be expressed as the direct sum

g = p⊕ k, (2)

where k corresponds to the set of fixed points of dσ (dσ(X) = X) and p to the set of

anti-fixed points, dσ(X) = −X . The space k is a subalgebra of g, whereas p is a Lie triple

system: p is a vector space that is not closed under the commutator but under the double

commutator, that is, [X1, [X2, X3]] ∈ p for Xi ∈ p, whereas [X1, X2] ∈ k [7]. In general,

the sets p and k verify the following commutation relations:

[k, k] ⊆ k, [k, p] ⊆ p, [p, p] ⊆ k.

As a result, every element Z ∈ g can be uniquely written as

Z = P +K, P ∈ p, K ∈ k (3)

with

P =
1

2
(Z − dσ(Z)) and K =

1

2
(Z + dσ(Z)).

Moreover, if K ∈ k, then exp(tK) ∈ Gσ, whereas P ∈ p implies exp(tP ) ∈ Gσ.

As a well know example, let us consider the general linear group GL(n) of real n× n

invertible matrices and the map σ(x) = (x−1)T , which is an involutive automorphism.

Now the set Gσ is the set of invertible symmetric matrices (a symmetric space), whereas
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Gσ is the set of orthogonal matrices (which is a subgroup of GL(n)). It can be checked

that dσ(X) = −XT , whence k is the classical algebra of skew-symmetric matrices and p

is the set of symmetric matrices. In consequence, the decomposition (3) is nothing but

the canonical decomposition of a matrix into its skew-symmetric and symmetric part:

P = (Z + ZT )/2, K = (Z − ZT )/2.

In a series of papers [13, 15, 16], Zanna and his collaborators have analyzed the polar

decomposition in a generic Lie group G. In particular, they provide a proof of its existence

and uniqueness in a neighborhood of the identity e ∈ G, which can be established as the

following theorem [13].

Theorem 1.1 Let z = exp(tZ) ∈ G, where Z = P + K is the decomposition of Z in

p ⊕ k, i.e., dσ(P ) = −P and dσ(K) = K. Then, for sufficiently small values of t, the

element z admits a unique generalized polar decomposition z = xy, where x = exp(X(t)),

X(t) ∈ p, and y = exp(Y (t)) with Y (t) ∈ k.

Moreover, they derive differential equations obeyed by X(t) and Y (t) and solve them

perturbatively, thus constructing X and Y as a power series whose terms can be obtained

by a recursive procedure. These recurrences are in turn used to prove the convergence

of the series when g is a Banach algebra. In this way, the function X(t) is shown to be

analytic in a sphere of radius

ρ =
δ

2α
for some constant 0 < δ < π (4)

and α = max{‖P‖, ‖K‖} [13], although no specific value of δ is provided. On the other

hand, the radius of convergence of the series Y (t) is given implicitly as ρ = r
2β [15],

where β = max{t‖Z‖, ‖X(t)‖} and r is related to the radius of convergence of the Baker–

Campbell–Hausdorff (BCH) series. Notice that these estimates are all of a qualitative

nature, whereas (at least up to our knowledge) no actual bounds for the convergence

domain are found in the literature.

In this paper we try to fill this gap by first proposing new computationally well adapted

recurrences for generating the series X(t) and Y (t). These recurrences are used to get

numerical estimates on the convergence of the series X(t) and also a bound on ‖X(t)‖

itself, which is then used to establish the convergence of the series Y (t). These results are

supplemented with sharper numerical estimates obtained from the BCH series.

Although of theoretical nature, generalized polar decompositions in Lie groups have

found interesting applications in numerical analysis, namely in connection with self-adjoint

numerical integrators for differential equations [10] and the numerical approximation of

the exponential of a matrix from a Lie algebra to a Lie group [16], especially in SL(n).

From a more abstract point of view, they constitute a particular instance of the Atkinson

factorization theorem for Rota–Baxter algebras [3, 5]. We believe that the convergence

results provided here will be of interest in these different settings.
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2 Recursion for the factor X

Our starting point is the factorization provided by Theorem 1.1

etZ = eX(t) eY (t), (5)

with Z = P +K. Differentiating (5) one arrives at the expression

e−X(Z − d expX(X
′)) eX = d expY (Y

′), (6)

where

d expY (Y
′) ≡

∞
∑

j=0

1

(j + 1)!
adj

Y (Y
′) ∈ k (7)

since Y, Y ′ ∈ k and k is a subalgebra of the Lie algebra g. Here adA stands for the adjoint

operator of A ∈ g, which acts according to

adAB = [A,B], adj
AB = [A, adj−1

A B], ad0
AB = B, j ∈ N, B ∈ g. (8)

Notice that the left hand side of eq. (6) also belongs to k. We therefore analyze this term

and separate the contribution in p, which has to be canceled.

First we note that

e−XZ eX = − sinh(u)(K) + cosh(u)(P ) (∈ p)

+ cosh(u)(K)− sinh(u)(P ) (∈ k)

where u ≡ adX and the functions involving u have to be understood as power series. On

the other hand,

e−Xd expX(X
′) eX =

1

u
sinh(u)(X ′) (∈ p)

+
1

u
(1− cosh(u))(X ′) (∈ k)

In consequence,

− sinh(u)(K) + cosh(u)(P )−
1

u
sinh(u)(X ′) = 0

whence, after some algebra, we arrive at the differential equation satisfied by X :

X ′ = −adXK +
∞
∑

k=0

22kB2k

(2k)!
ad2k

X P, X(0) = 0, (9)

with Bj denoting the Bernoulli numbers [1]. To solve equation (9), let us introduce a

parameter ε > 0 in Z and consider instead εZ = ε(K + P ), i.e., the decomposition

et εZ = eX(ε,t) eY (ε,t).
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The corresponding equation satisfied by X(ε, t) is then

∂X

∂t
= −ε adXK +

∞
∑

k=0

c2kad
2k
X (εP ), X(ε, 0) = 0, (10)

where, for simplicity, c2k = 22kB2k

(2k)! . Now we try to determine the solution X(ε, t) pertur-

batively as an infinite series in ε,

X(ε, t) =
∞
∑

n=1

εnXn(t). (11)

To do that, first we substitute expression (11) into (10), thus obtaining for each terms up

to order εn the expressions

∂

∂t
X(ε, t) =

n
∑

j=1

εjX ′
j(t) +O(εn)

adX(εK) =
n−1
∑

j=1

εj+1adXj
K +O(εn+1)

n−1
∑

j=1

cj ad
j
X(εP ) =

n
∑

l=2

εl
l−1
∑

j=1

cj
∑

k1+···+kj=l−1

k1≥1,...,kj≥1

adXk1
· · · adXkj

P +O(εn+1).

Then, by equating successive powers of ε, we get

X ′
1 = P

X ′
l = −adXl−1

K +
l−1
∑

j=2

cj
∑

k1+···+kj=l−1

k1≥1,...,kj≥1

adXk1
· · · adXkj

P, l ≥ 2.

From the initial condition, it is clear that Xl(0) = 0 for all l ≥ 1, so that finally we arrive

at the recursion

X1(t) = tP (12)

Xl(t) = −

∫ t

0

adXl−1
K ds+

l−1
∑

j=2

cj
∑

k1+···+kj=l−1

k1≥1,...,kj≥1

∫ t

0

adXk1
· · · adXkj

P ds, l ≥ 2.

If this recurrence is worked out explicitly, one gets for the first terms

X2(t) = − t2

2
[P,K], X3(t) = − t3

6
[K, [P,K]],

X4(t) =
t4

24
([P, [P, [P,K]]]− [K, [K, [P,K]]])

3 Recursion for the factor Y

By considering the projection of equation (6) into k we have

cosh(u)(K)− sinh(u)(P ) +
cosh(u)− 1

u
(X ′) = d expY (Y

′), (13)
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where, as before, u ≡ adX . Inserting equation (9) into (13) results in

d expY (Y
′) = K +

1− cosh(u)

sinh(u)
(P ).

Taking into account that

d exp−1
Y (Y ′) =

∞
∑

j=0

Bj

j!
adj

Y (Y
′)

and the power series of the function (1− cosh(u))/ sinh(u), we get finally

Y ′ =
∞
∑

j=0

Bj

j!
adj

Y

(

K − 2
∞
∑

k=2

(2k − 1)Bk

k!
adk−1

X (P )

)

, Y (0) = 0. (14)

Notice that solving for Y (t) requires to previously compute X(t). In spite of that, in the

sequel we show that it is indeed possible to construct a power series for Y (t) by recurrence.

We proceed in a similar way as for the X factor: introduce the parameter ε > 0 in Z and

determine the successive terms in the expansion

Y (ε, t) =
∞
∑

n=1

εnYn(t) (15)

by inserting it into the corresponding differential equation

∂Y

∂t
= ε d exp−1

Y D, Y (ε, 0) = 0, (16)

where

D ≡ K − 2
∞
∑

k=2

dk ad
k−1
X (P ) and dk =

(2k − 1)Bk

k!
.

It can be shown after some elementary algebra that the r.h.s. of equation (16) can be

written as

ε d exp−1
Y D = εK + A+B + C +O(εn+1)

with

A = −2
n

∑

l=2

εl
l−1
∑

j=1

dj+1

∑

k1+···+kj=l−1

k1≥1,...,kj≥1

adXk1
· · · adXkj

P

B =
n

∑

l=2

εl
l−1
∑

j=1

Bj

j!

∑

k1+···+kj=l−1

k1≥1,...,kj≥1

adYk1
· · · adYkj

K (17)

C = −2
n

∑

l=3

εl
l−1
∑

j=2







j−1
∑

m=1

Bm

m!

∑

k1+···+km=j−1

k1≥1,...,km≥1

adYk1
· · · adYkm













l−j
∑

p=1

dp+1

∑

r1+···+rp=l−j

r1≥1,...,rp≥1

adXr1
· · · adXrp

P






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Equating powers of ε leads one to the recursion

Y1(t) = tK

Yn(t) =
n−1
∑

j=1

Bj

j!

∑

k1+···+kj=n−1

k1≥1,...,kj≥1

∫ t

0

adYk1
· · · adYkj

K ds

−2
l−1
∑

j=1

dj+1

∑

k1+···+kj=n−1

k1≥1,...,kj≥1

∫ t

0

adXk1
· · · adXkj

P ds (18)

−2
n−1
∑

j=2

∫ t

0

dτ







j−1
∑

s=1

Bs

s!

∑

k1+···+ks=j−1

k1≥1,...,ks≥1

adYk1
· · · adYks













n−j
∑

p=1

dp+1

∑

r1+···+rp=n−j

r1≥1,...,rp≥1

adXr1
· · · adXrp

P







n ≥ 2

which allows us to get the explicit expression of the first terms as

Y2(t) = 0, Y3(t) = −
t3

12
[P, [P,K]], Y4(t) = 0.

As a matter of fact, it is not difficult to prove that Y (t) is and odd function of t, so that in

general Y2n(t) = 0 for all n. Notice that it is necessary to previously generate the termsXi

through recurrence (12) to obtain the series Y (t) by (18). Although it is indeed possible

to derive another recursion involving only terms Yi, we have found the recursion (18)

more convenient not only from a computational point of view (the implementation in a

symbolic package is rather straightforward) but also for establishing explicit convergence

domains for the series.

4 Convergence of the expansions

We next analyze the convergence of the previous series. For that purpose we assume

that g is a complete normed Lie algebra endowed with a norm compatible with associative

multiplication, i.e., such that ‖AB‖ ≤ ‖A‖ ‖B‖ for all A, B in g. Then it is true that

‖[A,B]‖ ≤ 2‖A‖ ‖B‖.

First we consider the series

v(ε, t) =
∞
∑

j=1

εj‖Xj(t)‖. (19)

From (12) it is clear that for l ≥ 2

‖Xl(t)‖ ≤ 2‖K‖

∫ t

0

‖Xl−1‖ds+ ‖P‖
l−1
∑

j=2

|cj|2
j

∑

k1+···+kj=l−1

k1≥1,...,kj≥1

∫ t

0

‖Xk1(s)‖ · · ·‖Xkj(s)‖ds
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and thus

N
∑

l=2

εl‖Xl(t)‖ ≤
N
∑

l=2

2εl‖K‖

∫ t

0

‖Xl−1‖ds

+ ε‖P‖
N−1
∑

j=1

|cj |2
j
N−1
∑

l=p

εl
∑

k1+···+kp=l

k1≥1,...,kp≥1

∫ t

0

‖Xk1(s)‖ · · ·‖Xkj‖ds,

where we have interchanged the order of summation in the second term.

Let us denote vN(ε, t) =
∑N

l=1
εl‖Xl(t)‖. Then it is easy to show that

(vN(ε, t))
p =

pN
∑

l=p

εl
∑

k1+···+kp=l

k1≥1,...,kp≥1

‖Xk1‖ · · ·‖Xkp‖

so that, in the last inequality,

N−1
∑

l=p

εl
∑

k1+···+kp=l

k1≥1,...,kp≥1

‖Xk1‖ · · · ‖Xkp‖ ≤ (vN(ε, t))
p

and therefore

vN(ε, t) ≤ 2ε‖K‖

∫ t

0

vN−1(ε, s)ds+ ε‖P‖
N−1
∑

j=0

|cj|2
j

∫ t

0

vN(ε, s)
j ds.

Taking the limit N → ∞ in the last expression we have

v(ε, t) ≤ 2ε‖K‖

∫ t

0

v(ε, s)ds+ ε‖P‖

∫ t

0

g(2v(ε, s))) ds (20)

since
∞
∑

j=0

|cj| (2x)
j =

∞
∑

j=0

|Bj |

j!
(2x)j = 2 + x(1− cot x) ≡ g(x). (21)

We proceed now as follows. Let us denote k = ‖K‖ and p = ‖P‖ and introduce the

function G(x) = βx+ g(x), with β = k/p ≥ 0. Then (20) can be written as

v(ε, t) ≤ ε p

∫ t

0

G(2v(ε, s))ds ≡ F (ε, t).

In this way
∂F (ε, t)

∂t
= ε pG(2v(ε, t)) ≤ ε pG(2F (ε, t))

since G is a non-decreasing function on the domain [0, π). In fact G(z) is analytic for

|z| < π with positive coefficients in the power series and has no zeros in the ball |z| < π.

The last inequality can be expressed as

∂F (ε, t)

∂t

1

G(2F (ε, t))
≤ ε p
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so that, by integrating, we get

H(2F (ε, t)) ≤ 2 ε p t

where H(t) ≡
∫ t

0

1

G(x)dx. Now H(z) is also analytic in |z| < π and H ′(z) = 1

G(z) $= 0.

Then y = H(z) has an inverse function z = H−1(y) for y in the ball |y| < H(π), which is

also analytic there. In consequence,

v(ε, t) ≤ F (ε, t) ≤
1

2
H−1(2 ε p t)

for t such that 2 ε p t belongs to the domain of H−1, i.e.,

2 ε p t < H(π) =

∫ π

0

1

G(x)
dx ≡ ξ(β).

Therefore the series X(t) is assured to be convergent for 0 ≤ t ≤ tc, with

tc ≡
1

2 ε p
ξ(β) =

1

2 ε p

∫ π

0

1

2 + (1 + β)x− x cot x
dx. (22)

If we take ε = 1 in (19), then

v(ε = 1) = ‖X(t)‖ =
∞
∑

n=1

‖Xn(t)‖ <
1

2
H−1(ξ(β)) =

π

2
(23)

in the convergence domain defined by (22).

For illustration, we collect next the values of ξ(β) for several values of β:

β 0 1 10

ξ(β) 1.08687 0.83751 0.31228

If instead of using the norm ratio β we work with α = max{k, p} then a similar argument

shows that the series ‖X(t)‖ is convergent for 0 ≤ t ≤ tc with

tc =
ξ(1)

2α
-

0.83751

2α
. (24)

Notice that we have obtained a numerical value for the constant δ in (4).

A enlarged convergence domain can indeed be established by means of the Baker–

Campbell–Hausdorff (BCH) formula. As is well known, the BCH formula deals with the

expansion of Z in eX1 eX2 = eZ in terms of nested commutators of X1 and X2 when they

are assumed to be non-commuting operators. Specifically,

Z = X1 +X2 +
∞
∑

n=2

Gn(X1, X2), (25)

where Gn(X1, X2) is a homogeneous Lie polynomial in X1 and X2 of grade n; in other

words, Gn can be expressed in terms of X1 and X2 by addition, multiplication by rational
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numbers and nested commutators. This result proves to be very useful in various fields of

mathematics (theory of linear differential equations [12], Lie group theory [4], numerical

analysis [6]) and theoretical physics (perturbation theory, transformation theory, Quan-

tum Mechanics and Statistical Mechanics. In particular, in the theory of Lie groups, with

this theorem one can explicitly write the operation of multiplication in a Lie group in

canonical coordinates in terms of the Lie bracket operation in its algebra and also prove

the existence of a local Lie group with a given Lie algebra [4].

The following theorem concerning the convergence of the BCH series has been proved

(see [2]).

Theorem 4.1 Let X1 and X2 be two bounded elements in a Hilbert space H with dimH ≥

2. Then the BCH formula in the form (25), i.e., expressed as a series of homogeneous

Lie polynomials in X1 and X2, converges absolutely when ‖X1‖+ ‖X2‖ < π.

Here the norm is taken as the 2-norm induced by the scalar product in H. This result

can be generalized, of course, to any number of non commuting operators X1, X2, . . . , Xq.

Specifically, the series

Z = log(eX1 eX2 · · · eXq),

converges absolutely if ‖X1‖+ ‖X2‖+ · · ·+ ‖Xq‖ < π.

We next show how this result can be used to get a sharper bound on the convergence

domain of X . As usual, we set z = exp(tZ) with Z = P + K the decomposition of Z

into p ⊕ k, and denote w ≡ (σ(z))−1 = σ(z−1). Then it is true that w = exp(tW ), with

W = P −K. Now, since σ(x) = x−1 and σ(y) = y in the generalized polar decomposition

z = xy, it is clear that

zσ(z)−1 = xyσ(xy)−1 = xyy−1x = x2

so that

e2X(t) = etZ etW . (26)

As a matter of fact, it is possible to apply the algorithm proposed in [2] to generate the

series X(t) = 1

2
log(exp(tZ) exp(tW )) in an arbitrary generalized Hall basis of the free Lie

algebra generated by P and K. Applying now Theorem 4.1 we conclude that the series

X(t) is convergent as long as t(‖Z‖+ ‖W‖) < π or equivalently, when 0 ≤ t < tbch, with

tbch =
π

‖P +K‖+ ‖P −K‖
. (27)

This estimate can be compared with (24) by taking into account that

‖P +K‖ ≤ p+ k ≤ 2α, ‖P −K‖ ≤ 2α
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where, as before, α = max{p, k}. In consequence, tbch > π/(4α) and the convergence of

X(t) is guaranteed for

t ≤
π

4α
.

Unfortunately, no bound for ‖X(t)‖ in this domain can be obtained from the BCH series,

contrarily to the estimate (23), valid when t < tc.

Once x = exp(X(t)) is known, one has y = x−1z, or

eY = e−X(t) etZ .

Therefore, the series Y (t) converges if ‖X(t)‖ + t‖Z‖ < π. For t < tc, we have shown

that ‖X(t)‖ < π/2, so that one has convergence if t‖Z‖ < π/2 or

t <
π

2‖P +K‖
,

which is also greater than π/(4α). We then conclude that the generalized polar decom-

position (5) exists with analytic functions X(t) and Y (t) at least for t < tc = ξ(1)/(2α),

whereas the series X(t) is absolutely convergent for 0 ≤ t < tbch.
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Abstract

Over the last few years a great effort has been done to develop Runge-Kutta (RK)

methods that preserve properties such as monotonicity or contractivity for convex

funtionals, or positivity. Provided that these properties hold for the explicit Euler

scheme under certain stepsize restriction, it has been proved that these properties

can also be maintained by some higher order RK methods under a modified stepsize.

As this restriction includes the radius of absolute monotonicity of the RK scheme,

strictly positive radius are required in order to obtain the desired properties with

non trivial stepsizes. However, at least from the numerical positivity point of view,

some authors have reported fairly good numerical results for some RK methods

with zero radius, e.g. the classical fourth order four stages RK scheme. In this

paper, we analyze this method and prove that, for some class of problems, it also

preserves positivity. The study done strongly relies on the concept of region of

absolute monotonicity for additive RK methods.

Keywords: Runge-Kutta, positivity, SSP, monotonicity, contractivity.

AMS subject classification: 65L06, 65L05, 65M20.

1 Introduction

Initial value problems for ordinary differential systems (ODEs)

d

dt
u(t) = f(t, u(t)) t ≥ t0 (1)

u(t0) = u0 ,
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arise directly in the modeling process of different phenomena, or after a method of lines

approximation of evolutive partial differential equations. Quite often, the exact solution

to (1) has certain property P (e.g., contractivity, monotonicity, positivity), usually with

a physical meaning, which is relevant in the context where it appears. For example, we

may have:

• Contractivity property: the solutions u(t) and ũ(t) satisfy

‖ũ(t)− u(t)‖ ≤ ‖ũ(t0)− u(t0)‖ , for all t ≥ t0 , (2)

where ‖ · ‖ is a given convex function (norm, seminorm, entropy function, . . . ).

• Monotonicity property: the solution u(t) satisfies

‖ũ(t)‖ ≤ ‖u(t0)‖ , for all t ≥ t0 , (3)

where again, ‖ · ‖ is a given convex function (norm, seminorm, entropy function,

. . . ).

• Positivity property: if u0 ≥ 0, the solution u(t) satisfies

u(t) ≥ 0 for all t ≥ t0 , (4)

where the inequalities should be understood component-wise.

In this situation, when the ODE (1) is solved numerically, it is natural to require

the same qualitative property P to the numerical solution, un ≈ u(tn). For this reason,

when the exact solution to (1) satisfies whichever property (2)-(4), we will try to obtain,

respectively,

‖ũn+1 − un+1‖ ≤ ‖ũn − un‖ ,

‖ũn+1‖ ≤ ‖ũn‖ , (5)

un ≥ 0 .

Moreover, when a property P holds numerically, as the numerical solution depends on

the stepsize h, a natural question is whether it holds for all step sizes h > 0, or it only

holds under a step size restriction of the form h ≤ H .

As a rule, when these issues are studied, there are four crucial aspects to consider:

i) How property P is obtained for the continuous problem (1).

ii) The class of problems C considered (e.g., linear, non linear).
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iii) The type of function (“norms”) involved in property P (general convex functions,

arbitrary norms, inner product norms, . . . ).

iv) The class of numerical methods used (Runge-Kutta, multistep, implicit or explicit

schemes,. . . ).

Depending on these aspects, different results can be obtained. Obviously, the most

general conditions on problems, methods, norms,. . . will lead to more restricted results,

whereas with more stringent conditions, sharper results will be obtained. Because of this,

in order to get optimal results, it is important to analyze and determine the class of

problems, the used “norms” and the methods we are dealing with.

Once the theoretical stepsize restrictions have been attained, it is mandatory to check

their sharpness with numerical experiments on concrete problems. Although sometimes

it is possible to construct a problem where the predicted and observed stepsize bounds

fit, very often, for a wide class of problems, there is a great discrepancy between the

effective stepsize restrictions and theoretical ones. This situation arises for example in

the context of numerical positivity, studied for Runge-Kutta methods e.g. in [10, 11]. In

this setting, some authors [12, 11] have reported good numerical results for schemes such

that, according to the theory developed, they are not good. This the case for a widely

used Runge-Kutta scheme: the fourth order four stages method (RK4). For this scheme,

the radius of absolute monotonicity is trivial and therefore numerical positivity cannot be

ensured. However, for many problems, RK4 method give fair good results.

In order to explain the favorable results observed, one should consider the possibility

that the set of problems used to test the desired qualitative behavior belongs to a subclass

C̃ of the problems considered, C̃ ⊂ C, and that the method used performs well on this

class C̃. This idea is not new and in the context of positivity, one could say that it is

contained in the approach followed in [11] for linear and quasilinear problems; in fact, the

reduction of initial values to a set of positive vectors done in [11] can be considered as a

restriction of the class of problems.

In this paper we consider RK4 scheme and we will try to explain why it gives good

results for certain class of problems. The approach followed differers from the one done

in [11] in the sense that we do not impose any restriction on initial values but on the

class of problems itself. On the other hand, we deal with non linear problems. The study

done here strongly relies on the concept of region of absolute monotonicity for additive

RK methods.

The rest of the paper is organized as follows. In sections 2 and 3 we introduce the

methods used and we review the most relevant definitions and results concerning numerical
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monotonicity. A simple example showing how RK4 scheme performs is given in section

4. A theoretical framework to explain this behavior is given in section 5. Next, these

results are used for the example in section 4. The paper ends with some conclusions and

forthcoming work.

2 Runge-Kutta and additive Runge-Kutta methods

A common class of one step methods to solve numerically (1) are the Runge-Kutta

(RK) methods. An s-stages RK method is defined by an s× s real matrix A and a real

vector b ∈ Rs. From un, the numerical approximation of the solution u(t) at t = tn, we

obtain un+1, the numerical approximation of the solution at tn+1 = tn + h from

un+1 = un +
s

∑

i=1

bi f(tn + cih, Uni) , (6)

where

Uni = un + h
s

∑

j=1

aij f(tn + cjh, Unj) . (7)

If the matrix A is strictly lower triangular, the method is explicit, otherwise the method

is implicit. For nonlinear problems, implicit methods require the resolution of nonlinear

systems of dimension s ·m, with m the dimension of the ODE system (1). Denoting the

coefficients of the RK method by

A =

(

A 0

bt 0

)

,

we can write (6)-(7) in compact form as

U = e⊗ un + h (A⊗ I)F (U) , (8)

where we have denoted by e = (1, . . . , 1)t ∈ Rs+1, U = (U t
1, . . . , U

t
s, u

t
n+1)

t ∈ R(s+1)m,

F (U) = (f(U1)t, . . . , f(Us)t, 0)t ∈ R(s+1)m, and similarly F̃ (U). The symbol ⊗ denotes

the Kronecker product (see e.g. [2, Section 12.1])

A⊗ B =









a11B · · · a1mB
...

...

am1B · · · ammB









.

Explicit schemes are easy to implement but they are not adequate to solve stiff ODEs

because they require small stepsizes; on the other hand, many implicit schemes do not

suffer from these stepsize restrictions, but with them, one has to deal with the numerical
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resolution (difficult sometimes) of nonlinear systems. However, many times, stiffness is

only associated with a part of the problem; that is to say, the ODE can be written as

d

dt
u(t) = f(t, u(t)) + f̃(t, u(t)) t ≥ t0 (9)

where f contains the non stiff terms and f̃ contains the stiff ones. In this case, we can

use IMplicit-EXplicit (IMEX) RK methods, where an explicit method is used for the non

stiff terms, and an implicit one for the stiff part. In compact form, IMEX RK methods

with coefficients (A, Ã), where A denotes the explicit method and Ã the implicit one, are

given by

U = e⊗ un + h (A⊗ I)F (U) + h (Ã⊗ I) F̃ (U) . (10)

3 Monotonicity preserving methods (or Strong Stability Preserving meth-

ods)

Over the last years, a big effort has been done to develop methods such that mono-

tonicity (contractivity, positivity) is preserved numerically. For RK methods, it is proven

that these properties can be ensured under a stepsize restriction of the form

∆t ≤ τ0 · R(A) . (11)

In (11), τ0 is a problem dependent parameter andR(A) is a method dependent parameter.

To be more precise, τ0 is a constant that ensures property P for the explicit Euler method,

un+1 = un + τ f(un), whenever 0 ≤ τ ≤ τ0, that is to say,

‖un + τ f(un)‖ ≤ ‖un‖ , (monotonicity)

‖un − vn + τ (f(un)− f(vn))‖ ≤ ‖un − vn‖ , (contractivity)

un ≥ 0 =⇒ un+1 = un + τ f(un) ≥ 0 , (positivity)

(12)

and R(A) is the radius of absolute monotonicity defined as follows.

Definition 3.1 [13, Definition 2.4] An s-stage RK method with coefficients A is said to

be absolutely monotonic at a given point ξ ≤ 0 if I − ξA is non singular, and

(I − ξA)−1
A ≥ 0 , (I − ξA)−1e ≥ 0 , (13)

where e = (1, 1, . . . , 1)t ∈ Rs+1, and the vector inequalities are understood component-

wise. Further, the method is said to be absolutely monotonic on a given set Ω ⊂ R if

it is absolutely monotonic at each ξ ∈ Ω. The radius of absolute monotonicity R(A)) is

defined by

R(A) = sup{ r | r ≥ 0 and A is absolutely monotonic on [−r, 0] } .

If there is no r > 0 such that A is absolutely monotonic on [−r, 0], we set R(A) = 0.
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As a result, if R(A) = 0, from (11) we obtain a trivial stepsize restriction. At this

point we should remark that, as proven in [3], the stepsize restriction for monotonicity

(11) for the class of problems (12) is optimal.

Observe that conditions (13) are






(I − ξA)−1 0

ξ bt(I − ξA)−1 1







(

e

1

)

≥ 0 ,







(I − ξA)−1 0

ξ bt(I − ξA)−1 1







(

A 0

bt 0

)

≥ 0 .

and hence absolute monotonicity at a given point ξ is equivalent to the following sign

conditions:

φ(ξ) = 1 + ξ bt(I − ξA)−1e ≥ 0 ,

A(ξ) = A(I − ξA)−1 ≥ 0 ,

b(ξ)t = bt(I − ξA)−1 ≥ 0 ,

e(ξ) = (I − ξA)−1e ≥ 0 ,

where now e = (1, 1, . . . , 1) ∈ Rs. Observe that φ(ξ) is the the stability function of the

RK method.

For additive RK methods (10), the concept of radius of absolute monotonicity is

extended to the region of absolute monotonicity.

Definition 3.2 [9, Definition 2.3] An s-stage additive RK method (A, Ã) is said to be

absolutely monotonic (a.m.) at a given point (ξ, ξ̃) with ξ, ξ̃ ≤ 0 if the matrix I− ξA− ξ̃Ã

is invertible and

A(ξ, ξ̃) = (I − ξA− ξ̃Ã)−1
A ≥ 0 , (14)

Ã(ξ, ξ̃) = (I − ξA− ξ̃Ã)−1
Ã ≥ 0 , (15)

e(ξ, ξ̃) = (I − ξA− ξ̃Ã)−1e ≥ 0 . (16)

Further, the additive method is said to be absolutely monotonic on a given set Ω ∈ R2 if

it is absolutely monotonic at each (ξ, ξ̃) ∈ Ω.

Observe that for RK we work in R but additive RK methods we have to work in R2.

For this reason we define the region and the curve of absolute monotonicity as follows.

Definition 3.3 [9, Definition 2.4] The region of absolute monotonicity, denoted byR(A, Ã),

is defined by

R(A, Ã) = { (r, r̃) | r ≥ 0 , r̃ ≥ 0 and (A, Ã) is a.m. on [−r, 0]× [−r̃, 0] } .
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Figure 1.— Curve of absolute monotonicity

The curve of absolute monotonicity, denoted by ∂R(A, Ã), is the frontier of the set

R(A, Ã) excluding the coordinate axis (see figure 1). If there is no r > 0, r̃ > 0 such

that (A, Ã) is absolutely monotonic on [−r, 0]× [−r̃, 0], we set ∂R(A, Ã) = (0, 0).

For additive RK methods, it is assumed that numerical monotonicity holds when

explicit Euler method is used for both functions f , f̃ , i.e. there exists some fixed τ0, τ̃0 > 0

such that

‖un + τ f(un)‖ ≤ ‖un‖ , ‖un + τ̃ f̃(un)‖ ≤ ‖un‖ . (17)

Under these assumptions, numerical monotonicity can be ensured for the additive RK

method (A, Ã) under the stepsize restriction

h ≤ min {r τ0, r̃ τ̃0} , (18)

where r and r̃ are such that the point (r, r̃) ∈ R(A, Ã) (see [9] for details). As it is proven

in [19], stepsize restriction (18) is optimal for the class of problems (17).

Monotonicity properties of numerical schemes have also been deeply studied in the

context of hyperbolic systems of conservation laws. In this setting, monotone schemes for

the Total Variation (TV) seminorm are known as Total Variation Diminishing (TVD) or

Strong Stability preserving methods (SSP). The class of ODEs considered in this context

arise from a method of lines approximation of this class of partial differential equations,

and a simple numerical example given in [5], shows that the use of non-SSP methods

for the time discretization of these ODEs has the potential to produce an undesirable

overshoot.

In the seminal paper [16], Shu & Osher consider SSP (or TVD) spatial discretizations

such that

‖un + h f(un)‖TV ≤ ‖un‖TV , h ≤ ∆tFE .

However, as the forward Euler method has the drawback of its low order of accuracy,

higher order SSP methods are of great interest, and over the last few years a great effort
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has been done to develop high order SSP methods ([16, 17, 6, 14, 15, 20], see [5, 18, 7]

for reviews on this topic). It is important to point out that explicit RK methods in [16]

are not written in the standard form (6)-(7), but as

u(1) = un

u(i) =
i−1
∑

k=1

(

αiku
(k) + h βikf

(

u(k)
))

, i = 2, . . . , s+ 1 (19)

un+1 = u(s+1)

where αik ≥ 0 for all i, j, and
∑i−1

k=1
αik = 1, i = 2, . . . , s+ 1. It is also imposed that

βi,j = 0 whenever αij = 0 . (20)

It is straightforward to check that, if βij ≥ 0, convex combinations of the forward

Euler method are obtained in (19). In this case, the new method will also be strongly

stable, with a modified step size restriction

h ≤ c∆tFE ,

where the CFL coefficient c is given by

c = min
ik

αik

βik
. (21)

Given a RK method in the Shu & Osher representation (19), if we denote by Λ = (αij),

Γ = (βij), it is not difficult to see that the Butcher matrix of the RK scheme is given by

A = (I − Λ)−1Γ; with this notation, the sign conditions on αij, βij imply that Λ ≥ 0,

Γ ≥ 0, the CFL coefficient in (21) is given by

Λ− cΓ ≥ 0 , (22)

and condition (20) trivially follows from (22).

However, as many authors have pointed out, given a RK method A, its representation

Λ,Γ is not unique. For this reason, as the CFL coefficient (21) depends on the representa-

tion available, a problem of great interest and deeply studied in the SSP community has

been how to obtain optimal representations. This problem was solved in [4, 8] where the

connection between optimal Shu & Osher representations (19) and the radius of absolute

monotonicity R(A) is given.

In the Shu & Osher representation, RK methods with R(A) = 0 require negative

coefficients βij . This is the case the classical fourth order four stage RK method, whose

Butcher coefficients are given by
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In [16] when a negative value βij is required, function f is replaced by an associated

operator f̃ corresponding to stepping backward in time. It is assumed that f̃ approximates

the same spatial derivatives as f and

‖un − h f̃(un)‖ ≤ ‖un‖ , for h ≤ ∆tFE , (23)

where the stepsize restriction ∆tFE is the stepsize restriction needed to obtain monotonic-

ity when the explicit Euler scheme is used for f in forward time,

‖un + h f(un)‖ ≤ ‖un‖ , for h ≤ ∆tFE . (24)

When negative values are required, the CFL coefficient with the Shu & Osher represen-

tations is computed from

c = min
ik

αik

| βik |
. (25)

See [16] for details.

For example, the four stages RK scheme is written in [16] as

u(1) = u(0)

u(2) = u(1) + 1

2
hf(u(1))

u(3) = 1

2
u(1) − 1

4
hf̃(u(1)) + 1

2
u(2) + 1

2
hf(u(2))

u(4) = 6431

80000
u(1) − 18769

160000
hf̃(u(1)) + 18769

80000
u(2) − 137

400
hf̃(u(2)) + 137

200
u(3) + hf(u(3))

u(5) = 1

3
u(2) + 1

6
hf(u(2)) + 1

3
u(3) + 1

3
u(4) + 1

6
hf(u(4))

(26)

In [8], Shu & Osher representations with negative coefficients were interpreted as

perturbations of the original RK method A with a perturbation matrix Ã. More precisely,

U = e⊗ un + h(A⊗ I)F (U) + h(Ã⊗ I)
(

F (U)− F̃ (U)
)

. (27)

We can separate the terms in f and f̃ and consider scheme (27) in additive form,

U = e⊗ un + h((A+ Ã)⊗ I)F (U)− h(Ã⊗ I)F̃ (U) .
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Observe that in this case we are assuming (23)-(24), and hence we have that τ0 = τ̃0 =

∆tFE . Applying the results for additive RK methods [9], we obtain monotonicity under

the stepsize restriction (see (18))

h ≤ r∆tFE ,

where r is such that (r, r) ∈ R(A+ Ã, Ã).

In particular, for scheme (26), after some manipulations, we obtain that it is of the

form (27) with coefficient matrices (A, Ã) given by

A =



















0
1

2
0

0 1

2
0

0 0 1 0
1

6

1

3

1

3

1

6
0



















, Ã =



















0

0 0

1/4 0 0
46169

160000

137

400
0 0

28723

160000

137

1200
0 0 0



















. (28)

With the notation of additive RK method, the point (0.685, 0.685) ∈ R(A + Ã, Ã), and

hence, for the perturbed RK method the CFL coefficient is 0.685.

The above examples show the potential of the study done in [9] for additive RK

methods, and how we can transfer these results to different kind of schemes whenever

they can be formally reinterpreted as additive RK methods. As we will see later on, these

ideas can be used to explain why some non-SSP methods may perform well on certain

classes of problems.

4 A simple example

As it has been pointed out above, the classical fourth order four stages RK scheme has

R(A) = 0, and therefore monotonicity (or contractivity, positivity) cannot be ensured for

the class of problems satisfying (12). However, in the context of positivity good results

have been reported for this method [12]. In fact, it is not difficult to construct simple

academic examples that give numerical positivity under nontrivial stepsizes.

Example 4.1 We consider the problem

y′(t) = y(t) (y(t)− 1) , y′(t0) = y0 ,

whose solution satisfies y(t) ∈ [0, 1] whenever y0 ∈ [0, 1]. It is easy to check that if

0 ≤ y ≤ 1, we obtain that

0 ≤ y + τ y (y − 1) ≤ 1 for all 0 ≤ τ ≤ 1 ,
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and hence this problem satisfies property (12) for τ0 = 1. Numerical positivity can be

ensured for RK methods with coefficient matrix A under the stepsize restriction

h ≤ R(A) .

However, for RK4 scheme, after some computations, we obtain that yn ∈ [0, 1] gives

yn+1 ∈ [0, 1] under the non-trivial stepsize restriction h ≤ 1.2956. !

In the next sections we give an explanation of this fact.

5 Main results

Given a RK method with coefficient matrix A, we can formally reinterpret it as an

additive RK method by splitting the coefficient matrix A. For example, if we split A as

A = A+ − A−, with A, Ã ≥ 0, the numerical scheme (8) can be written as

U = e⊗ un + h (A+ ⊗ I)F (U)− h (A− ⊗ I)F (U) , (29)

that can be interpreted as an additive RK scheme with coefficients A = A+, Ã = A−

applied to the functions f and −f . In this case, following the ideas used in [9], we can

rewrite the original RK method as

U = e(−r,−r̃)⊗un+(r A(−r,−r̃)⊗ I)

(

U +
h

r
F (U)

)

+
(

r̃ Ã(−r,−r̃)⊗ I
)

(

U −
h

r̃
F (U)

)

,

(30)

where e(−r, r̃), A(−r,−r̃) and Ã(−r,−r̃) are given by (14)-(16), and r, r̃ are such that

the matrix I + rA+ r̃ Ã is invertible.

If the sign conditions (14)-(16) hold for e(−r, r̃), A(−r, r̃) and Ã(−r, r̃), expression (30)

is simply a convex combination of forward and backward Euler steps. Hence, imposing

property P for explicit Euler steps for f and −f with coefficients τ
+
, τ− respectively, we

can obtain preservation of property P under a stepsize restriction of the form (18),

h ≤ min
{

r τ
+
, r̃ τ−

}

, (31)

where r and r̃ are such that the point (r, r̃) ∈ R(A+,A−).

From (31), the minimum value is obtained when r τ
+

= r̃ τ− . Hence, we can take

r̃ = r τ
+
/τ− and compute the largest value r such that

(

r, r
τ
+

τ−

)

∈ R(A+,A−) .

Proceeding in this way, (31) is h ≤ r τ
+
. Observe that r depends on τ

+
/τ−, and hence, if

we denote by y = τ
+
/τ−, we obtain the stepsize restriction

h ≤ r(y) τ
+
. (32)
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We have finished if for each y = τ
+
/τ− we are able to compute a value r(y) and

a splitting A+, A−, such that the point (r(y), r(y) y) belongs to the region of absolute

monotonicity of (A+,A−), i.e.

(r(y), r(y) y) ∈ R(A+,A−) .

Furthermore, by (32), we are interested in the largest value r(y).

Observe that we have not modified the original scheme and hence, if the problem

function f has the desired property for explicit Euler method not only in forward time

but also in backward time, and the numerical method has splittings that lead to conditions

(14)-(16), we can observe good results for larger stepsize restrictions.

With the notation of section 1, in the above analysis we are not considering the class

C = { problems with property P for Euler steps in forward time }

but the subclass

C̃ = { problems with property P for Euler steps in forward and backward time } .

This idea can also been used for implicit-explicit Runge-Kutta methods [1].

We finish this section pointing out that this way of proceeding is closely related to

the one followed by Shu & Osher in [16] when negative coefficients βij are required. The

difference is that with our approach (29), due to the good properties of f , we do not need

to use a different operator f̃ .

6 A simple example (revisited)

We can now explain the good results obtained in section 4. The first step is to check

if we have property P for −f . In this case, it is easy to check that

0 ≤ y − τ y (y − 1) ≤ 1 for all 0 ≤ τ ≤ 1 ,

and hence we obtain τ− = 1.

The next step is to study the used scheme, RK4 in this case. Using a numerical

optimization method, we have obtained for each y the largest value r(y) such that there

is a splitting A+, A−, with

(r(y), r(y) y) ∈ R(A+,A−) .

In this process we have used the results in (see [8, p. 939]) that establish the compulsory

nonzero elements in matrix A− to obtain non trivial regions R(A+,A−), namely, the

elements a31, a41, a51, a42, a52. The values obtained are shown in figure 2.
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Figure 2.— Function r(y) in (23), with y = τ
+
/τ−

In particular, we get r(1) = 0.685, and hence we obtain property P under the non-

trivial stepsize restriction h ≤ 0.685 (see (32)). Although this bound is not sharp for this

problem, it is better than the trivial one obtained from R(A) (see (11)).

Observe that we have the same CFL coefficient obtained for the Shu & Osher repre-

sentation (26). The splitting of the matrix A obtained for y = 1 is

A+ =



















0 0 0 0 0

0.5 0 0 0 0

0.2142 0.5 0 0 0

0.2640 0.3425 1. 0 0

0.2295 0.3727 0.3333 0.1667 0



















, A− =



















0 0 0 0 0

0 0 0 0 0

0.2142 0 0 0 0

0.2640 0.3425 0 0 0

0.0628 0.0394 0 0 0



















.

If we compare these matrices with the ones obtained with the perturbed method (28),

A+Ã =



















0 0 0 0 0

0.5 0 0 0 0

0.25 0.5 0 0 0

0.2886 0.3425 1. 0 0

0.3462 0.4475 0.3333 0.1667 0.



















, Ã =



















0 0 0 0 0

0 0 0 0 0

0.25 0 0 0 0

0.2886 0.3425 0 0 0

0.1795 0.1142 0 0 0



















.

we observe that they are different but some values are exactly the same. This fact shows

that there is not uniqueness of splittings/perturbations for a given method to achieve the

maximum stepsize restriction.

We should point out that for y = 0 we obtain r(0) = 1. However, as the value y = 0

corresponds to τ
+
= 0, the stepsize restriction in (23) is trivial.
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Finally, we would like to remark that for our problem we have τ
+
= τ− = 1, but the

analysis done is valid for other values. We simply have to compute the ratio y = τ
+
/τ−,

and the corresponding value r(y) to obtain the stepsize restricion (23).

7 Conclussions and forthcoming work

In this paper we have studied why, in the context of positivity, RK4 scheme gives good

results for some problems. The results obtained strongly rely on the concept of region of

absolute monotonicity for additive RK methods.

Although we have focused on positivity, the analysis done is valid for other properties

P. The basic requirement for the function problem f is the fulfillment of property P for

explicit Euler method in forward and backward time.

We have centered on RK4 scheme, but the study can be also done for some other well

known methods, both implicit and explicit.

Acknowledgements

The author acknowledge support from project MTM2008-00785

References

[1] R. Donat, I. Higueras, A. Martinez-Gavara, On stability issues for IMEX schemes applied

to hyperbolic equations with stiff reaction terms. Submitted

[2] P. Lancaster, M. Tismenetsky, The theory of matrices, Academic Press, San Diego, CA,

1985.

[3] L. Ferracina and M.N. Spijker, Stepsize restrictions for the total-variation-diminishing prop-

erty in general Runge-Kutta methods, SIAM J. Numer. Anal., 42 (2004), pp. 1073–1093.

[4] L. Ferracina and M.N. Spijker, An extension and analysis of the Shu-Osher representation

of Runge-Kutta methods, Math. Comp., 74 (2005), pp. 201–219.

[5] S. Gottlieb, C.W. Shu, and E. Tadmor, Strong stability-preserving high order time discretiza-

tion methods, SIAM Rev. 43 (2001), 89–112.

[6] S. Gottlieb, C.W. Shu, Total variation diminishing Runge-Kutta schemes, Math. Comp. 67

(1998), 73-85.

[7] I. Higueras, On strong stability preserving time discretization methods, J. Sci. Comput. 21

(2004), no. 2, 193–223.

138



[8] I. Higueras, Representations of Runge–Kutta methods and strong stability preserving meth-

ods, SIAM J. Numer. Anal. 43 (2005), no. 3, 924–948.

[9] I. Higueras, Strong stability for additive Runge-Kutta methods, SIAM J. Numer. Anal. 44

(2006), no. 4, 1735–1758.
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Abstract

In this paper some convergence results for Runge–Kutta methods applied to

semi–linear variable coefficients differential systems with the stiffness contained in

the linear part and under some assumptions on the relative variation of the jacobian

matrix are derived. Previous results on this subject given by the authors in BIT

40, 4 (2000), pp. 611–634, are generalised. In particular, it is shown that some

non B–stable methods such as those of the Lobatto IIIA family and some DIRK

methods that have been used in practical problems are convergent of order greater

or equal than the stage order for this kind of problems. Some numerical examples

are presented to illustrate the theory.

1 Introduction

The concepts of B–stability and B–convergence introduced to study the behaviour of

Runge–Kutta (RK) methods for the numerical integration of stiff IVPs

y′(t) = f(t, y(t)), y(t0) = y0 ∈ R
m, t ∈ I := [t0, t0 + T ], (1)

where f(t, y) satisfies a one-sided Lipschitz condition with respect to y, have provided

in the last two decades a well established B–theory that allows us to identify those RK

methods that are suitable for this class of stiff systems [8], [10].

However, as remarked by Alexander [1] there exist some globally well behaved stiff

problems (i.e. IVPs whose solution is asymptotically stable) that possess strongly positive

one sided Lipschitz constants and therefore do not fit into the B–theory. In particular,
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variable coefficient linear or semi linear problems with the stiffness contained in a non

normal linear part are potential candidates to possess large one–sided Lipschitz constants

(see [1, Sec. 1.1]).

Auzinger, Frank and Kirlinger [4] extended the B–theory to a class of stiff semi linear

problems

y′(t) = f(t, y(t)) ≡ ̂J(t) y(t) + g(t, y(t)), t ∈ I, y(t0) = y0 ∈ R
m, (2)

where g(t, y) is Lipschitz continuous with respect to y and the logarithmic norm

µ[S(t) ̂J(t)S(t)−1] is moderately sized for some smooth non singular matrix S(t). These

authors proved that any diagonally-stable and algebraically-stable RK method (A, b) with

order p and stage order q ≤ p, is B-convergent with order ≥ q for the class of semi linear

problems (2). In the special case that ̂J(t) = J is a constant matrix, by requiring on

the methods assumptions of linear-stability type, Burrage, Hundsdorfer and Verwer [5]

obtained optimal convergence results with orders q (or q + 1), where q is the stage order

of the method. Calvo, Montijano and Gonzalez-Pinto in [6], extended the convergence

results of [5] to the class of semi-linear problems (2), with variation of ̂J(t) relatively

bounded.

The purpose of this paper is to extend our results of [6] to the class of problems

considered by Auzinger et al. [4], in the case that J(t) = S(t) ̂J(t)S(t)−1 varies on t in

a relatively bounded form, when some smooth matrix S(t) is considered. It will be seen

that any A–stable RK method (A, b) with positive real part for each eigenvalue of A, is

stable and convergent. Further, these properties also hold for some stiffly accurate A–

stable methods having a first stage explicit, such as those of the Lobatto IIIA family and

some DIRK methods, that have been used e.g. by Kennedy and Carpenter for convection–

diffusion–reaction systems [11]. The paper is completed with some numerical experiments

and comments about the convergence of some SDIRK methods. It must be also noticed

that our results represent an improvement with regard to [4], in the case in which a

bounded relative variation on J(t) is assumed (see the assumption (H2) below). To keep

the presentation within a reasonable length, we have omitted the proofs of the results,

since they are based on an extension of those in [6]. An extended version of this paper

that includes the proofs of the main results and more numerical experiments is given in

[7].

2 Notations and basic assumptions

We assume that (2) possesses a unique smooth solution y(t) = y(t; t0, y0), t ∈ I, in

the sense that for a positive integer p as large as required ‖y(j)(t)‖ ≤ Mj = O(1), j =

0, . . . , p+ 1, t ∈ I, and f(t, y) has continuous partial derivatives up to order p in some

142



cylinder Bδ = {(t, y); ‖y − y(t)‖ ≤ δ, t ∈ I} around the exact solution. The norm used

is induced by some inner product with µ[·] standing for the logarithmic norm associated

to the induced norm and O(1) will mean any constant (or mapping) moderately sized

independently of the stiffness.

We will consider semi-linear problems (2) under the following assumptions:

(H1) There exists a matrix S(t) ∈ Rm,m such that J(t) := S(t) ̂J(t)S(t)−1 satisfies

µ[J(t)] ≤ 0 and S(t), S ′(t), S−1(t) are O(1) for t ∈ I.

(H2) There exist a constant h∗ > 0 and a mapping E1(t,∆t), such that either

(i) J(t+∆t)− J(t)−∆t J(t) E1(t,∆t) = O(∆t),

or else

(ii) J(t +∆t)− J(t)−∆t E1(t,∆t) J(t) = O(∆t),

hold for all t, t+∆t ∈ I with |∆t| ≤ h∗.

(H3) There exists a constant λ0 = O(1) such that ‖g(t, y)− g(t, ỹ)‖ ≤ λ0‖y − ỹ‖, for all

(t, y), (t, ỹ) ∈ B.

The above assumptions imply that the stiffness of f is included in the linear term.

Moreover the condition µ[J(t)] ≤ 0 may be replaced by µ[J(t)] ≤ ν = O(1).

Observe that if ̂J(t) can be made diagonal by a smooth matrix S(t) satisfying ‖ S(t) ‖

‖ S(t)−1 ‖= O(1), then the assumptions (H1)-(H2) are usually satisfied. This happens,

for example, if the eigenvalues λj(t) of ̂J(t) have a non–positive real part. The assumption

(H2) is closely related to the relative Lipschitz condition used by Alexander in [1] as well

as the assumption (a.1) introduced by van Dorsselaer and Spijker in [9] to study the

convergence of Newton-type iterations in implicit RK methods. It has also been used by

Calvo et al. [6] for the convergence analysis of Runge-Kutta methods by considering that

the untransformed matrix ̂J(t) of (2) satisfies

̂J(t+∆t)− ̂J(t)−∆t ̂J(t) ̂E1(t,∆t) = O(∆t), t ∈ I, ̂E1 = O(1). (3)

Assumptions similar to (H2) with J(t) replaced by ̂J(t) have been also used by Strehmel

and Weiner [14] and Schmitt [13] in connection with the analysis of stability and conver-

gence of implicit Runge-Kutta methods and linearly implicit methods on time-dependant

partial differential equations.

Remark 2.1 For general non–linear problems (1), if f(t, y) is analytic in a cylinder Bδ

around the exact solution y = ϕ(t) of (1), then f(t, y) can be written in the semilinear

form (2) with Ĵ(t) = fy(t,ϕ(t)) and

g(t, y) := f(t,ϕ(t))− Ĵ(t)ϕ(t) +
∑

k≥2

1

k!
f (k)
(t,ϕ(t))(y − ϕ(t), . . .(k , y − ϕ(t)),
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where f (k)
(t,ϕ(t))(u1, . . . , uk) denotes the k-Fréchet derivative of f with respect to y at (t,ϕ(t)).

Now, if

‖f (k)
(t,ϕ(t))(u1, . . . , uk)‖ ≤ λk‖u1‖ · · ·‖uk‖, t ∈ [0, T ], k = 2, 3, . . . ,

with ‖λk‖ = O(1), then the assumption (H3) is fulfilled.

For the numerical solution of (2) we consider an s-stage RK method specified by

the Butcher matrices (A, b), A = (aij) ∈ Rs,s, b = (bi) ∈ Rs and the knot vector

c = (ci) = Ae, e = (1, . . . , 1)T ∈ Rs. The step from (t0, y0) −→ (t1 = t0 + h, y1 = Ys+1) is

defined by the equations

Yi = y0 + h
s

∑

j=1

aij
[

(S−1
j JjSj)Yj + g(τj, Yj)

]

, (i = 1, . . . , s+ 1) (4)

with cs+1 = 1, as+1,j = bj and τi = t0 + cih, Si = S(τi), Ji = J(τi).

The stage order q of the RK method is defined as min{pj; j = 1, . . . , s+ 1} where the

positive integers pj are given by

εj ≡ y(t0 + cjh)− y(t0)− h
s

∑

k=1

ajk y
′(t0 + ckh) = O(hpj+1), j = 1, . . . , s+ 1.

with cs+1 = 1, as+1,j = bj . Note that by the smoothness of y(t), the residual errors εi

satisfy ‖εi‖ ≤ O(hq+1).

To adapt the concepts of BSI-stability and BS-stability [8, Chaps. 5,7] to our class

of problems, we consider the perturbed version of (4)

˜Yi = y0 + h
s

∑

j=1

aij
[

(S−1
j JjSj)˜Yj + g(τj, ˜Yj)

]

+ ηi, (i = 1, . . . , s+ 1) (5)

where ηi ∈ Rm are arbitrary perturbations.

In this situation, a RK method (A, b) is said to be BSI-stable if there exist two positive

constants (independent of the stiffness) h∗ and C0 such that,

max
j=1,...,s

‖ Yj − ˜Yj ‖≤ C0

s
∑

i=1

‖ηi‖, whenever h ∈ (0, h∗].

Further, the RK method (A, b) will be called BS–stable if

‖ỹ1 − y1‖ = ‖˜Ys+1 − Ys+1‖ ≤ C1

s+1
∑

i=1

‖ηi‖, C1 = O(1).

We often require for the Runge-Kutta method (A, b) that each eigenvalue of its coefficient

matrix A has a positive real part. This is equivalent to (see the assumption (M4) in [6])

(I − zA) is non singular for Rez ≤ 0 and sup
Rez≤0

‖z(I − zA)−1‖2 < +∞. (6)
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3 Main Results

In this section we state the main stability and convergence result whose proof has been

omitted for the sake of brevity. These proofs are similar to the ones in previous paper of

the authors [6], and can be seen in [7].

The first stability and convergence result is concerned with methods whose matrix A

satisfies (6).

Theorem 3.1 A Runge-Kutta method (A, b) satisfying (6),

i) is BSI–stable and BS–stable for the class of stiff semi linear problems (2) under the

assumptions (H1), (H2), (H3).

ii) If, moreover the method is A–stable, then it is convergent with order ≥ q (the stage

order).

An important question is whether condition (6) is essential (apart from the A-stability)

for convergence. We have found that there exist methods where A is a singular matrix

with a special structure that are convergent for fixed step sizes or even on non uniform

meshes, such that the number of given steps N multiplied by the maximum step-size is

under some prefixed constant K. In particular, we have obtained positive convergence

results for stiffly accurate methods, i.e., methods with bT = (as1, . . . , ass), with the first

stage explicit and whose matrix A has the form

A =

(

0 0T

a A

)

∈ R
s,s, (7)

where the sub-matrix A ∈ R(s−1),(s−1) satisfies (6).

A convergence result for these stiffly accurate methods is given in the following:

Theorem 3.2 Let (A, b) be a stiffly accurate RK method with a matrix A of type (7) and

A satisfying (6), then

i) If the method is A-stable, then it is convergent of order ≥ q (stage order) on uniform

meshes for the class of stiff semi linear problems (2) under the assumptions (H1),

(H2), (H3).

ii) In addition, it is also convergent with order ≥ q on special non uniform meshes

{tj}Nj=0 provided that N max(tj − tj−1) ≤ K with K independent of the grid.

Corollary 3.1 The s-stage Lobatto IIIA method is convergent of order q ≥ s, under the

H-assumptions.
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Next result deals with AS– and ASI–stable methods. Recall (see e.g. [6]) that an s–stage

RK method is said to be AS–stable (resp. ASI–stable) if (I−zA) is a non singular matrix

on Re z ≤ 0 and

sup
Rez≤0

‖zbT (I − zA)−1‖2 < +∞

(

resp. sup
Rez≤0

‖(I − zA)−1‖2 < +∞

)

. (8)

For this case we have the weaker convergence (and internal stability) results,

Theorem 3.3 An s-stage RK method (A, b) satisfying (8),

i) is BSI–stable and BS–stable for the class of stiff semi linear problems (2) under the

assumptions (H1), (H2-i), (H3), and (3).

ii) If, moreover the method is A–stable, then it is convergent with order not lesser than

the stage order.

It must be remarked that if we replace in Theorem 3.2 the stiff-accuracy by the weaker

assumption

bT = dTA, for some d )= ej , j = 1, . . . , s, (9)

ej denoting canonical vectors of Rs, then the convergence statement in Theorem 3.2 does

not necessarily hold as it will be clearly shown in the numerical experiments of the next

section. However, under condition (9), the Theorem 3.3 holds true provided that the

underlying method is also A-stable.

4 Numerical experiments

The aim of this section is to check the convergence behavior of several SDIRK methods

on some variable coefficients stiff linear systems satisfying the H–assumptions. Two of

these methods have been taken from the literature of stiff integrators and are not B–

stable, but they satisfy the assumptions of either of the above theorems. The third one

is a purposely chosen three–stage method with an A matrix of type (7) that is not stiffly

accurate. They will be denoted by SDIRKsX(p,ps) where s is the number of stages,

X is a reference to the author(s), p is the non stiff order and ps is the stage order. We

have not included nonlinear Lipschitz continuous terms g(t, y) in the problems presented

here because they do not essentially modify the convergence behaviour of the methods.

In our experiments we have used the Euclidean norm ‖ · ‖2. The Runge-Kutta methods

considered are:

• SDIRK5HW(4,1) is the five–stage SDIRK method given by Hairer–Wanner [10,

p.100]. It has standard order four and stage–order one. It is stiffly accurate and L-

stable. Since its coefficient matrix A satisfies (6), the method fulfils the assumptions

of Theorems 3.1, 3.2 and 3.3.
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• SDIRK4A(3,2) is the four–stage SDIRK method proposed by Alexander in [2,

pp.2,6-8] and it is defined by

A =













0 0 0 0

γ γ 0 0

a31 a32 γ 0

b1 b2 b3 γ













, b =













b1

b2

b3

γ













, c = Ae,

with γ = 0.43586652... and c3 = 1/2+γ/4. Since it was required to have standard or-

der three and stage order two, the remainder coefficients are univocally determined.

It is L–stable, stiffly accurate and it satisfies (8). Hence, it meets the assumptions

in Theorems 3.2 and 3.3.

• SDIRK3(3,2) is the three–stage SDIRK method defined by the coefficient matrices

A =









0 0 0

γ γ 0

a31 a32 γ









, b =
1

88









52− 72γ

25 + 50γ

11 + 22γ









, (10)

with

a32 =
2(1− 2

√
3)

25
, a31 = c3 − a32 − γ, γ =

3 +
√
3

6
, c3 =

4

5
.

This method is strongly A–stable (R(∞) = γ−1 − 2 = −0.732...), has stage–order

two and standard order three. It is not stiffly accurate but it satisfies (8), hence it

fulfills the assumptions of Theorem 3.3, but not the ones of Theorem 3.2.

For the problems considered below, ε > 0 is normally a small parameter, hence the stiffness

of the problems, i.e. the Lipschitz condition on y for f(t, y), is of order O(ε−1).

Problem 1.- The two dimensional variable coefficient linear system

y′(t) = ̂J(t) [y(t)− ϕ(t)] + ϕ′(t), t ∈ [0, 4π], y(0) = (1, 0)T , (11)

where ϕ(t) = (cos t, sin t)T , ̂J(t) = S(t)−1ΛS(t), S(t) = PQ(t), and

Λ =

(

−1 0

0 −ε−1

)

, P =

(

−1 0

1 1

)

, Q(t) =

(

1 ε

esin t esin t

)

. (12)

The exact solution y(t) = ϕ(t) is asymptotically stable and ̂J(t), that has as eigenvalues

−1, and −1/ε, is highly non normal. In fact, its logarithmic norm behaves as ε−1 when

ε → 0. In this case ̂J(t) does not fulfill the assumptions of the B–theory. However, the

assumption (H1), (H2-i) and (H3) are clearly satisfied.
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It can be seen that for a matrix ̂J(t) of type ̂J(t) = S(t)−1JS(t), with a non singular

J , condition (3) holds if and only if ‖ J−1MJ −M ‖ can be bounded independently of

the stiffness, where M = (∆t)−1(S(t)−1S(t+∆t)− I). In this case we have that

J−1MJ −M =

(

0 −ν(t)

−ν(t) 0

)

with ν(t) =
a(t+∆t)− a(t)

a(t)∆t
,

and therefore (3) is satisfied independently of ε.

Problem 2.- The variable coefficient linear problem similar to that one considered by

Kreiss in [12],

y′ = ̂J(t)y ≡ S(t)−1 Λ S(t) y, t ∈ [0, 4π], (13)

where P and Λ are given by (12), S(t) = PΩ(t), and

Ω(t) =

(

cos(t) sin(t)

− sin(t) cos(t)

)

. (14)

Since y → S(t)y transforms (13) into a constant coefficient linear system, the general

solution of (13)-(14) can be written in the form

y(t) = S(t)−1

(

1 1

λ+ λ−

)(

C+eλ+t

C−eλ−t

)

, (15)

with λ+ = −2ε+O(ε2) and λ− = −ε−1−1+O(ε). Moreover, all solutions tend quickly,

after the initial transient layer, to the smooth stationary solution, which corresponds

to the parameter C− = 0. We have chosen C− = 0 and C+ = 1 for our numerical

experiments. For the logarithmic norm, it can be shown that µ2[ ̂J(t)] = O(ε−1) + 1.

However, the assumptions (H1), (H2), (H3) are satisfied. In this case, the condition (3)

is not accomplished.

Problem 3.- The linear system of partial differential equations of parabolic type,

ut = a11(t)uxx + a12(t)vxx + r1(x, t)

vt = a21(t)uxx + a22(t)vxx + r2(x, t)

}

(16)

where u = u(x, t) and v = v(x, t) represent the unknowns, the space variable x ranges in

[0, 1], the functions ri(x, t), (i = 1, 2) are given by

r1(x, t) = 2 cos t− φ(x) sin t, r2(x, t) = −(2 sin t+ φ(x) cos t), φ(x) = x(1− x).

and aij(t) are defined by

A(t) =

(

a11(t) a12(t)

a21(t) a22(t)

)

≡ Ω(t)(−Λ)Ω(t)−1, (17)
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where Ω(t) and Λ are given by (14) and (12) respectively.

Taking as initial–boundary conditions

u(x, 0) = φ(x), v(x, 0) = 0, u(0, t) = u(1, t) = 0, v(0, t) = v(1, t) = 0,

the exact solution of (16) is u(x, t) = φ(x) cos t, v(x, t) = −φ(x) sin t, independent of

the parameter ε (only ε > 0 gives stable solutions).

Taking a uniform grid xj = j∆x, j = 0, 1, . . . ,M + 1, in the spatial variable with

∆x = 1/(M + 1), and using second order centered differences, the semi discretization of

(16) can be written as

u′
j = a11(t)

uj−1 − 2uj + uj+1

(∆x)2
+ a12(t)

vj−1 − 2vj + vj+1

(∆x)2
+ r1(xj , t),

v′j = a21(t)
uj−1 − 2uj + uj+1

(∆x)2
+ a22(t)

vj−1 − 2vj + vj+1

(∆x)2
+ r2(xj, t),

j = 1, 2, . . . ,M,

(18)

where uj(t) = u(xj , t) and vj(t) = v(xj , t), j = 0, . . . ,M +1. The initial conditions imply

that uj(0) = φ(xj), vj(0) = 0, j = 1, . . . ,M . It must be observed that the discrete exact

solutions of (18) and (16) are the same.

By introducing the matrix

W =
1

(∆x)2



















−2 1

1 −2 1
. . . . . .

1 −2 1

1 −2



















∈ R
M,M ,

and the vectors

U(t) =









u1(t)
...

uM(t)









, V (t) =









v1(t)
...

vM(t)









, y(t) =

(

U(t)

V (t)

)

,

˜R1(t) =









r1(x1, t)
...

r1(xM , t)









, ˜R2(t) =









r2(x1, t)
...

r2(xM , t)









, g(t) =

(

˜R1(t)
˜R2(t)

)

,

we get the initial value problem

y′(t) = ̂J(t)y + g(t), y(0) = (φ(x1), . . . ,φ(xN), 0, . . . , 0)
T , (19)

with ̂J(t) = A(t)⊗W.
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Since ̂J(t) = (Ω(t) ⊗ I) (−Λ ⊗ W )(Ω(t)−1 ⊗ I), the assumption (H1) is satisfied for

J(t) = S(t) ̂J(t)S(t)−1 = −Λ ⊗W because it is a constant matrix that fulfills µ2[J(t)] -

−π2. Further (H2) and (H3) are clearly accomplished.

For the smoothness of the exact solution y(t), it is enough to consider the weighted

Euclidean norm ‖ · ‖ = M−1/2 ‖ · ‖2. Thus, it follows that ‖ y(j)(t) ‖≤ maxx∈[0,1] |φ(x)| =

1/4, j = 0, 1, 2, . . . , t ∈ R. Observe that for any matrix B, both norms are identical,

i.e., ‖ B ‖=‖ B ‖2. In conclusion, this problem fulfills the H–assumptions. For our

numerical experiments we have selected M = 20, so that the dimension of the linear

system is 40. In this case, unlike of the problems 1 and 2, the stiffness comes from two

sources, from the small parameter ε and from the discretization in space.

For each problem and method we have carried out integrations for t ∈ [0, 4π] with fixed

step sizes h = 4π/N for N = 100, 200, 400, 800, 1600. Note that, since in all problems

the initial conditions have been taken on a stationary (smooth) solution, a fixed step size

strategy can be used in the integrations. We have computed the global error at the end

point GE(N) = ‖y(tN)− yN‖ and also the numerical order of convergence pN defined by

pN =
1

log(2)
log

(

GE(N)

GE(2N)

)

.

Concerning the method SDIRK5HW(4,1) observe that Th. 3.1 implies that it is con-

vergent for all problems with order greater or equal that the stage order q = 1. This can

be checked in Table 1, where the global errors GE(N) and numerical orders pN obtained

for the Problems 1 and 2, have been displayed for several values of the parameter ε. Sim-

ilar results, not included here, were encountered for Problem 3. From these results we

follow:

• GE(N) → 0 when N → ∞ for a wide range of values of ε, i.e., the method is

convergent also for the considered stiff problems.

• For the non–stiff case ε = O(1), the computed numerical orders agree with the

classical order of convergence p = 4 as expected.

• For small ε-values the observed orders range, in most cases, between the stage order

and the classical order. Hence, the lower order of convergence can not be improved

in general.

• In Problem 1, for fixed step-sizes, the GE(N) decreases when ε → 0. For this

problem, it can be shown that the local error tends to zero when ε → 0 and this

property is also reflected in the global error behaviour.

• It must be also remarked that the first–order of convergence above cannot be ex-

plained from the ε–theory (see Corollary 3.10, pp. 402-403 in [10, Chap. VI.3]),
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since from that theory global errors of size O(h4 + εh) are expected, and this is not

the case as it can be observed from the results in Table 1, when moving either on

rows (fixed h) or on columns (fixed ε).

Table 1.— Method SDIRK5HW(4,1) for Problems 1 and 2

Problem 1

ε = 0.5 ε = 10−2 ε = 10−4 ε = 10−6 ε = 10−8

N GE(N) pN GE(N) pN GE(N) pN GE(N) pN GE(N) pN

50 3.1e-5 1.3e-3 1.8e-5 3.7e-6 3.9e-6

100 2.4e-6 3.68 3.9e-4 1.78 1.0e-5 0.78 2.0e-7 4.26 2.8e-7 3.80

200 1.7e-7 3.85 7.2e-5 2.44 5.2e-6 0.98 3.7e-8 2.41 1.9e-8 3.93

400 1.1e-8 3.93 8.9e-6 3.02 2.6e-6 1.02 2.5e-8 0.54 1.0e-9 4.21

800 7.1e-10 3.96 8.4e-7 3.40 1.2e-6 1.04 1.3e-8 0.95 7.1e-11 3.82

1600 4.5e-11 3.98 6.7e-8 3.65 5.8e-7 1.09 6.5e-9 1.00 6.1e-11 0.21

Problem 2

50 4.9e-9 1.1e-3 2.4e-4 2.7e-4 2.7e-4

100 3.3e-10 3.91 2.2e-4 2.37 1.0e-5 4.55 1.8e-5 3.88 1.8e-5 3.87

200 2.1e-11 3.95 2.7e-5 2.99 9.6e-7 3.41 1.2e-6 3.95 1.3e-6 3.82

400 1.3e-12 3.97 2.8e-6 3.26 4.8e-7 1.01 7.2e-8 4.03 9.8e-8 3.73

800 8.5e-14 3.99 2.8e-7 3.36 1.3e-7 1.85 4.0e-9 4.17 4.0e-8 1.28

1600 5.3e-15 3.99 2.4e-8 3.52 3.2e-8 2.05 5.7e-10 2.81 1.3e-8 1.61

Numerical experiments with the method SDIRK4A(3,2) for the three problems are

presented in Table 2. Note that Theorem 3.1 can not be applied to this method but it

meets the assumptions of Theorem 3.2. From the displayed results, apart from conver-

gence behaviour for all problems, it can be observed that

• For the non–stiff case ε = O(1), the computed numerical orders agree with the

classical order of convergence p = 3.

• For small ε the order reduction is not observed in Problems 1 and 2. However, for

Problem 3 numerical orders lower than 3 are found, therefore the stage order q = 2,

seems to be the guaranteed order of convergence.

• In all problems, for a fixed stepsize h, the GE(N) seem to be non-dependent on ε.

This fact is explained because the local errors are practically independent on ε.
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Table 2.— Method SDIRK4A(3,2) for Problems 1, 2 and 3

Problem 1

ε = 0.5 ε = 10−2 ε = 10−4 ε = 10−6 ε = 10−8

N GE(N) pN GE(N) pN GE(N) pN GE(N) pN GE(N) pN

50 2.7e-4 3.7e-4 4.0e-4 4.0e-4 4.0e-4

100 4.4e-5 2.63 4.6e-5 2.98 5.3e-5 2.90 5.3e-5 2.90 5.3e-5 2.90

200 6.4e-6 2.76 5.5e-6 3.08 6.9e-6 2.95 6.9e-6 2.95 6.9e-6 2.95

400 8.8e-7 2.87 6.2e-7 3.16 8.7e-7 2.98 8.8e-7 2.97 8.8e-7 2.97

800 1.2e-7 2.93 6.7e-8 3.21 1.1e-7 3.00 1.1e-7 2.99 1.1e-7 2.99

1600 1.5e-8 2.97 7.3e-9 3.20 1.4e-8 3.01 1.4e-8 2.99 1.4e-8 2.99

Problem 2

50 5.6e-8 6.8e-3 9.1e-3 9.1e-3 9.1e-3

100 7.7e-9 2.87 8.6e-4 2.99 1.2e-3 2.95 1.2e-3 2.96 1.2e-3 2.96

200 1.0e-9 2.92 1.0e-4 3.11 1.5e-4 2.98 1.5e-4 2.98 1.5e-4 2.98

400 1.3e-10 2.96 9.7e-6 3.36 1.9e-5 2.99 1.9e-5 2.99 1.9e-5 2.99

800 1.7e-11 2.98 6.5e-7 3.89 2.4e-6 2.99 2.4e-6 2.99 2.4e-6 2.99

1600 2.1e-12 2.99 1.0e-8 6.03 3.0e-7 2.99 3.0e-7 3.00 3.0e-7 3.00

Problem 3

50 2.0e-5 9.8e-7 1.5e-7 1.5e-7 1.5e-7

100 3.3e-6 2.58 2.4e-7 2.06 2.8e-8 2.48 2.7e-8 2.49 2.8e-8 2.47

200 5.0e-7 2.70 5.5e-8 2.11 7.0e-9 1.98 6.2e-9 1.98 6.6e-9 2.07

400 7.2e-8 2.81 1.2e-8 2.19 1.1e-9 2.63 1.1e-9 2.63 9.2e-10 2.85

800 9.7e-9 2.89 2.5e-9 2.28 1.6e-10 2.80 1.6e-10 2.84 1.5e-10 2.57

1600 1.3e-9 2.94 4.7e-10 2.38 2.3e-11 2.81 2.2e-11 2.85 1.8e-10 -0.24

Finally, the method SDIRK3(3,2) meets the assumptions of Theorem 3.3 and therefore

it is convergent with order greater or equal than the stage order (q = 2) for Problem 1.

This fact agrees with the numerical results displayed in Table 3, where a third–order

convergence is observed for that problem. However, SDIRK3(3,2) satisfies neither the

assumptions of Theorem 3.1 nor those of Theorem 3.2, hence the convergence on Problems

2 and 3 is not guaranteed. In fact, the numerical experiments in Table 3 (Problem 2) show

that the method is not B-convergent on the whole class of Problems 2 with 0 < ε ≤ 1.
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Similar results of not B-convergence were encountered for Problem 3 when considering

small values for ε.

5 Conclusions

New theoretical results on stability and convergence for stiff semi–linear problems

that extend previous results on the subject [4], [6] have been derived. The new results

support the use of some SDIRK formulas [2], [10], [11] that have been designed taking into

account their linear stability properties and efficient implementation in practical codes.

Numerical experiments show that the assumptions on the theorems and stiff orders can

not be improved for the class of problems under consideration.

Table 3.— Method SDIRK3(3,2) for Problems 1 and 2

Problem 1

ε = 0.5 ε = 10−2 ε = 10−4 ε = 10−6 ε = 10−8

N GE(N) pN GE(N) pN GE(N) pN GE(N) pN GE(N) pN

50 6.9e-4 1.1e-3 1.1e-3 1.1e-3 1.1e-3

100 1.1e-4 2.64 1.5e-4 2.87 1.6e-4 2.84 1.6e-4 2.84 1.6e-4 2.84

200 1.7e-5 2.67 2.0e-5 2.97 2.1e-5 2.91 2.1e-5 2.91 2.1e-5 2.91

400 2.5e-6 2.80 2.4e-6 3.05 2.7e-6 2.95 2.7e-6 2.95 2.7e-6 2.95

800 3.4e-7 2.89 2.7e-7 3.12 3.4e-7 2.98 3.5e-7 2.98 3.5e-7 2.98

1600 4.4e-8 2.94 3.0e-8 3.17 4.3e-8 2.99 4.4e-8 2.99 4.3e-8 2.99

Problem 2

50 2.0e-7 3.3e-2 4.8e+65 1.9e+163 – 1.8e+261 –

100 2.7e-8 2.87 3.4e-3 3.25 7.7e+59 – 3.0e+251 – 1.4e+303 –

200 3.5e-9 2.92 3.4e-4 3.35 6.0e+10 – 4.9e+303 – 2.4e+304 –

400 4.6e-10 2.95 3.0e-5 3.49 8.2e-04 – 7.8e+303 – 1.8e+304 –

800 5.8e-11 2.97 2.0e-6 3.90 5.7e-05 3.84 5.0e+154 – 6.3e+303 –

1600 7.3e-12 2.99 2.8e-8 6.14 4.0e-06 3.83 3.0e-004 – 1.2e+303 –
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Resumen

En los últimos años se ha dedicado mucho tiempo y esfuerzo a la integración

numérica de problemas de Mecánica Celeste. En particular, se han desarrollado

métodos numéricos eficientes basados en la preservación de propiedades geométricas

asociadas a dichos problemas como los métodos simplécticos, reversibles, etc. Otra

opción es la búsqueda de una formulación lo más adecuada posible para su inte-

gración numérica o anaĺıtica. Aśı surgieron las variables orbitales, el método de

variación de las constantes, sistemas de variables redundantes, etc.

En el presente art́ıculo pretendemos realizar una revisión del método de variación

de las constantes, analizando y generalizando una modificación propuesta en la

literatura: el método de Dziobek-Brouwer [6]. Finalmente, se presenta una com-

paración numérica tomando como problema el movimiento de un satélite artificial

terrestre sujeto a la perturbación del potencial gravitatorio, la cual muestra las ven-

tajas de estos métodos frente a la integración directa del problema en coordenadas

cartesianas.

1 Introducción

Euler desarrolló el método de variación de los parámetros a mediados del siglo XVIII

para estudiar las perturbaciones existentes entre Júpiter y Saturno, sin embargo, sus

resultados no fueron del todo correctos debido a que no consideró el hecho de que todos los

elementos orbitales variasen a la vez. Posteriormente, el método desarrollado por Euler

fue perfeccionado por Lagrange, quien siguió considerando algunos elementos orbitales

como constantes, lo que ocasionó errores en algunas de sus ecuaciones. En 1782, el
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propio Lagrange corrigió y completó el método desarrollándolo en un trabajo sobre las

perturbaciones de los cometas en órbitas eĺıpticas y, algo más tarde, lo usaŕıa también

para el estudio del movimiento de los planetas. Este método sigue siendo empleado

actualmente en numerosos estudios de carácter cient́ıfico [1, 3, 4, 12, 13, 14].

En este trabajo estudiamos el método de variación de los parámetros y una modi-

ficación suya [3]. Aśı, en la sección 2 damos dos resultados teóricos que son la base

del método clásico. En la sección 3 aplicamos dicho método sobre el problema de dos

cuerpos. En la siguiente sección 4 damos el resultado que generaliza una modificación,

inicialmente desarrollada para el problema de dos cuerpos, que combina el método de

variación de los parámetros con el método de Encke [10]. Finalmente, en la sección 5,

aplicamos los métodos sobre un problema concreto, un satélite artificial terrestre, para

mostrar las ventajas de dichas formulaciones.

2 Variación de los parámetros

En esta sección introduciremos algunos resultados teóricos sobre los que se funda-

menta el método [15], su demostración y un análisis más profundo de los mismos puede

encontrarse en [3].

Teorema Sean x e y las soluciones de

ẋ = F0(t,x), x(t0) = x0 (1)

ẏ = F0(t,y) + Fp(t,y), y(t0) = x0, (2)

respectivamente, y supongamos que ∂F0/∂x y ∂Fp/∂y existen y son continuas. Además,

supongamos que el primer sistema es integrable por cuadraturas y que su solución viene

dada en función de un conjunto de n constantes de integración α0 ∈ Rn, es decir,

x(t) = f (t;α0).

Entonces, cualquier solución del sistema (2) viene dada por

y(t) = f (t;α(t)),

donde los parámetros α(t) y las constantes de integración α0 están conectadas por

α(t) = α0 +

∫ t

t0

(

∂y

∂α
(s)

)−1

Fp(s,y(s))ds.

Corolario Sea (r, v) ∈ R2n la solución de un sistema diferencial hamiltoniano integrable

en el sentido de Liouville-Arnold dada por

ṙ = v, v̇ =
∂U(r)

∂r
, (r, v)(t0) = (r0, v0),
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con U(r) la enerǵıa potencial. Además, denotamos por (R,V ) ∈ R2n la solución del

sistema perturbado

Ṙ = V , V̇ =
∂U(R)

∂R
+ Fp(R,V ),

con las mismas condiciones iniciales (R,V )(t0) = (r0, v0). Entonces, las soluciones de

los dos sistemas anteriores pueden ser obtenidas de forma impĺıcita como

r(t) = f (t;α0), v(t) =
∂f (t;α0)

∂t
= g(t;α0),

R(t) = f (t;α(t)), V (t) =
∂f (t;α(t))

∂t
= g(t;α(t)),

donde los parámetros α(t) y las constantes de integración α0 están conectados por

α(t) = α0 +

∫ t

t0

∂α

∂V
(s) · Fp(R(s),V (s))ds.

3 Variación de parámetros en el problema de dos cuerpos

Las ecuaciones del movimiento de dos cuerpos bajo una fuerza perturbadora Fp pueden

formularse como un sistema de primer orden en la forma






ṙ = v,

v̇ = −
µ

r3
r + Fp(r, v),

donde r hace referencia a la norma del vector r y µ a la constante de Gauss.

Ω

i

ω

e1

e2

e3

r

n

a

b

Figura 1.— Sistema apsidal y elementos orbitales clásicos.
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Como se puede observar, dicho sistema corresponde al caso contemplado en el coro-

lario de la sección anterior y, si consideramos el conjunto de elementos orbitales α =

(a, e, i, l0,ω,Ω) (ver figura 1), para el caso Fp = 0 existe una solución anaĺıtica que nos

da la posición rk = rk(t,α0) y velocidad vk = vk(t,α0), en función de los elementos

orbitales, que en este caso son constantes. Si Fp #= 0, el vector α ya no es constante y

para determinarlo tendremos que plantear el sistema dado por el corolario

dα

dt
=

(

∂α

∂v

)

Fp,

que se corresponde, para este problema, con el clásico sistema de Gauss.

A la vista del sistema, vemos la necesidad de calcular la matriz de derivadas parciales

que puede obtenerse como
(

∂α

∂v

)

= D ·

(

∂r

∂α

)"

,

con D =

(

0 d

−d" 0

)

, siendo d =

















2
√
a

√
µ

0 0

η2
√
µae

−η
√
µae

0

0
cot i
√
µaη

−1
√
µaη sen i

















y
∂r

∂(a, e, l0)
= Mp ·ME ,

∂r

∂i
= Mp ·Mω · Vp,

∂r

∂ω
= Mp ·Mc · Vp,

∂r

∂Ω
= Mc ·Mp · Vp,

donde

ME =















(cosE − e) +
3

2

a

r
tn sinE −a(1 +

a

r
sin2E) −

a2

r
sinE

η sinE −
3

2

aη

r
tn cosE

a2

rη
sinE(cosE − e)

a2η

r
cosE

0 0 0















,

Mc =









0 −1 0

1 0 0

0 0 0









, Mω =









0 0 0

0 0 0

sinω cosω 0









,

y Mp es la matriz cuyas columnas son los vectores del sistema ortonormal estándar que

define la orientación espacial de la órbita y que dependen únicamente de los elementos

orbitales i, ω y Ω. Como es habitual, E denota la anomaĺıa excéntrica, η =
√
1− e2 y

n =
√

µ/a3 el movimiento medio.
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4 Modificación del método

El siguiente resultado generaliza el método de Dziobek-Brouwer [2, 6, 7, 9] definido

para el problema de dos cuerpos.

Teorema Sean x ∈ Rn e y ∈ Rn las soluciones de

ẋ = F0(t,x), x(t0) = x0,

ẏ = F0(t,y) + Fp(t,y), y(t0) = x0,

respectivamente, y supongamos que el primer sistema es integrable por cuadraturas, siendo

α0 un conjunto de n constantes de integración que definen la solución. Además, supon-

gamos que ∂α0/∂x es continua. Entonces las soluciones de los sistemas anteriores están

conectadas por

y(t) = x(t) +
∂x(t)

∂α0

∫ t

t0

∂α0

∂x
(τ,x(τ)) · F ∗

p (τ,x(τ),y(τ))dτ,

donde F ∗
p viene definida como

F ∗
p (t,x,y) = F0(t,y)− F0(t,x)−

∂F0(t,x)

∂x
s+ Fp(t,y),

siendo s = y − x.

Aplicando dicho teorema sobre el problema de dos cuerpos llegamos a que la solución

del sistema perturbado puede obtenerse mediante la expresión

r(t) = rk(t) +

(

∂rk
∂α

)

·K,

donde

(

∂rk
∂α

)

se corresponde con las fórmulas aparecidas en la sección anterior pero

evaluadas en los elementos orbitales α0 (problema sin perturbar), mientras que K es la

solución del sistema diferencial

K̇ =

(

∂α

∂v
(rk,α0)

)

· F ∗
p (t, rk, vk, r, v), (3)

con

F ∗
p (t, rk, vk, r, v) = −µ

(

r

r3
−

rk

r3k

)

− µ
∂(rk/r3k)

∂rk
s+ Fp(r, ṙ).

Hay que observar que el nuevo sistema a integrar (3) tiene la misma expresión formal

que el proporcionado por el método de variación de parámetros clásico, donde, además, si

cada cierto tiempo se actualiza la órbita de referencia dada por el problema sin perturbar,

las funciones Fp y F ∗
p son muy similares. La diferencia fundamental en ambos métodos

[2, 3, 8] es que el primer factor del segundo miembro (∂α/∂v) se evalúa en la órbita
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sin perturbar, donde los elementos orbitales no vaŕıan, por lo que muchos términos son

constantes.

Un problema con el que nos podemos encontrar es la pérdida de d́ıgitos significativos

en el cálculo del término

∆F0 = −µ

(

r

r3
−

rk

r3k

)

= −
µ

r3k

[(

r3k
r3

− 1

)

r + s

]

,

al ser la resta de dos expresiones de magnitudes similares. Para evitar dicho problema

podemos hacer uso del siguiente resultado [5].

Lema Sea a = b + c y a, b, c sus normas, entonces se tiene que

(

b3

a3
− 1

)

= (1 + q)
3

2 − 1 = q
3 + 3q + q2

1 + (1 + q)
3

2

,

donde q = c · (c− 2a)/a2.

Aśı, el uso de la expresión

∆F0 = −
µ

r3k

(

q
3 + 3q + q2

1 + (1 + q)
3

2

r + s

)

con q =
s · (s− 2r)

r2
,

evitará los problemas de redondeo comentados.

5 Tests numéricos

En esta sección presentamos diversos resultados numéricos aplicando las técnicas an-

teriormente descritas. Todos los tests numéricos han sido realizados en un ordenador

Windows PC Pentium III-933Mhz usando g77 (GNU FORTRAN77) y doble precisión. Las

órbitas de referencia han sido calculadas usando una tolerancia (tol = 10−30) en LF95

con precisión extendida.

Como problema test vamos a considerar el movimiento de un satélite artificial pertur-

bado por el potencial terrestre dado por

VT (r,λ,ϕ) = −
µ

r
−

µ

r

n
∑

l=2

l
∑

m=0

(

RT

r

)l

Pm
l (sinϕ) (Clm cosmλ+ Slm sinmλ)

donde (r,λ,ϕ) son las coordenadas esféricas, RT el radio medio ecuatorial terrestre y

Pm
l (x) las funciones asociadas de Legendre. Los coeficientes Clm y Slm del potencial

terrestre siguen el modelo de potencial terrestre GEM9&10 [16].

En primer lugar vamos a comparar los resultados obtenidos cuando un problema es

integrado con el mismo integrador numérico pero aplicando tres formulaciones diferentes.

La primera consiste en integrar directamente el problema en coordenadas cartesianas
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(CART); la segunda se basa en el uso del método clásico de variación de los parámetros

(VOP) y, finalmente, la tercera alternativa utiliza la modificación comentada en la sección

anterior (VVOP). Como condiciones iniciales vamos a considerar el movimiento del satélite

artificial GPSBII-02 (PRN 02) perturbado por el potencial terrestre dado por los cinco

primeros harmónicos zonales del potencial terrestre. Las condiciones iniciales de la órbita

(sacadas de la página web http://celestrak.com) de este satélite son:

a = 26559.212356 km., e = 0.02334, i = 53◦4247,

ω = 261◦3417, Ω = 171◦8804, l0 = 95◦9617.

El integrador numérico en los tres métodos ha sido el RK DOPRI8(7) [11] a paso constante

ya que la baja excentricidad de su órbita no plantea la necesidad de tomar paso variable.
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Figura 2.— Análisis de eficiencia de los métodos CART, VOP y VVOP. Tiempo final

de integración T = 10 años.

El segundo miembro del sistema diferencial para el método CART es mucho mayor

que para los otros dos métodos, lo que va a generar una mayor variación de las variables

a integrar por el primero frente a VOP y VVOP. La diferencia de variación de estos

dos últimos les permitirá usar pasos de integración mucho mayores que los empleados

por CART para la misma precisión. En [17], los autores afirman erróneamente que, en

general, dicha apreciación es falsa debido al hecho de que las mismas frecuencias aparecen

en los tres métodos y que los términos de alta frecuencia controlan el paso de integración.

Obviamente, el tamaño del paso tiene que ser inferior a la mayor frecuencia, sin embargo,

el método CART necesitará pasos mucho más pequeños que dicha frecuencia, mientras

que los otros dos métodos pueden trabajar con pasos de tamaño similar a la misma. De

este modo, aunque la complejidad del método CART es inferior a la de los otros dos (en
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Figura 3.— Error relativo vs. tiempo CPU en la integración numérica usando el modelo

completo 20 × 20 (n = 20) del potencial terrestre y las formulaciones CART, VOP-

VVOP y Encke.

promedio, el cociente entre el tiempo de CPU de un paso para VVOP frente a CART

es 2.56 y el de VOP frente a CART 2.72), los métodos VOP y VVOP son bastante más

eficientes que CART, alcanzando los primeros mayor precisión y a un coste inferior de

tiempo de CPU como se observa en la figura 2. Por otro lado, también se observa una

ligera mejoŕıa de VVOP frente al VOP clásico.

Por último presentamos en la figura 3 los resultados comparando las formulaciones

CART, VOP-VVOP y el método de Encke. En este caso realizamos una comparación

usando el modelo de potencial hasta orden 20 en términos zonales y teserales, es decir

un modelo completo 20 × 20. De nuevo se observa que el método de variación de los

parámetros presenta el mejor comportamiento de entre las distintas formulaciones anali-

zadas.
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Abstract

The Helmholtz approach to the inverse problem of the Lagrangian dynamics is

studied first in the particular case of the second-order Riccati equation and then

in the case of the second-order Abel equation. The existence of two alternative

Lagrangian formulations is proved, both Lagrangians being of a non-natural class

(neither potential nor kinetic term). These second-order Riccati and Abel equations

are studied by means of their Darboux polynomials and Jacobi last multipliers. The

existence of a family of constants of the motion is also discussed.

Keywords: Helmholtz conditions. Jacobi last multipliers. Second order Riccati and

Abel equations. Alternative Lagrangians

AMS classification: 34A34; 34A26; 34C14; 37J05; 70H03

On the beginning of his scientific career Prof. Calvo was teaching

Lagrangian mechanics for several years and beyond doubt he spent

many hours thinking on the Inverse problem of mechanics. We

report here several recent results on alternative Lagrangians for two

interesting equations, the second order Riccati and Abel equations.

1 Introduction

In mathematical terms, the Newtonian approach to classical mechanics, constructed

on the use of the second Newton Law, states that the behaviour of a mechanical system

is governed by second-order differential equations. On the other side, the Lagrangian

approach makes use of a variational formulation associated to the Hamilton’s principle:
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the motions of the system are those making extremal the action integral defined by the

Lagrange function L of the system; therefore such trajectories are solutions of the corre-

sponding set of Euler-Lagrange equations.

The inverse problem of Lagrangian dynamics is to obtain necessary and sufficient

conditions for a system of second-order differential equations

q̈i = F i(q, q̇), i = 1, . . . , n, (1)

to be equivalent to the set of Euler-Lagrange equations of some regular Lagrangian func-

tion L. In other words, this amounts to look for a Lagrangian L such that

Wij(q̈
j − F j(q, q̇)) = Wij q̈

j −
∂L

∂qi
+

∂2L

∂qj ∂q̇i
q̇j , i, j = 1, . . . , n.

where the summation convention is used and W is the Hessian matrix with elements

defined by

Wij =
∂2L

∂q̇i ∂q̇j
, i, j = 1, . . . , n. (2)

Such a function L only exists if some compatibility conditions hold; moreover, in some

particular cases it can even exist several different (and non gauge equivalent) solutions.

In these cases the alternative Lagrangians can be used to construct constants of the

motion as was proved in [1] for the one-dimensional case and generalised in [2] for the

multidimensional case (see also [3] for a geometric approach).

The aim of the paper is to show that these properties are related with a rather old

result by Jacobi [4] which is called the theory of Jacobi Last Multiplier and to illustrate

the theory with the determination of Lagrangians of non-mechanical type for second-order

Riccati and Abel equations.

The organization of the paper is as follows: in section 2 we give a concise survey of the

theory of the Inverse problem in mechanics and the Helmholtz conditions necessary for the

existence of a Lagrangian. In section 3 we recall several notions of Darboux polynomials

for polynomial vector fields and the relation with the theory of Jacobi Last Multiplier. The

relevance of such multipliers in the search for Lagrangians for one-dimensional systems

is shown in section 4 and the theory is illustrated with some particular examples. The

method of Jacobi last ultipliers is used to determine alternative Lagrangians for the second

order Riccati equation and the second order Abel equation.

2 The inverse problem and the Helmholtz conditions

From the geometric viewpoint, the system of equations (1) determines a 2n-dimensional

vector field Γ on the velocity phase space R2n = {(qi, vi) | i = 1, . . . , n} with (vi, F i(q, v))

as components, i.e.

Γ = vi
∂

∂qi
+ F i(q, v)

∂

∂vi
, (3)
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the solutions of the system being the integral curves of Γ (the physical time t coincides

with the parameter of the curves).

The solution of the Inverse Problem is given by a family of functions gij(q, q̇) such

that the equations

gij (q̈
j − F j(q, q̇)) = 0, i, j = 1, . . . , n,

become the Euler-Lagrange equations of some function L. The problem was studied long

time ago by Helmholtz [5], who established the so-called Helmholtz conditions (see e.g.

[6, 7, 8, 9]). In terms of the n functions F i, these conditions can be presented as follows:

there should exist a non-degenerate symmetric matrix valued function g = [gij], i.e. a

family of n(n + 1)/2 functions gij = gij(q, v), such that

i) det[gij] "= 0

ii)
∂gij
∂vk

=
∂gik
∂vj

iii) Γ(gij) +
1

2
gkj

∂F k

∂vi
+

1

2
gik

∂F k

∂vj
= 0

iv) gik

[

∂F k

∂qj
+

1

4

∂F k

∂vl
∂F l

∂vj
−

1

2
Γ

(

∂F k

∂vj

)]

= gjk

[

∂F k

∂qi
+

1

4

∂F k

∂vl
∂F l

∂vi
−

1

2
Γ

(

∂F k

∂vi

)]

.

These properties lead to the existence of a function L such that the gij take the form

gij =
∂2L

∂vi ∂vj
.

The regularity of L is a consequence of condition i). Although we are not concerned in

this article with the abstract geometric formalism, at this point we make the observation

that these conditions are related to the existence of a symplectic structure in the phase

space.

These equations involve not only the known functions F i(q, v) but also the other

functions gij(q, v) whose form is completely unknown. Usually the problem is solved by

using an ansatz on the components of the matrix [gij]. Moreover, these equations do not

guarantee uniqueness: every set of n(n+1)/2 functions gij(q, v) satisfying Eqs. i)-iv) leads

to a particular Lagrangian. Thus, different sets of such functions g(a)ij (q, v), a = 1, . . . , A,

give rise to different alternative Lagrangians L(a).

Hojman and Harleston proved [2] that if a system admits two alternative regular

Lagrangians L(a), a = 1, 2, then the traces of the powers of the product matrix W21 =

W−1
2 W1 are constants of motion which are obtained by a non-Noether procedure [3].

Consequently, the existence of alternative Lagrangians for a certain Lagrangian system

also means the existence of a certain set of integrals of motion.

Two situations are particularly interesting. First, in the case of velocity-independent
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forces, that is F i = F i(q), the last three Helmholtz conditions reduce to

ii b)
∂gij
∂vk

=
∂gik
∂vj

iii b) Γ(gij) = 0

iv b) gik

(

∂F k

∂qj

)

= gjk

(

∂F k

∂qi

)

.

We note that the equation iii b) means that the functions gij must be constants of the

motion for the dynamics.

Secondly, the case of only one equation corresponding to a one degree of freedom

system. In this case the matrix reduces to a function g and only one condition remains:

Γ(g) + g
∂F

∂v
= 0, (4)

which will be shown to be that g is a Jacobi last multiplier, a concept we recall next.

3 Jacobi Last Multipliers

Given a vector field X in an oriented manifold (M,Ω), a function R such that R i(X)Ω

is closed is said to be a Jacobi last multiplier (JLM) for X . Recall that the divergence of

the vector field X (with respect to the volume form Ω) is defined by the relation

LXΩ = (divX)Ω .

This means that R is a multiplier if and only if RX is a divergence-less vector field and

then

LRXΩ = (divRX)Ω = [X(R) +R divX ]Ω = 0 ,

and therefore we see that R is a last multiplier for X if and only if

X(R) +R divX = 0 . (5)

Moreover, f R is also a JLM iff f is a constant of the motion for X , because, for any

function f ,

X(f R) + f R divX = (Xf)R+ f(X(R) +R divX).

In the particular case of X being the vector field Γ given by (3) in the velocity phase

space corresponding to the second order differential equation (1) with n = 1, as divΓ =

∂F/∂v, (5) becomes

v
∂R

∂q
+ F (q, v)

∂R

∂v
+R(q, v)

∂F

∂v
= 0, (6)

that when compared with (4) means that g is a JLM for Γ.

There is a method due to Darboux for finding JLM for polynomial vector fields. We

recall that a polynomial function D : U → R is a Darboux polynomial for a polynomial
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vector field X if there is a polynomial function f defined in U such that XD = fD [10].

The function f is said to be the cofactor corresponding to such Darboux polynomial and

the pair (f,D) is called a Darboux pair.

The remarkable point is that if D1, . . . ,Dk, are Darboux polynomials with correspond-

ing cofactors fi, i = 1, . . . , k, one can look for multiplier factors of the form

R =
k
∏

i=1

Dνi
i (7)

and then
X(R)

R
=

k
∑

i=1

νi
X(Di)

Di
=

k
∑

i=1

νi fi ,

and therefore, if the coefficients νi can be chosen such that

k
∑

i=1

νi fi = −divX (8)

holds, then we arrive to

X(R)

R
=

k
∑

i=1

νi fi = −divX ,

and consequently R is a Jacobi last multiplier for X .

4 Looking for Lagrangians from Jacobi last multipliers

The main point of the relation between Jacobi last multipliers and Lagrangian for-

mulations for an autonomous second-order differential equation is given in the following

theorem:

Theorem 1 The normal form of the differential equation determining the solutions of

the Euler-Lagrange equation defined by the regular Lagrangian function L(y, v) admits the

function

R =
∂2L

∂v2
. (9)

as a Jacobi last multiplier. Conversely, if R(y, v) is a multiplier function for a second

order differential equation in normal form, then there exists a Lagrangian L for the system

that is related to R by (9).

Proof: In fact, if there exists a Lagrangian function L, the function F is given by

F (q, v) =
1

R

(

∂L

∂q
− v

∂2L

∂q∂v

)

.

where the function R is given by (9). We can now see that such function R satisfy

condition (4). In fact, it turns out to be

v
∂R

∂q
+

∂

∂v

(

∂L

∂q
− v

∂2L

∂q∂v

)

= v
∂3L

∂v2∂q
+

∂2L

∂q∂v
−

∂2L

∂q∂v
− v

∂3L

∂v2∂q
= 0 .
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Conversely, let R be a function satisfying (6). Then, let L be a function such that

condition (9) be satisfied, i.e. L is such that

∂L

∂v
=

∫ v

R(q, ζ) dζ + φ1(q) , (10)

and then,

L(q, v) =

∫ v

dv′
∫ v′

R(q, ζ) dζ + φ1(q) v + φ2(q) . (11)

We can see that there exists a function φ2(y) such that, for any choice of the function φ1(y),

the Euler Lagrange equation for such a Lagrangian function gives rise to the equation of

motion. The function φ2(y) is uniquely determined, while the other function is arbitrary

because it corresponds to a gauge term. In fact, the Euler-Lagrange equation for (11),

taking into account (10) and that

∂L

∂q
=

∫ v

dv′
∫ v′ ( ∂

∂q
R(q, ζ)

)

dζ + φ′
1(q)v + φ′

2(q) ,

turns out to be:

∫ v

dv′
∫ v′ ( ∂

∂q
R(q, ζ)

)

dζ+φ′
1(q)v+φ′

2(q) = v

∫ v ( ∂

∂q
R(q, ζ)

)

dζ+R(q, v)F (q, v)+φ′
1(q)v .

Note that

∂

∂v

(

v

∫ v ( ∂

∂q
R(q, ζ)

)

dζ +R(q, v)F (q, v)−

∫ v

dv′
∫ v′ ( ∂

∂q
R(q, ζ)

)

dζ

)

= v
∂R

∂q
(q, v) + F (q, v)

∂R

∂v
(q, v) +R(q, v)

∂F

∂v
(q, v) ,

which vanishes because of the multiplier condition (5) for R and X = Γ. Then, the

function φ2(q) is uniquely determined, up to a constant, by

φ′
2(q) = v

∫ v ( ∂

∂q
R(q, ζ)

)

dζ +R(q, v)F (q, v)−

∫ v

dv′
∫ v′ ( ∂

∂q
R(q, ζ)

)

dζ . (12)

The term φ1(y) v is a gauge term which can be eliminated and then the expression (11)

for the Lagrangian reduces to

L(y, v) =

∫ v

dv′
∫ v′

R(y, ζ) dζ + φ2(y) . (13)

Corollary 1 If a system with one degree of freedom admits two different regular La-

grangians then the function f defined by

f
∂2L1

∂v2
=

∂2L2

∂v2
(14)

is a constant of the motion.
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Proof: The function f is the quotient of two different Jacobi last multipliers.

The last result is usually attributed to Currie and Saletan [1], but actually data back

to Jacobi’s time. Conversely, if L1 is an admissible Lagrangian and f is a constant of the

motion, there is an alternative Lagrangian L2 such that relation (14) holds.

Then, the inverse problem for one-dimensional systems reduces to find the function g

which is a Jacobi last multiplier and L is obtained by integrating the function g two times

with respect to velocities. The function L so obtained from g is unique up to addition of

a gauge term.

As an instance, Jacobi derived in [11] the multiplierR = eϕ(y) for a family of differential

equation of the form

y′′ +
1

2

dϕ

dy
y′2 + ψ(y) = 0 ,

which includes as a particular instance the equation studied in [12]. In fact, one can see

that such a function R satisfies (6), because now logR = ϕ(y) and F (y, v) = −1

2
ϕ′(y) v2−

ψ(y), and then
∂F

∂v
= −

dϕ

dy
v = −

d

dx
logR .

The corresponding Lagrangian is given, up to a gauge term, by

L(y, v) =
1

2
eϕ(y)v2 + f(y) ,

where f satisfies the following equation:

df

dy
+ eϕ(y)ψ(y) = 0 ,

because using (11) in the form (13) we find that

L =

∫ v

0

v′eϕ(y) dv′ + φ2(y)

with φ2 being determined by (12), i.e.

L(y, v) =
1

2
eϕ(y)v2 + f(y) ,

with f(y) such that the previous equation holds.

For instance, the evolution equation

ẍ = F (x, ẋ) =
−a + λẋ2

1 + λ x2
, a,λ ∈ R,

which corresponds to a nonlinear oscillator [13, 14], is a particular example for which

1

2

dϕ

dx
= −

λ x

1 + λ x2
, ψ(x) =

a x

1 + λ x2
,

and therefore,

ϕ(x) = − log(1 + λ x2) .
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The Jacobi last multiplier is then

R = eϕ(x) =
1

1 + λ x2
,

and the corresponding Lagrangian turns out to be:

L(x, ẋ) =
1

2

ẋ2

1 + λ x2
−

1

2

a x2

1 + λ x2
.

5 Alternative Lagrangians for second-order Riccati and Abel equations

5.1 Second-order Riccati equation

Riccati differential equation is a nonlinear generalization of the inhomogeneous linear

equation

ẋ = c0(t) + c1(t) x+ c2(t) x
2 ,

which is just the particular case corresponding to c2(t) ≡ 0. It appears in the Lie reduction

process when taking into account invariance under dilations, u &→ λ u, of second-order

linear equations. The infinitesimal generator of such transformations is the Liouville

vector field ∆ = u ∂/∂u. Lie’s recipe for order reduction of differential equations with

symmetry consists on changing the dependent variable in such a way that ∆ = ∂/∂w.

More specifically, u = ew, and under such change of dependent variable, as

u̇ = ew ẇ , ü = ew(ẇ2 + ẅ) .

Then the second-order linear differential equation ü + d0 u̇ + d1 u = 0 becomes a Riccati

differential equation for the function ẇ = u̇/u:

ẅ + ẇ2 + d0 ẇ + d1 = 0 .

We call higher-order Riccati equations those appearing in a reduction process from a

linear differential equations by using dilation invariance: the linear (j+1)-order differential

equation y(j+1) = 0 gives rise to a j-order Riccati equation. For instance the third order

linear equation y′′′ = 0 defines the second order Riccati equation

ẍ+ 3 x ẋ+ x3 = 0 . (15)

More specifically, the invariance under dilations of the differential equation y(n) = 0,

according to Lie recipe, suggests to look for a new variable z such that the dilation vector

field y ∂/∂y becomes ∂/∂z. Then y = ez, up to an irrelevant factor.

It has been proved in [15] that the differential equation y(n) = 0 becomes R(n−1)(x) = 0

with x = ż, where R(j)(x) is defined in an iterative way by

R(j)(x, . . . , x(j)) = D
jx , j = 0, 1, . . . ,
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with

D =
d

dt
+ x .

It has been pointed out in [16] that the second-order Riccati equation (15) admits a

Lagrangian formulation with the function

L =
1

ẋ+ x2
.

as a (non-standard) Lagrangian. Our aim in this section is to rederive this Lagrangian

by means of the associated Darboux polynomials. The differential equation (15) has an

associated system of differential equations

{

ẋ = v

v̇ = −3xv − x3

which determines the integral curves of the vector field

Γ(1) = v
∂

∂x
− (3xv + x3)

∂

∂v
.

We can look for a Darboux polynomial of the form

D(x, v) = v + ax2.

The condition Γ(1) D = f D implies first that f must be of the form f(x, v) = (2a− 3)x

and then that −x = af = (2a− 3)ax.

Therefore there are two solutions corresponding to the two roots of 2a2 − 3a+ 1 = 0:

either a must be equal to 1, and then the corresponding cofactor is f1 = −x, or to 1/2

with associated cofactor f1/2 = −2x.

In the first case, with D1(x, v) = v + x2, we can choose in (8) ν1 = −3 because

ν1 f1 = 3x = −div Γ(1), and consequently we arrive to

R1(x, v) = L3
1(x, v) =

1

(v + x2)3
.

In the second case, we have D2(x, v) = v + 1

2
x2, and we can choose in (8) ν2 = −3

2
, so

that we obtain

R2 =

(

v +
1

2
x2

)−3/2

as another Jacobi last multiplier.

¿From the first Jacobi last multiplier R1 we obtain that the vector field Γ(1) is the

Euler-Lagrange vector field of a Lagrangian L that just coincides with L1. The alternative

Lagrangian obtained from R2 is:

L′(x, v) =

√

v +
1

2
x2.
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5.2 Second-order Abel equation

The Abel equation of first order,

ẋ = A0(t) + A1(t)x+ A2(t)x
2 + A3(t)x

3,

is a generalisation of the Riccati equation (that appears as the particular case A3 = 0).

In similarity with the Ricati case, let us define the differential operator

DA =
d

dt
+ x2(t) ,

in such a way that iterating the action of DA on x leads to the family of differential

equations

D
m
Ax = 0 , m = 1, 2, 3, . . . .

The three first equations in this hierarchy of higher-order Abel equations are given by

D0
Ax = 0, DAx = 0, and D2

Ax = 0, with D0
Ax, DAx, and D2

Ax given by

D
0
Ax = x

DAx =
( d

dt
+ x2

)

x = ẋ+ x3

D
2
Ax =

( d

dt
+ x2

)2

x = ẍ+ 4x2ẋ+ x5

The second-order Abel equation D2
Ax = 0 so obtained can be presented as a system of

two first-order equations










dx

dt
= v

dv

dt
= −4 x2v − x5

(16)

corresponding to the following vector field on the velocity phase space R2

Γ(2) = v
∂

∂x
−

(

4 x2v + x5
) ∂

∂v
.

In this case the polynomial D1 defined by

D1(x, v) = v + x3

is a Darboux polynomial for Γ(2) with cofactor −x2 since
(

v
∂

∂x
−

(

4 x2v + x5
) ∂

∂v

)

(v + x3) = −x2(v + x3) .

The divergence of the vector field Γ(2) is −4x2, and then we see that there is a Jacobi last

multiplier of the form

R = D−4
1 .
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Consequently, the Abel equation admits a Lagrangian description by means of a function

L such that
∂2L

∂v2
=

1

(v + x3)4
,

from where we obtain the Lagrangian L = LA given by

LA =
1

(v + x3)2
. (17)

The polynomial D2 defined by

D2(x, v) = 3v + x3

is a Darboux polynomial for Γ(2) with cofactor −3x2, because
(

v
∂

∂x
−

(

4 x2v + x5
) ∂

∂v

)

(3v + x3) = 3 x2v − 3(4 x2v + x5) = −3 x2(3v + x3) ,

and then we can find another Jacobi last multiplier of the form Dν2
2 with ν2 = −4/3.

Therefore the Abel equation admits a Lagrangian description by means of a second func-

tion L such that
∂2L

∂v2
= (3 v + x3)−4/3 , (18)

from where we obtain the Lagrangian L = ˜LA given by

˜LA = (3v + x3)2/3 .
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[15] J.F. Cariñena, P. Guha and M.F. Rañada, “A geometric approach to higher-order Riccati

chain: Darboux polynomials and constants of the motion”, Workshop on Higher Symmetries

(Madrid, Spain, 2008) J. Phys. Conf. Ser. 175, 012009 (2009).

[16] J.F. Cariñena, M.F. Rañada and M. Santander, “Lagrangian formalism for nonlinear

second-order Riccati systems: one-dimensional integrability and two-dimensional superin-

tegrability”, J. Math. Phys. 46, 062703 (2005).
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Abstract

By z = eiθ and x = cos θ, one may relate x ∈ I = (−1, 1], with θ ∈ (−π,π]

and a point z on the complex unit circle T. Hence there is a connection between

the integrals of 2π-periodic functions, integrals of functions over I and over T. The

well known Gauss quadratures approximate the integrals over I and their circle

counterparts are the Szegő quadratures. When none, one or both endpoints of

I are added to the usual Gauss nodes, one obtains the Gauss-type (Radau and

Lobatto) quadratures. The circular counterparts are called Szegő-type quadratures.

If the integrand and the weight function are symmetric for upper and lower half

of T, the choice of complex conjugate Szegő nodes with equal weights seems to

be natural, and in that case, the Gauss nodes in I are just the projections of the

Szegő nodes. Also the weights are related, and it becomes numerically interesting

to compute the Szegő quadrature from the corresponding Gauss quadrature which

reduces the computational cost considerably. Especially when the weights and nodes

are computed via an eigenvalue problem, which for Gauss works with a tri-diagonal

Jacobi matrix, but requires an upper Hessenberg matrix in the Szegő case.
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Key words: Gauss-type quadrature formulas, Jacobi matrices, Szegő-type quadra-

ture formulas, Hessenberg matrices, symmetric weight functions, Rogers-Szegő q-

polynomials.

1 Introduction

Since the publication in 1989 of the paper [35] by W.B. Jones, O. Nj̊astad and W.J.

Thron along with the recent works by B. Simon [39]-[42] among others (see also some of the

most relevant contributions of the “Spanish Mathematical Community” on Orthogonal

Polynomials, e.g. [1], [3]-[4], [10]-[12], [23] or [26]), the theory of orthogonal polynomials

on the unit circle introduced by Szegő in [45] has become an interesting research topic both

from a theoretical and from an applied point of view. In this respect, when dealing with the

approximate calculation of a weighted integral of a 2π-periodic function or more generally

a weighted integral over the unit circle, the so-called Szegő quadrature formulas introduced

in [35] (see also [13], [29, Chapter 4], [30]-[31] and [44]) appear and represent the analog

on the unit circle of the Gaussian Formulas. As it is known, a fundamental aspect of a

family of quadrature rules is the efficient computation of its nodes and weights. Thus, the

computation of the Gaussian formulas leads to an eigenvalue problem involving certain

tri-diagonal (Jacobi) matrices meanwhile the Szegő formula can be efficiently computed

in terms of an eigenvalue problem involving certain Hessenberg matrices [30]-[31] (see also

[11] and [14] for an alternative approach).

In this paper, we will be mainly concerned with the computation of the Szegő formulas

when both the weight function in the integral and the nodes in the quadrature rules satisfy

symmetry properties. For this purpose, the well known connection between the theory

of Orthogonal Polynomials on the unit circle and the real line will be used in order to

drastically reduce the computational effort of such rules.

Thus, in order to make the paper self-contained it has been organized as follows:

Sections 2 and 3 are dedicated to collect some preliminary results concerning the most

relevant aspects of both Gaussian and Szegő formulas. In Section 4 the above symmetry

properties are exposed and the characterization of the corresponding symmetric Szegő-

type quadrature formulas deduced. The computation features are given in Section 5

meanwhile some numerical illustrative experiments are finally carried out in Section 6.

2 Preliminary results: Jacobi matrices and Gauss-type formulas

Given the integral,

Iσ(f) =

∫ b

a

f(x)σ(x)dx, (1)
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σ being a weight function on [a,b], by an n-point Gaussian formula In(f) =
∑n

j=1Ajf(xj)

for Iσ(f) or σ we mean a quadrature formula so that Iσ(P ) = In(P ) for any polynomial

P ∈ P2n−1; in the sequel, Pk denotes the space of polynomials of degree less than or equal

to k and P the space of all polynomials i.e., P = ∪∞

k=0Pk. A characterization of these

rules is given in the following result (see e.g. [36, pp. 101-103] and [45, Theorem 3.4.2]),

Theorem 2.1 Let {Qk}∞k=0 be the sequence of orthonormal polynomials for σ. Then,

Iσn (f) =
∑n

j=1Ajf(xj) is the n-point Gaussian formula for Iσ(f), if and only if,

1. {xj}nj=1 are the zeros of any orthogonal polynomial of degree n with respect to σ.

2. Aj =

(

n−1
∑

k=0

|Qk(xj)|
2

)−1

> 0, for all j = 1, . . . , n (Christoffel numbers).

Iσn (f) as given in Theorem 2.1 is optimal in the sense there exists P ∈ P2n such that

Iσn (P ) $= Iσ(P ).

On the other hand, efficient computation of the weights and nodes for Iσn (f) has been

carried out by means of the so-called Jacobi matrices associated with the three-term

recurrence relation satisfied by the sequence {Qk}∞k=0. Indeed, it is known that it holds,

xQn(x) = an+1Qn+1(x) + bnQn(x) + anQn−1(x), n ≥ 0, Q−1 ≡ 0,

so that by setting,

J =



















b0 a1 0 0 · · ·

a1 b1 a2 0 · · ·

0 a2 b2 a3 · · ·

0 0 a3 b3 · · ·
...

...
...

...
. . .



















(2)

then, the eigenvalues of the n-th truncation of the matrix J give us the set of nodes

{xj}nj=1 in Iσn(f) and the square of the first component of the eigenvector of unit length

corresponding to the eigenvalue xj yields the weight Aj , for j = 1, . . . , n. As seen, in a

Gaussian formula no freedom is left to fix some nodes in advance so that the remaining

nodes and weights can be chosen to produce quadrature formulas with similar features

to the Gaussian ones, that is, positive weights and exactly integrating polynomials with

as high degree as possible. This kind of quadratures which are of a great interest in the

construction of methods to numerically solve differential and integral equations, have been

studied in the last decades producing satisfactory results only in a few particular cases .

Thus, in the simplest situation when [a, b] is finite, say [a, b] = [−1, 1], quadrature formulas

with prescribed nodes at ±1 can be constructed and exhibiting similar characteristics to

the Gaussian ones. These are the so-called Gauss-Radau and Gauss-Lobatto formulas as
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summarized in the following (for a more general situation see the recent papers [7] and

[15]),

Theorem 2.2 Given the integral Iσ(f) in (1) and r, s ∈ {0, 1}, consider the n-point

quadrature rule:

Ir,sn (f) = rA+
n f(1) + sA−

n f(−1) +
n−r−s
∑

j=1

Ar,s
j f(xr,s

j ).

Then Ir,sn (P ) = Iσ(P ), for all P ∈ P2n−1−r−s, if and only if,

1. Ir,sn (P ) = Iσ(P ), for all P ∈ Pn−1 (that is, it is of interpolatory type).

2. The nodes {xr,s
j }n−r−s

j=1 are the zeros of any orthogonal polynomial of degree n− r−s

with respect to the weight function σr,s(x) = (1 − x)r(1 + x)sσ(x), x ∈ [−1, 1].

Furthermore, the weights A+
n , A

−

n and Ar,s
j for all j = 1, . . . , n − r − s are positive

and it holds that,

Ar,s
j =

Ãr,s
j

(1− xr,s
j )r(1 + xr,s

j )s
, j = 1, . . . , n− r − s,

{Ãr,s
j }n−r−s

j=1 being the Christoffel numbers for σr,s.

Thus,

1. As r + s = 0, I0,0n is the n-point Gauss-formula.

2. As r + s = 1, I1,0n and I0,1n are the n-point Gauss-Radau formulas.

3. As r + s = 2, I1,1n is the n-point Gauss-Lobatto formula.

Sometimes, we will refer to these quadratures as Gauss-type formulas so that they can

be efficiently computed in terms of an eigenvalue problem involving Jacobi matrices.

Indeed, let J be the Jacobi matrix associated with the weight function σ, set the Darboux

transform σ̃(x) = (x− β)σ(x) with β ∈ R such that Qn(β) $= 0 for all n = 1, . . ., {Qk}∞k=0

being the sequence of orthonormal polynomials for σ and denote by J̃ the Jacobi matrix

associated with σ̃. Then, it holds that (see e.g. [4])

J̃ = UL + βI, (3)

where I denotes the unit matrix and J − βI = LU . That is, once we have obtained the

LU decomposition of the known matrix J −βI, (3) gives the Jacobi matrix J̃ associated

with σ̃.

When this is restricted to a finite section of the Jacobi matrix (2), it is equivalent

with the eigenvalue techniques proposed by Gautschi and Golub (see [21]-[22], [28] and
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also [7]). Indeed, if β ∈ {−1, 1} and we want β to be a node of the quadrature, then

we modify the last bn−1 and require that the corresponding Q̂n = Qn − b̂n−1Qn−1 has

a zero in β, which leads to b̂n−1 = Qn(β)/Qn−1(β). By changing bn−1 into bn−1 + b̂n−1

we get a modified truncated Jacobi matrix Ĵn which will deliver the nodes and weights

of the Gauss-Radau formula like in the Gauss case. Similarly, one may consider Q̂n =

Qn − b̂n−1Qn−1 − ân−1Qn−2 and solve for ân−1 and b̂n−1 by requiring that Q̂n−1(±1) = 0,

which leads to the system

(

Qn−1(1) Qn−2(1)

Qn−1(−1) Qn−2(−1)

)(

b̂n−1

ân−1

)

=

(

Qn(1)

Qn(−1)

)

.

Modifying the truncated Jacobi matrix by replacing (bn−1, an−1) with (bn−1+ b̂n−1, an−1+

ân−1) gives a matrix Ĵn that provides the nodes and weights of the Gauss-Lobatto formula

through its eigenvalue decomposition as in the classical Gauss case.

3 Integration of periodic functions

Suppose now we are concerned with the approximate calculation of the integral,

Iω(g) =

∫ π

−π

g(θ)ω(θ)dθ,

g and ω being 2π-periodic functions and ω a weight function on [−π, π]. Without loss of

generality we will assume the normalization
∫ π

−π ω(θ)dθ = 1. For this purpose, we will use

an n-point quadrature rule like,

Iωn (g) =
n

∑

j=1

λjg(θj), {θj}
n
j=1 ⊂ (−π, π], θj $= θk if j $= k,

but now imposing that Iωn (T ) = Iω(T ), for any trigonometric polynomial T (θ) =
∑N

k=0(ak cos kθ+

bk sin kθ) with as high degree N as possible. In this respect, it is known that N ≤ n− 1

(see [36, pp. 73-74]) and that the case N = n − 1 gives rise to the quadrature formulas

with the maximum trigonometric degree of precision which come characterized in terms

of the so-called bi-orthogonal systems of trigonometric polynomials associated with ω (see

[18] or [44] for further details). Alternatively, taking into account that any 2π-periodic

function on R can be viewed as a function defined on the unit circle T = {z ∈ C : |z| = 1}

we could write,

Iω(g) =

∫ π

−π

g(eiθ)ω(θ)dθ,

to be approximated by,

Iωn (g) =
n

∑

j=1

λjf(zj), {zj}
n
j=1 ⊂ T, zj $= zk if j $= k, (4)
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such that

Iωn (L) = Iω(L), for all L ∈ Λ−(n−1),n−1, (5)

where for p and q are integers with p ≤ q, Λp,q = span{zk : p ≤ k ≤ q} and Λ =

span{zk : k ∈ Z}. Here the functions in Λ are called Laurent polynomials so that if

T (θ) is a trigonometric polynomial of degree m then one can write T (θ) = L(eiθ) with

L ∈ Λ−(m−1),m−1. Moreover, for an ordinary polynomial Pn(z) of exact degree n, we

define its reverse or reciprocal as P ∗

n(z) = znPn (1/z̄). Concerning the construction and

characterization of the quadrature rule (4) satisfying (5) one has the following (see [35]

and [27]),

Theorem 3.1 Set Iω(g) =
∫ π

−π g(e
iθ)ω(θ)dθ, Iωn (g) =

∑n
j=1 λjg(zj) with zj ∈ T, j =

1, . . . , n and let {ϕk}∞k=0 be the sequence of orthonormal (Szegő) polynomials for ω. Then

Iωn (g) = Iω(g), for all g ∈ Λ−(n−1),n−1, if and only if,

1. {zj}nj=1 are the zeros of Bn(z, τn) = ϕn(z) + τnϕ∗

n(z) for some τn ∈ T,

2. λj =

(

n−1
∑

k=0

|ϕk(zj)|
2

)−1

> 0, for all j = 1, . . . , n.

Iωn (g) as given in Theorem 3.1 is called an n-point Szegő quadrature rule (see [35])

and represents the analog on the unit circle of the Gaussian formulas.

Szegő formulas are also optimal in the sense that there can not exist an n-point quadra-

ture formula with nodes on T exactly integrating any Laurent polynomial either in Λ−n,n−1

or in Λ−(n−1),n. However, as mentioned in [46, Section 12], it can be proved that an n-

point Szegő formula is exact in Ln ⊂ Λ such that dim(Ln) = 2n and Λ−(n−1),n−1 ⊂ Ln (see

[38]). Unlike the Gaussian rules, Szegő formulas are not uniquely determined because of

the presence of the arbitrary parameter τn ∈ T. Thus, given zα ∈ T, one can take τ̃n ∈ T

such that Bn(zα, τ̃n) = 0 where Bn(z, τ̃n) = ϕn(z) + τ̃nϕ∗

n(z). Hence, τ̃n = −ϕn(zα)
ϕ∗
n(zα)

∈ T

provides an n-point Szegő quadrature formula with a fixed node zα ∈ T in advance and

called a Szegő-Radau quadrature rule.

On the other hand, if ρn(z) denotes the monic Szegő polynomial of degree n, one can

write (up to a multiplicative factor)

Bn(z, τn) = ρn(z) + τnρ
∗

n(z).

Now, from the recurrence relation for {ρk}∞k=0 (see [25], [29], [45, Theorem 11.4.2] or [41,

Theorem 1.5.2]),

(

ρk+1(z)

ρ∗k+1(z)

)

=

(

z δk+1

δk+1z 1

)(

ρk(z)

ρ∗k(z)

)

, k = 0, 1, . . . , (6)
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with ρ0(z) = ρ∗0(z) = 1, δ0 = 1 and δk = ρk(0) ∈ D for all k ≥ 1 (Verblunsky parameters1),

then for τn ∈ T it follows that,

Bn(z, τn) = ρn(z) + τnρ
∗

n(z) = Cn[zρn−1(z) + τ̃nρ
∗

n−1(z)], Cn $= 0 and τ̃n ∈ T.

Thus, to generate an n-point Szegő formula, we take τn ∈ T and consider the zeros

of Bn(z, τn) that essentially depends on the parameters δ0, δ1, . . . , δn−1 and τn. More

precisely, define the matrix

Hn(τn) = D−1/2
n



















−δ1 −δ2 · · · −δn−1 −τn

σ2
1 −δ1δ2 · · · −δ1δn−1 −δ1τn

0 σ2
2 · · · δ2δn−1 −δ2τn

...
...

. . .
...

...

0 0 · · · σ2
n−1 −δn−1τn



















D1/2
n , (7)

where σk =
√

1− |δk|2 ∈ (0, 1], k = 1, 2, . . . n and Dn = diag[γ0, . . . , γn−1] ∈ Rn×n with

γ0 = 1, γk = γk−1σ2
k > 0, k = 1, . . . , n − 1 and τn ∈ T. Under these conditions one has

([30]-[31]),

Theorem 3.2 Hn(τ) given in (7) is an unreduced unitary upper Hessenberg matrix for

all τ ∈ T, so that its eigenvalues {zj}nj=1 which are distinct and of unit magnitude are the

zeros of Bn(z, τ) = ρn(z) + τρ∗n(z) or equivalently, the nodes of the n-point Szegő formula

for the parameter τ . Furthermore, the square of the first component of the eigenvector of

unit length associated with zj yields the weight λj.

Finally, in a similar way as done when dealing with the estimation of
∫ +1
−1 f(x)σ(x)dx

so that the points ±1 are taken as nodes in a quadrature formula (Gauss-Lobatto rule),

suppose zα and zβ on T such that zα $= zβ and take n > 2. Then (see [5], [34]) there exist

(and they can be easily computed) complex numbers δ̃n+1 ∈ D and τ̃n ∈ T such that zα

and zβ are zeros of

B̃n(z) = zρ̃n−1(z) + τ̃nρ̃
∗

n−1(z) with ρ̃∗n−1(z) = zρn−2(z) + δ̃n−1ρ
∗

n−2(z). (8)

Thus, if we denote by z1, . . . , zn−2, zα and zβ the zeros of B̃n(z) we have that zj ∈ T,

zj $= zk if j $= k and zj /∈ {zα, zβ}, 1 ≤ j, k ≤ n − 2. Furthermore, there exist positive

weights A,B and λj, j = 1, . . . n− 2 such that,

Ĩωn (g) = Ag(zα) + Bg(zβ) +
n−2
∑

j=1

λjg(zj) = Iω(g), for all g ∈ Λ−(n−2),n−2. (9)

1There are at least four other terms: Szegő, reflection, Schur and Geronimus parameters, see [41,

Chapter 1.5].
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Ĩωn (g) in (9), and that could be incidentally exact in Λ−(n−1),n−1, provided that δ̃n−1 = δn−1,

is called an n-point Szegő-Lobatto formula for ω with prescribed nodes zα and zβ.

Szegő, Szegő-Radau and Szegő-Lobatto formulas will be sometimes referred as Szegő-

type quadrature rules whose computation is the aim of this paper, under some special

conditions on the weight ω as described on the next section.

4 Symmetric weight functions

In this section we will be concerned with Szegő-type rules associated with a symmetric

weight function ω on [−π, π], that is, ω(−θ) = ω(θ), θ ∈ [−π, π]. Setting (trigonometric

moments)

µk =

∫ π

−π

e−ikθω(θ)dθ, k = 0,±1,±2, . . . (10)

(recall that we are assuming that µ0 = 1) and considering the sequence {δk}∞k=0 of Verblun-

sky parameters, then it follows,

Lemma 4.1 The following statements are all equivalent:

1. ω is a symmetric weight function on [−π, π].

2. The Toeplitz matrices associated with ω are symmetric, i.e. µ−k = µk for all k ∈ Z.

3. The trigonometric moments are real, i.e. µk ∈ R for all k ∈ Z.

4. The Verblunsky parameters δk lie in (−1, 1) for all k ≥ 1.

As for the quadratures, it will be convenient to give the following

Definition 4.2 Let ω be a symmetric weight function on [−π, π]. Then, an n-point Szegő

formula Iωn (g) =
∑n

j=1 λjg(zj) for Iω(g) is said to be symmetric if the nodes are real or

appear on T in complex conjugate pairs.

Now we are concerned with the characterization and computation of symmetric Szegő

formulas, if there exist. For this purpose, from Lemma 4.1 it should be taken into account

that the sequence of monic Szegő polynomials {ρk}∞k=0 has real coefficients and hence, it

holds that (see e.g. [6]):

Proposition 4.3 Let ω be a symmetric weight function on [−π, π]. Then,

1. An n-point Szegő formula Iωn (g) =
∑n

j=1 λjg(zj) generated by Bn(z, τn) = ρn(z) +

τnρ∗n(z) is symmetric, if and only if, τn ∈ {±1}.

2. Let Iωn (g) =
∑n

j=1 λjg(zj) be an n-point Szegő formula for Iω(g) and suppose that

zj = zk for some j and k, 1 ≤ j, k ≤ n. Then, λj = λk.
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From Proposition 4.3, we see that when dealing with symmetric rules, their computation

essentially reduces to one half. In this respect, computation will be carried out by passing

to the interval [-1,1] having in mind the following,

Proposition 4.4 ω is a symmetric weight function on [−π, π], if and only if, there exists

a weight function σ on [−1, 1] such that ω(θ) = σ(cos θ)| sin θ|. Furthermore, it holds
∫ +1

−1

f(x)σ(x)dx =
1

2

∫ π

−π

g(eiθ)ω(θ)dθ, g(eiθ) = f

(

eiθ + e−iθ

2

)

.

A connection between quadrature formulas for ω and σ on [−π, π] and [−1, 1] respectively

is shown in the following (see [6] and also [17]):

Proposition 4.5 Take r, s ∈ {0, 1} and consider n − r − s distinct nodes {xr,s
j }n−r−s

j=1

on (−1, 1) along with the n real numbers Ar,s
+ , Ar,s

−
and {Ar,s

j }n−r−s
j=1 . Set xr,s

j = cos θr,sj ,

θr,sj ∈ (0, π) and define zr,sj = eiθ
r,s

j , zr,sn−r−s+j = zr,sj and λr,s
j = λr,s

n+j−r−s = Ar,s
j , 1 ≤ j ≤

n− r − s. Then, the following statements are equivalent:

1. Iσn;(r,s)(f) = rAr,s
+ f(1) + sAr,s

−
f(−1) +

∑n−r−s
j=1 Ar,s

j f(xr,s
j ) = Iσ(f), for all f ∈ PN .

2. Iω2n−r−s(g) = 2[rAr,s
+ g(1) + sAr,s

−
g(−1)] +

∑2(n−r−s)
j=1 λr,s

j g(zr,sj ) = Iω(g), for all g ∈

Λ−N,N .

Now, from Theorem 2.2 one sees that as N = 2n− 1− r − s the following results in:

a) As r = s = 0, then N = 2n−1 and therefore Iσn;(0,0)(f) =
∑n

j=1A
0,0
j f(x0,0

j ) coincides

with the n-point Gaussian formula for σ yielding the following 2n-point quadrature

rule for ω:

Iω2n(g) =
2n
∑

j=1

λ0,0
j g(z0,0j ) = Iω(g), for all g ∈ Λ−(2n−1),2n−1,

which is clearly a 2n-point symmetric Szegő rule. Hence, the nodes {z0,0j }2nj=1 are the

zeros of B2n(z, τ2n) = ρ2n(z) + τ2nρ∗2n(z) with τ2n ∈ {±1}. Since ρ2n(−1) = ρ∗2n(−1)

it follows that τ2n = 1 i.e. {z0,0j }2nj=1 are the zeros of B2n(z, 1) = ρ2n(z) + ρ∗2n(z). In

short, we have:

z0,0j = x0,0
j + i

√

1− (x0,0
j )2 and λ0,0

j = A0,0
j for all j = 1, . . . n,

where {x0,0
j }nj=1 are the zeros of the n-th orthogonal polynomial for σ and {A0,0

j }nj=1

the corresponding Christoffel numbers of order n for σ.

b) As r = 1 and s = 0, then N = 2n− 2 and Iσn;(1,0)(f) = A1,0
+ f(1) +

∑n−1
j=1 A

1,0
j f(x1,0

j )

represents the n-point Gauss-Radau formula for σ with a fixed node at x = 1, giving

rise to the following (2n− 1)-point rule for ω:

Iω2n−1(g) = 2A1,0
+ g(1) +

n−1
∑

j=1

λ1,0
j [g(z1,0j ) + g(z1,0j )] = Iω(g), for all g ∈ Λ−(2n−2),2n−2.
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Hence, we have again a (2n − 1)-point symmetric Szegő formula for Iω(g) whose

nodes are the zeros of B2n−1(z,−1) = ρ2n−1(z)− ρ∗2n−1(z). Now it follows,

z1,0j = x1,0
j +i

√

1− (x1,0
j )2 and λ1,0

j = A1,0
j =

Ã1,0
j

1− x1,0
j

for all j = 1, . . . n−1, (11)

where {x1,0
j }n−1

j=1 are the zeros of the (n − 1)-orthogonal polynomial for σ1,0(x) =

(1−x)σ(x) and Ã1,0
j , j = 1, . . . , n−1 its corresponding Christoffel numbers of order

n− 1. Moreover, since I2n−1(1) = Iω(1) = 1 it follows,

A1,0
+ =

1

2
−

n−1
∑

j=1

λ1,0
j .

c) As r = 0, s = 1, then N = 2n − 2 and similarly to the previous case, Iσn;(0,1)(f) =

A0,1
−
f(1) +

∑n−1
j=1 λ

0,1
j f(x0,1

j ) represents the n-point Gauss-Radau formula for σ with

a fixed node at x = −1 and yielding

Iω2n−1(g) = 2A0,1
−
g(−1) +

n−1
∑

j=1

λ0,1
j [g(z0,1j ) + g(z0,1j )] = Iω(g), for all g ∈ Λ−(2n−2),2n−2,

that represents a (2n−1)-point symmetric Szegő formula for Iω(g) whose nodes are

the zeros B2n−1(z, 1) = ρ2n−1(z) + ρ∗2n−1(z). Again, we have:

z0,1j = x0,1
j + i

√

1− (x0,1
j )2 and λ0,1

j = A0,1
j =

Ã0,1
j

1 + x0,1
j

for all j = 1, . . . n− 1,

where {x0,1
j }n−1

j=1 are the zeros of the (n− 1)-th orthogonal polynomial for σ0,1(x) =

(1+x)σ(x) and Ã0,1
j , j = 1, . . . , n−1 its corresponding Christoffel numbers of order

n− 1. In a similar way,

A1,0
−

=
1

2
−

n−1
∑

j=1

λ0,1
j .

d) As r = s = 1, then N = 2n− 3 and we see that Iσn;(1,1)(f) = A1,1
+ f(1)+A1,1

−
f(−1)+

∑n−2
j=1 A

1,1
j f(x1,1

j ) represents the n-point Gauss-Lobatto formula for Iσ(f) and giving

rise to the following quadrature rule for Iω(g):

Iω2n−2(g) = 2[A1,1
+ g(1) + A1,1

−
g(−1)] +

n−2
∑

j=1

λ1,1
j [g(z1,1j ) + g(z1,1j )].

Since Iω2n−2(g) = Iω(g), for all g ∈ Λ−(2n−3),2n−3, we see that it represents again a

(2n−2)-point symmetric Szegő formula and its nodes are the zeros ofB2n−2(z,−1) =

ρ2n−2(z)− ρ∗2n−2(z). Now,

z1,1j = x1,1
j + i

√

1− (x1,1
j )2 and λ1,1

j = A1,1
j =

Ã1,1
j

1− (x1,1
j )2

for all j = 1, . . . n− 2,
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where {x1,1
j }n−2

j=1 are the zeros of the (n− 2)-th orthogonal polynomial for σ1,1(x) =

(1 − x2)σ(x) and Ã1,1
j , j = 1, . . . , n − 2 the corresponding Christoffel numbers of

order n−2. As for the remaining weights A1,1
+ and A1,1

−
since the quadrature formula

exactly integrates g(z) = 1 and g(z) = z, it follows a system of two equations in the

unknowns A1,1
+ and A1,1

−
which can be explicitly solved, yielding

2A1,1
+ =

1− µ−1

2
−

n−2
∑

j=1

λ1,1
j

(

1− )(z1,1j )
)

and 2A1,1
−

=
1 + µ−1

2
−

n−2
∑

j=1

λ1,1
j

(

1 + )(z1,1j )
)

.

As a conclusion, we can say that when dealing with a symmetric weight function ω on

[−π, π] the computation of any n-point symmetric Szegő rule reduces to an eigenvalue

problem for a Jacobi matrix of dimension E[n/2] associated with the weight functions

σr,s(x) = (1 − x)r(1 + x)sσ(x) on [−1, 1], where E[x] denotes the integer part of x, and

r, s ∈ {0, 1} while σ is such that ω(θ) = σ(cos θ)| sin θ|.

Finally, let us analyze the computation of a symmetric Szegő-Lobatto formula, if there

exists, when ω is symmetric and we have fixed in advance two nodes on T, say zα and

zβ which are complex conjugate. As already seen, for n > 2 there exist positive numbers

A, B and λj, j = 1, . . . , n − 2 along with n − 2 distinct nodes z1, . . . , zn on T such that

zj /∈ {zα, zβ}, j = 1, . . . , n− 2 and so that

Ĩωn (g) = Ag(zα)+Bg(zβ)+
n−2
∑

j=1

λjg(zj) = Iω(g), for all g ∈ Λ−(n−2),n−2 (Szegő-Lobatto formula).

(12)

In this case and as shown in [34], the parameter δ̃n−1 in formula (8) can be taken real, i.e.

δ̃n−1 ∈ (−1, 1) so that τ̃n ∈ {±1}. Hence, the Szegő-Lobatto formula (12) is symmetric.

Actually (12) is an n-point symmetric Szegő formula for a new symmetric weight func-

tion ω̃(θ) whose first n − 1 Verblunsky parameters are δ1, . . . , δn−2 and δ̃n−1. Therefore,

computation reduces to the first situation but now replacing ω(θ) by ω̃(θ) and σ(x) by

σ̃(x) such that ω̃(θ) = σ̃(cos(θ))| sin(θ)|.

For instance, once fixed zα and zβ on T such that zβ = zα, suppose n even, say n = 2m

and set xα = )(zα). Since in formula (8), δ̃n−1 is real and τ̃n ∈ {±1}, suppose that τ̃n = 1

i.e. the nodes of Ĩω2m(g) given by (12) are the zeros of B̃2m(z) = B̃2m(z, 1) = zρ2m−1(z) +

ρ̃∗2m−1(z) which are real or appear in complex conjugate pairs. Since B̃2m(±1) $= 0, we

can write,

Ĩω2m(g) = A[g(zα) + g(zα)] +
m−1
∑

j=1

λj[g(zj) + g(zj)].

Setting xj = )(zj), j = 1, . . . , m−1 we see that xα, x1, . . . , xm−1 are the zeros of the m-th

orthogonal polynomial for σ̃(x) and A,λ1, . . . ,λm−1 the corresponding Christoffel numbers

of order m. Furthermore, since in this case we know that xα = )(zα) is an eigenvalue of
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the Jacobi matrix, a deflation method could be conveniently used, having in mind that

A = 1
2−

∑m−1
j=1 λj . The other three remaining cases, that is, n even and τ̃n = −1 and n odd

and τ̃n = ±1 can be treated in a similar way. In short, the computation of the symmetric

Szegő-Lobatto formulas leads to the computation of the Gauss-type quadrature rules

associated with the new weight function σ̃(x) such that ω̃(θ) = σ̃(cos θ)| sin θ|, θ ∈ [−π, π].

5 The connection with Jacobi matrices

As seen in the previous section, given a symmetric weight function ω on [−π, π], we

can compute its Szegő-type quadrature formulas in terms of the Gauss-type rules for a

weight function σ on [−1, 1] such that ω(θ) = σ(cos θ)| sin θ| so that to carry on an efficient

computation we need the corresponding Jacobi matrices associated with σ. However, the

initial available information that we have on the weight function ω are its trigonometric

moments (10) and only in very few cases the Szegő polynomials are explicitly known. Here

it should be recalled that the basic information to compute Szegő quadrature formulas

are the Verblunsky parameters, δ0 = 1 and δk = ρk(0) for all k = 1, 2, . . .. Thus, starting

from the trigonometric moments, the Verblunsky parameters can be efficiently computed

by means of Levinson algorithm, consisting in the implementation of the Szegő recurrence

(6) (see [37]). An alternative procedure called split Levinson algorithm was derived in

[19] when ω is symmetric. Indeed, the latter routine computes the corresponding para-

orthogonal polynomials Bn(z,±1) (and hence, the Verblunsky parameters) with half the

work of the computation saved. Also, a well known map from trigonometric moments to

Verblunsky coefficients is Schur’s algorithm (see e.g. [33]). Now the question is: given

the Verblunsky parameters {δk}∞k=0 for ω, how can the Jacobi matrix for σ be computed?

The answer can be found in the so-called Geronimus relations (see [24]).

Theorem 5.1 Let ω be a symmetric weight function on [−π, π] and σ the weight function

on [−1, 1] related to ω by ω(θ) = σ(cos θ)| sin θ|. Let {δk}∞k=0 be the sequence of Verblunsky

parameters for ω and {an}∞n=1 and {bn}∞n=0 be the coefficients of the Jacobi matrix (2) for

σ. Then, the following holds:

2an =
√

(1− δ2n)(1− δ22n−1)(1 + δ2n−2), n ≥ 1 and 2bn = δ2n−1(1−δ2n)−δ2n+1(1+δ2n), n ≥ 0.

(13)

Example 5.2 As an illustration of Theorem 5.1, let us consider the weight function ω

on [−π, π] associated with the Poisson Kernel, namely ω(θ) = |z+ γ|−2 where γ ∈ (−1, 1)

and z = eiθ. Since γ is real, ω is clearly an even function. In this case, it is well known

(see e.g. [45, Theorem 11.2]) that ρn(z) = zn−1(z + γ) for all n ≥ 1 and hence δ0 = 1,

δ1 = γ, and δk = 0 for all k ≥ 2. Thus, from (13) it results that,

a1 =
1

2

√

2(1− γ2), b0 = −γ b1 =
γ

2
, ak = 1 and bk = 0, for all k ≥ 2.
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In general, for our purposes the calculations can be arranged as follows. Suppose that

the Verblunsky parameters {δk}∞k=0 for the symmetric weight function ω on [−π, π] are

known and set

σr,s(x) = (1− x)r(1 + x)sσ(x), r, s ∈ {0, 1}, x ∈ [−1, 1],

where ω(θ) = σ(cos θ)| sin θ|.

Let J r,s denote the Jacobi matrix associated with σr,s(x). Thus, J 0,0 is the Jacobi ma-

trix for σ(x) whose entries are directly given by Theorem 5.1. Set the LU decomposition

J 0,0 = L0,0U0,0. Then, by (3) we have that J 1,0 = U0,0L0,0 + I and J 0,1 = U0,0L0,0 − I.

Finally, by considering the LU decomposition of J 1,0, that is J 1,0 = L1,0U1,0, then

J 1,1 = U1,0L1,0 − I. Once the Jacobi matrices J r,s have been determined, the computa-

tion of the symmetric Szegő-type quadratures for ω or equivalently the Gauss-type rules

for σ is a straightforward task.

However, as for the computation of the Jacobi matrices J r,s, with r, s ∈ {0, 1}, we

might also think of the following alternative approach. Indeed, for z = eiθ and r, s ∈ {0, 1},

set

ωr,s(θ) = σr,s(cos θ)| sin θ| = (1− cos θ)r(1 + cos θ)sω(θ) =
1

2r+s
|z + r|2|z + s|2ω(θ),

and consider the trigonometric moments µr,s
k =

∫ π

−π e
−ikθωr,s(θ)dθ. Then, it can be checked

for all k = 0, 1, . . . that

µr,s
k =

1

2r+s

{

[(r − s)2 + 1 + r2s2]µk + [s(1 + r2)− r(1 + s2)](µk−1 + µk+1)− rs(µk−2 + µk+2)
}

.

(14)

Thus, starting from the trigonometric moments µk for ω we can compute the moments

µr,s
k for ωr,s by (14) and then from here, making use of the Levinson´s algorithm, the

corresponding Verblunsky parameters δr,sk for ωr,s(θ) can be computed. Finally, from

Theorem 5.1 we deduce the Jacobi matrices J r,s. However, since the computations to

generate the coefficients δ1,0k or δ0,1k can not be stored, in general, to compute δ1,1k this

way seems to be much more expensive and longer. Even in the case where we dispose of

the Verblunsky parameters δ0,0k = δk, k = 0, 1, . . . for ω and although we can deduce an

explicit relation between the sequences {δk}∞0 and {δr,sk }∞0 with r, s ∈ {0, 1} (see [23]),

this process involves so many calculations that it does not seem advisable. For instance,

for all n ≥ 1 it holds that,

δ1,0n =
ρn+1(1)ρn(1)

knKn(1, 1)
− δn+1,

{ρk}∞k=0 being the sequence of monic Szegő polynomial for ω, kn = ‖ρn‖2ω =
∏n

j=1 (1− |δj |2)

and where Kn(x, y) denotes the reproducing kernel for Pn with respect to the inner prod-

uct induced by ω, that is

Kn(x, y) =
n

∑

j=0

ρj(x)ρj(y)

kj
.
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From the relation (see [41, pp. 57-58])

ρn(1) =
√

kn

n
∏

j=1

√

1 + δj
1− δj

, n ≥ 1,

an explicit connection between {δ1,0n }∞n=0 and {δn}∞n=0 can be stated.

6 Numerical experiments involving Rogers-Szegő polynomials

As it is known, most of the examples about symmetric weight functions ω on [−π, π]

considered in the literature directly arise from weight functions σ on [−1, 1] after making

the change of variable x = cos θ so that ω(θ) = σ(cos θ)| sin θ|. Thus, when some kind

of information on the weight function σ in terms of moments or Jacobi parameters is

available, the computation of the symmetric Szegő-type quadrature formulas for ω reduces

to the computation of the Gauss-type quadrature for σ and very little has to be done.

Hence, the interest appears when we have the usual available information on ω but little

or no information on σ, apart from the above connection between both weight functions.

This is the case of the symmetric weight function ω giving rise to the sequence of the so-

called Rogers-Szegő polynomials, which will be used to illustrate the approach presented

in the previous sections with some numerical experiments. This weight function is the

“wrapped” Gaussian measure given by

ω(θ) = ω(q; θ) =
1

√

2π log(1/q)

+∞
∑

j=−∞

exp

(

−(θ − 2πj)2

2 log(1/q)

)

, 0 < q < 1. (15)

Properties of Rogers-Szegő polynomials, the family of orthogonal polynomials on T

with respect to ω given by (15) have been recently studied; see e.g. [41, Chapter 1.6] and

its references along with [16]. In spite of the rather special shape of ω, it is surprising we

have explicit information about the familiar parameters characterizing ω. For instance,

the sequence of trigonometric moments is given by (see e.g. [41, Chapter 1.6]) µn = q
n
2

2

for all n ≥ 0 and the Verblunsky parameters by

δn = (−1)nq
n

2 , n = 0, 1, . . . . (16)

Even more, the family of monic Rogers-Szegő polynomials is explicitly given by

ρn(z) =
n

∑

j=0

(−1)n−j [nj ]q q
n−j

2 zj ,

where [nj ]q = (n)q
(j)q(n−j)q

(q-binomial coefficient) with (n)q = (1 − q)(1 − q2) · · · (1 − qn).

Observe that ω is clearly symmetric; hence there exists a weight function σ on [−1, 1] such

that ω(θ) = σ(cos θ)| sin θ|, but nothing is known about σ. The aim of this section is to
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perform some illustrative numerical experiments concerning the computation of symmetric

Szegő-type quadratures for ω given by (15) and making use of (16) along the results of

Section 5. These quadratures are of a great interest when dealing with the computation

of integrals of the form
∫

∞

−∞
f(x)e−γx2

dx, with γ > 0 and f a 2π-periodic function (see

[16]).

From (16) it follows that the Hessenberg matrices defined in (7) for the weight function

ω(θ) given by (15) have the form

Hn(τn) = D−1/2
n



















q1/2 −q · · · (−1)nq(n−1)/2 −τn

1− q q3/2 · · · (−1)n+1qn/2 q1/2τn

0 1− q2 · · · (−1)nq(n+1)/2 −qτn
...

...
. . .

...
...

0 0 · · · 1− qn−1 (−1)nq(n−1)/2τn



















D1/2
n ,

where Dn = diag[1, (1)q, (2)q, . . . , (n−1)q] and τn ∈ T. From Theorem 5.1, the coefficients

of the Jacobi matrices for σ(x) such that ω(θ) = σ(cos θ)| sin θ| are given by,

an =
1

2

√

(1− qn)(1− q2n−1)(1 + qn−1), n ≥ 1 and bn =
1

2
qn−

1

2

(

qn+1 + qn + q − 1
)

, n ≥ 0.

Thus, we can compute the nodes and weights of the corresponding n-point symmetric

Szegő rule for different values of n either via Hessenberg or via Jacobi matrices. A

comparison has been made concerning the computational time in seconds required in the

solution of both eigenvalue problems in MAPLE
! 9.52 with 30 digits by using an standard

routine and fixing q = 0.2 and τn = 1. The results are displayed on Table 1 and they

clearly show the advantage of Jacobi over Hessenberg. However, it should be recalled here

that a whole variety of practical eigenvalue computation algorithms for unitary Hessenberg

matrices has already been developed in the literature; see e.g. [2], [8]-[9], [20], [32] and

[43].

Finally, let us recall that Szegő rules depend on a parameter τ ∈ T so that when

τ = ±1, then symmetric formulas appear which can be efficiently computed via Jacobi

matrices. If we take τ ∈ T\{±1}, the corresponding Szegő formulas are not symmetric

anymore and its computation must be done by means of the Hessenberg matrices (7).

With an illustrative character, an estimation of the integral
∫ π
−π g(θ)ω(θ)dθ with ω(θ)

given by (15) has been made by using n-point Szegő formulas with different values of τ .

The absolute errors displayed in the tables below show that the symmetric rules (τ = 1)

produce similar results for the choices τ = ±i.

2MAPLE is a registered trademark of Waterloo Maple, Inc.
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n Jacobi Hessenberg

100 0.016 0.0234

200 0.047 2.969

300 0.172 11.281

400 0.454 30.45

500 0.937 81.828

600 1.73 172

Table 1.— A comparision in seconds for the computation of an n point symmetric

Szegő quadrature formula for the Rogers-Szegő weight function (15) with q = 0, 2 and

τn = 1, via Jacobi or Hessenberg matrices.

n τ = 1 τ = i τ = −i

6 7.8219774E − 03 6.0089760E − 03 6.0089760E − 03

8 1.1307038E − 03 7.9659815E − 05 7.9659815E − 04

10 1.2796254E − 04 8.2581333E − 05 8.2581333E − 05

12 1.07083165E − 05 6.3268992E − 06 6.3268992E − 06

Table 2.— A comparision of the absolute errors in the computation of an n point

Szegő quadrature formula for the Rogers-Szegő weight function (15) with q = 0, 9,

g(θ) = (cos θ)19 and different values of τ .
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[5] A. Bultheel, L. Daruis and P. González-Vera, Quadrature formulas on the unit circle

with prescribed nodes and maximal domain of validity, J. Comp. Appl. Math. 231(2) (2009)

948-963.
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Abstract

In this paper we comment on some recent research in the field of multivariate

polynomial interpolation with special emphasis in the influence of the relative po-

sition of the interpolation nodes to extend certain univariate techniques like simple

Lagrange formulae, Aitken–Neville formulae and Lebesgue constants.
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1 Introduction

Univariate polynomial interpolation is a classical subject, with a long history and a

rather complete theory. Its multivariate counterpart is much more complicated. Only

very isolated papers, although due to important mathematicians as Kronecker or Jacobi,

can be found before the beginning of the 20th Century.

Except for tensor product problems, which are obvious extensions of univariate prob-

lems, multivariate techniques have only been systematically considered in the second half

of the 20th century due to the development of computers. Another reason for the interest

of multivariate problems was the emergence of new mathematical methods, as finite ele-

ment methods for solving partial differential equations, cubature formulae, etc. Several

surveys on the history of the subject and its development have been written at the end

of the last century (cf. [24, 25]). The purpose of this paper is to point out some advances

in the field and show some new trends which have appeared in the last decade.

2 Constructing sets of nodes suitable for interpolation problems

The usual interpolating space in one variable is Pn(R) := {p ∈ P (R) : deg p ≤ n},

the space of polynomials of degree not greater than n. In contrast, there exist many
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different choices for subspaces of P (Rd), the space of polynomials in d variables, for solving

interpolation problems in the case d > 1, depending on the number and distribution of

the interpolation points (also called nodes). In fact, it is necessary for the existence

and uniqueness of the interpolant that the number of nodes equals the dimension of the

interpolating space. The most common interpolating space is the space

Pn(R
d) := {p ∈ P (Rd) : deg p ≤ n}

of polynomials of total degree less than or equal to n. Another subspace of polynomials,

specially used for rectangular grids, is the space

Pn1,...,nd
(Rd) := {p ∈ P (Rd) : degi p ≤ ni, i = 0, . . . , d}

where degi denotes the partial degree, that is, the degree with respect to the ith variable

xi. Generalizations of these approaches introducing polynomials whose directional degree,

that is, degree along certain directions, is prescribed have also been used [12].

A set of nodes X is said to be correct for an interpolating space S, if the Lagrange

interpolation problem on X has always a unique solution in S. An interpolating space S,

dimS = N , satisfies the Haar condition on a given domain D if any set of N nodes in D

is correct for S. There are many spaces which satisfy this condition in one variable, in

particular that of polynomials of degree not greater than N on any subinterval of the real

line. However, except for the trivial case of problems with only one interpolation point,

there exist no spaces in more than one variable satisfying the Haar condition on domains

D containing an open set. Therefore the fact that a set of nodes is correct depends on the

geometric distribution of the nodes. This is a remarkable difference with the univariate

case and provides one of the main research subjects in multivariate interpolation.

Chung and Yao [21] identified the Pn(Rd)-correct sets of nodes whose Lagrange poly-

nomials can be factored as products of first degree polynomials. This geometric condition

(usually called for brevity GC) describes distributions of nodes leading to simple Lagrange

formulae. A GCn-set X is a set with dimPn(Rd) nodes such that for each x ∈ X , there

exist n hyperplanes containing all nodes but x. Chung and Yao provided two important

examples of distributions of nodes satisfying their geometric condition: principal lattices

and natural lattices. The geometric characterization can be easily used to check whether a

given set is a GCn set but it provides no suggestion about how to construct such sets. One

of the research lines recently developed has focused on describing examples which gener-

alize those provided by Chung and Yao. For the sake of simplicity we restrict ourselves

to the bivariate case.

Principal lattices are distributions of points formed by the intersections of 3 pencils of

equidistant parallel lines, n+1 lines each, in such a way that any node is the intersection

of one line of each pencil. The standard example is the set of points (i/n, j/n) : 0 ≤
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i + j ≤ n, where (i/n, j/n) is the intersection of the lines x − i/n = 0, y − j/n = 0,

x+ y − (i+ j)/n = 0. Principal lattices were extended by Lee and Phillips to sets called

3-pencil lattices, allowing concurrent pencils of lines (parallel lines can be considered as

a particular case of concurrence at infinity).

Jaklič et al. [30] have used a barycentric form as a useful tool to extend three-

pencil lattices to triangulations covering polygonal domains. In this way, they construct

continuous piecewise polynomials interpolating Lagrange data, analyzing the degrees of

freedom in the selection of the nodes in each subtriangle. Multivariate extensions of these

results have also been considered recently by the same authors.

In the last decade, the authors [14, 15] have extended the Lee-Phillips construction

to lattices generated by cubic pencils. Cubic pencils are families of lines ax+ by + c = 0

whose coefficients satisfy a cubic equation. An addition in the set of nonsingular lines Λ∗

of a cubic pencil is introduced as a dualization of the addition of points of a cubic curve (a

common tool in algebraic geometry). Three lines sum up to 0 if and only if they meet at

a point which is not a vertex of the pencil. Usually the lines are parameterized in terms

of an isomorphic classical group G,

L : t ∈ G $→ L(t) ∈ Λ∗,

so that L(−t1−t2) is the line in Λ∗ concurrent with L(t1) and L(t2). For each t0, t1, t2 ∈ G

with t0 + t1 + t2 = 0 and h ∈ G, the set of points X = {xijk | i+ j + k = n}, where

{xijk} = L(t0 − (n− i)h) ∩ L(t1 + jh) ∩ L(t2 + kh), i+ j + k = n,

is a generalized principal lattice if the lines L(tr + ih), i = 0, . . . , n, r = 0, 1, 2, are all

distinct. This construction generalizes 3-pencil lattices. In fact, the product of the three

linear pencils arising in the Lee-Phillips construction form a cubic pencil of lines

As an example, we might consider the cubic pencil formed by all lines

L(t) ≡ y = tan(t/2)x− sin(t), t ∈ R/2πZ

tangent to a deltoid

x(t) = cos t(cos t + 1), y(t) = sin t(cos t− 1).

Here the parameter group is G = R/2πZ. Figure 1 below illustrates an example of this

construction. We observe that each of the three families L(tr + ih), i = 0, . . . , n, do not

belong to the same linear pencil, that is, they do not meet at a vertex.

An apparently more general situation was described in [14, 15] defining generalized

principal lattices as distributions of points obtained from the intersections of three families

of lines Lr
i , i = 0, . . . , n, r = 0, 1, 2, not necessarily related to a cubic pencil. Later on, it
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Figure 1.— A lattice generated by a cubic pencil

was proved in [20] that every bivariate generalized principal lattice can be obtained from

a cubic pencil of lines. Starting with a canonical classification of cubic curves, the authors

have classified in [16] all possible kinds of generalized principal lattices in two variables,

up to projectivities.

An extension of these ideas to more than 2 variables was obtained in [18], showing

some examples, and simultaneously pointing out the difficulties of getting a general con-

struction.

The Aitken-Neville algorithm in one variable provides the solution of an interpolation

problem of degree n on a set X of n + 1 nodes by linear interpolation of the solutions

of two subproblems of degree n − 1 on n points of X . Multivariate extensions of the

Aitken-Neville algorithm have been considered by several authors in the last half of the

20th century. In a recent paper [19] the relationship between multivariate Aitken-Neville

algorithms and generalized principal lattices has been studied. Aitken-Neville sets in

Rd were defined by Sauer and Xu [34] as distributions of points allowing a recursive

interpolation formula that constructs an interpolating polynomial of degree n on
(

n+d
d

)

nodes from the solutions of d + 1 problems of degree n − 1 with
(

n+d−1

d

)

data each.

The initial data provide the solutions of
(

n+d
d

)

problems of degree 0 (1 data each). We

construct with them the solutions of
(

n+d−1

d

)

problems of degree 1 (d+ 1 data each) and

so on, until getting the solution of the complete problem with
(

n+d
d

)

data. The scheme

extends the univariate Aitken-Neville algorithm. In [19] it has been shown that each

200



Aitken-Neville set satisfies the GC condition of Chung and Yao and that any generalized

principal lattice is an Aitken-Neville set. As a consequence, an interpolation problem on a

generalized principal lattice can be solved by an Aitken-Neville algorithm. Let us remark

that interpolation problems on generalized principal lattices can also be solved by the

Lagrange formula because they satisfy the GC condition.

In the plane, it has been proved in [19] that any Aitken-Neville set of degree n > 2 is

a generalized principal lattice. However there are Aitken-Neville sets of degree 2 which

are not generalized principal lattices.

Another approach to Aitken-Neville formulae for multivariate interpolation can be

found in [17], where extensions to Aitken-Neville formulae (in the sense that an interpolant

is obtained combining interpolants on smaller subsets of nodes) have been analyzed. The

recursion formulae for Aitken-Neville sets introduced by Sauer and Xu [34, 19] are ob-

tained as a consequence of the main result of [17], applied to the problem of obtaining an

interpolant in Pn(Rd) in terms of subinterpolants in Pn−1(Rd).

A natural lattice of degree n in Rd is the set of all points obtained intersecting d

hyperplanes among n + d hyperplanes in general position in Rd. The number of such

intersections is
(

n+d
d

)

= dimPn(Rd). Natural lattices are adequate for total degree inter-

polation of degree n in Rd because they satisfy the GCn condition. In the bivariate case,

a natural lattice is the set of pairwise intersections among n+ 2 lines in general position.

In one variable, Hermite problems can be seen as a limit case of Lagrange problems

when nodes coalesce. Analogously, in [11], we have analyzed interpolation problems de-

fined in the set of intersections of n + 2 distinct lines in any position, allowing multiple

concurrences of lines at a point or parallel lines. This general situation gives rise to Her-

mite problems on subspaces of Pn(R2) consisting of polynomials whose degree diminishes

along directions corresponding to parallel or coincident lines among the lines defining the

lattice.

The search of new distributions of interpolation nodes which form a correct set on a

certain space of polynomials is a natural question in multivariate polynomial interpolation.

In the last years, Bojanov and Xu [3] have studied bivariate Hermite problems, where the

interpolant matches prescribed data consisting of function values and consecutive normal

derivatives on a set of points placed on several circles centered at the origin. Lagrange

interpolation is a particular case. For a given integer n, the interpolation nodes are the

intersection points of 2[n+1

2
] + 1 rays from the origin with a set of concentric circles (here

[m] means the integer part of m). The circles can be repeated and, in this case, successive

radial derivatives are provided as interpolation data. In [3] the number of circles, counting

multiplicities, is [n
2
] + 1. So, the total number of interpolation data is the dimension of

Pn(R2) and, if the rays are equidistant (i.e. the nodes on each circle are equidistant), the

set of nodes is correct for Pn(R2). The poisedness holds if the circles freely rotate. In
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particular, Bojanov and Xu rediscovered in [3] a nice star-shaped example of a natural

lattice, previously obtained by Hakopian [26].

Later on Bojanov and Xu [4] considered nonconcentric circles and Hakopian and Ismail

[27] have extended the analysis to conic sections. Hakopian and Khalaf [28] have continued

this work, proving that the poisedness of the data for the Bojanov-Xu problem [3] is

equivalent to the unisolvence of certain 2[n+1

2
] + 1 dimensional Lagrange interpolation

problems. As a consequence, they prove that the Bojanov-Xu problem is poised not only

for equidistant rays, but for a wide family of sets of rays satisfying some simple conditions.

3 Some conjectures on distributions of nodes suitable for interpolation prob-

lems

Gasca and Maeztu [22] considered interpolation nodes in R2 defined as intersections

of lines and provided a method of constructing poised Lagrange and Hermite interpola-

tion problems on apropriate subspaces of polynomials. The novelties of their approach

consisted, on the one hand, in allowing multiple concurrences of lines (giving rise to deriva-

tives as interpolation data) and, on the other hand, in solving the problem by means of a

recurrence with a simple Newton-like formula. An extension to more than two variables

was also suggested in that paper.

The simplest case arises when n+ 1 nodes lie on a line l0, n nodes on another line l1,

none of them lying on l0, n−1 points on another line l2, none of them lying on l0∪ l1, and

so on. Then the Lagrange interpolation problem on these nodes is poised in the space

Pn(R2). This distribution of points has been rediscovered several times in the literature,

apparently the first times by Berzolari [2] and much later by Radon [32]. Recently it has

been referred to as the Berzolari-Radon distribution of points.

The Lagrange problem on the Berzolari-Radon distribution leads to a triangular sys-

tem of equations and can be solved by a Newton formula. Obviously, not any lattice of

this type verifies the geometric condition (GC) of Chung and Yao. On the one hand, the

Berzolari-Radon lattices are straightforward to construct, and the corresponding inter-

polation problem can be solved with a simple Newton formula. On the other hand, for

any given set of points in the plane, the geometric characterization can be checked and

leads to a simple explicit Lagrange formula as mentioned in Section 2. However, the class

of GC sets is not completely known. Some particular constructions like natural lattices,

principal lattices and their generalizations are often used but other instances of GC sets

are not so easy to construct and describe. It is a remarkable fact that all known GC sets

are particular cases of the Berzolari-Radon construction.

A natural question arising in this context is whether or not any planar GC set is a

Berzolari-Radon set. Bézout Theorem implies that no line of the plane can contain more
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that n+1 nodes of a set correct for Pn(R2). A conjecture launched in [22], known presently

as the GM conjecture, states that, if X is a planar GC set of order n, then n+1 points of

X are collinear. It is easy to see that, if a planar GCn set has n+1 collinear points, then

the set obtained removing those points is a GCn−1 set. Hence, if the GM conjecture is

true, it can be shown by induction that any planar GC set of order n is a Berzolari-Radon

set of order n. This is the reason why the GM conjecture has atracted much attention

in the last twenty years. In spite of the relevance of the consequences of the geometric

condition, the GM conjecture has only been proved up to degree n = 4 (see, for instance

[10, 29]). However no counterexample has been found. The conjecture was reinforced in

[13], where the authors proved that, if the GM conjecture holds for any degree, then there

exist at least 3 lines containing n + 1 nodes of any planar GCn set. The existence of at

least 3 lines containing n + 1 nodes has been considered as a new conjecture, known as

the CG conjecture, equivalent to the GM conjecture for points in the plane.

A multivariate version of the GM conjecture in Rd (the GMd conjecture) was stated

recently by de Boor [8]: there exist always a maximal hyperplane for any GCn set in Rd.

A maximal hyperplane for a Pn(Rd)-correct set X is any hyperplane containing exactly
(

n+d−1

d−1

)

nodes. The name maximal is based on the fact that no hyperplane can contain

more than
(

n+d−1

d−1

)

nodes. The same author also launched a multivariate version of the

CG conjecture: there exist at least d+1 maximal hyperplanes for any GCn set in Rd. This

conjecture was disproved in [8], where a GC2 set in R3 with only 3 maximal hyperplanes

was described. This counterexample does not disprove the GMd conjecture nor the planar

CG conjecture. The search of new approaches to the GM conjecture by Hakopian, Jetter

and Zimmerman has stimulated recent research on the number of maximal hyperplanes

in multivariate GC sets. In a recent paper [1], it is shown that the GM conjecture holds

for trivariate GC2 sets.

4 The search of good interpolation nodes

The Lebesgue constant

Λn = max
x∈[a,b]

n
∑

i=0

∏

j $=i

|x− xn
j |

|xn
i − xn

j |

is the norm of the interpolation operator L : C[a, b] → C[a, b] associated to the Lagrange

interpolation problem at nodes xn
0 < · · · < xn

n in [a, b] and measures in some sense the

condition and stability of the interpolation process. By the Erdös-Brutman Theorem

Λn >
2

π
log n+ 0.5212

for any set of nodes xn
0 < · · · < xn

n in [a, b]. This implies that Λn must diverge as n → ∞,

independently of the choice of nodes. The search of points for interpolation in Pn with
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least possible Lebesgue constant is an interesting question without an explicit solution.

The zeros of the Chebyshev polynomials are called the Chebyshev nodes and they are

almost optimal in [−1, 1], in the sense that the Lebesgue constant has an asymptotic

growth

Λn =
2

π
log n+O(1), n → ∞.

The advantange of the Chebyshev nodes is that they have a simple explicit formula

xn
i = − cos

(2i+ 1)π

2(n+ 1)
, i = 0, . . . , n.

Another important choice of nodes are the Chebyshev-Lobatto nodes

xn
k = − cos

kn

n
, k = 0, . . . , n.

In general, the Lebesgue constant is expected to be low for all distributions of points

xn
0 < · · · < xn

n in [−1, 1] which tend to be uniformly distributed when n → ∞ with

respect to the Dubiner metric

d(x1, x2) = | arccosx2 − arccosx1|.

In several variables, there is no clear candidate for almost optimal points for general

domains. In the last years, there have been new advances on the subject and new bivariate

distributions of points have been proposed for the square and the circle.

In order to avoid the discussion of the different cases arising in total degree interpo-

lation when the degree is even or odd, let us assume for the sake of simplicity that the

degree n = 2m is even. Let ξnk := cos(k/n) denote Chebyshev-Lobatto nodes. Y. Xu [35]

proposed the nodes

(x2i,2j+1, y2i,2j+1) := (ξ2m2i , ξ2m2j+1), i = 0, . . . , m, j = 0, . . .m− 1,

(x2i+1,2j , y2i,2j+1) := (ξ2m2i+1, ξ
2m
2j ), i = 0, . . . , m− 1, j = 0, . . . , m,

for interpolation on a subspace of P2m(R2) containing P2m−1(R2) on the square [−1, 1]2.

Other authors (Caliari, de Marchi and Vianello [9]) have proposed the “Padua points”

for total degree interpolation in P2m(R2)

(xi, yj), i = 0, . . . , 2m, j = 0, . . . , m,

where

xi = ξ2mi , i = 0, . . . , 2m,

and

yj :=

{

ξ2m+1
2j , if m is odd,

ξ2m+1
2j+1 , if m is even,

j = 0, . . . , m
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with lower Lebesgue constant than the Xu points. Other bivariate and trivariate distribu-

tions of points with low Lebesgue constants have been proposed for the square, the circle

and other simple bivariate domains.

The Xu points are equally spaced in the Dubiner metric

d((x1, y1), (x2, y2)) = max(| arccosx2 − arccos x1|, | arccos y2 − arccos y1|).

A generalization of the Dubiner metric can be defined on any compact subset of Rn. A

conjecture stated in [9] says that: nearly optimal points for polynomial interpolation on

a compact set are asymptotically equidistributed with respect to the Dubiner metric. The

research on this subject is now very active and the reader is referred to recent papers by

Bos, Caliari, de Marchi, Vianello, Xu among others.

5 Multivariate divided differences

Univariate divided differences can be Êdefined in different ways: as the coefficients of

the Newton interpolation formula, as a certain linear functional vanishing on the space of

polynomials of a given degree and by a recurrence relation, among others. From any of

these definitions the other ones can be derived and also relevant properties in applications,

such as error formulae in numerical quadrature and relations with B-spline functions. The

extension of the concept to the multivariate case depends on the property that we want

to preserve. In other words, the way in which multivariate divided differences are defined

can lead to the loss of some common properties of the univariate ones. Generalizations

of the divided differences to several variables have been recently proposed by Rabut [31],

de Boor [7] and Sauer [33].

A general technique for multivariate polynomial interpolation on correct sets of points

is based on constructing extensions of the Newton formula. The Newton approach can be

described as the problem of constructing a basis of functions in the interpolation space

such that the interpolation conditions give rise to a linear system whose coefficient matrix

is lower triangular or block-lower triangular. Such a basis can be called a Newton basis.

The space of multivariate polynomials have a graded structure and in order to exploit it,

an additional condition for Newton bases of polynomials is usually required. The degree

of the polynomials of a Newton basis must be increasing (or increasing by blocks) in some

sense. So, extensions to the concept of degree might be necessary for deriving Newton

formulae in more general situations. Most concepts of multivariate divided differences

can be interpreted in terms of the construction of a suitable generalization of the Newton

formula.
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Abstract

In this expository paper we present a survey about asymptotic properties of

Sobolev type orthogonal polynomials with unbounded support.

Key words: Sobolev orthogonal polynomials, Relative asymptotics; Mehler–Heine

type formulas; zeros; Bessel functions.
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1 Introduction

The theory of orthogonal polynomials is a very interesting field in mathematics with

important applications to numerical analysis, physics, probability, and statistics among

other ones. Orthogonal polynomials are connected with topics like moment problems,

mechanical quadratures, continued fractions, spectral methods, quantum mechanics and

many other concepts.

Usually, in this theory, the orthogonality is considered with respect to a positive

linear functional defined on the linear space of polynomials or, according to the Riesz

representation theorem, with respect to a positive measure. Let µ be a finite positive

Borel measure supported on an interval I in the real line, we say that the sequence of

polynomials {Pn}n≥0 is a sequence of orthogonal polynomials (o.p.) with respect to either

the measure µ or the inner product (f, g) =
∫

I f gdµ if, for all n ≥ 0, degPn = n and

(i) (Pn, Pm) = 0 , n "= m ,

(ii) (Pn, Pn) > 0, n ≥ 0.
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Along the paper such a kind of inner products will be called standard inner products.

They have the following remarkable property: (xp, q) = (p, xq), for all polynomials p, q.

As a consequence, the corresponding standard orthogonal polynomials have nice proper-

ties such as the three–term recurrence relation, the summation formula, the interlacing

properties of the zeros, etc. From a numerical point of view, a useful consequence is that

a Gaussian mechanical quadrature formula has exact precision when we take as nodes the

zeros of appropriate standard o.p..

Nonstandard inner products have also been considered in the literature. In particular,

the so–called Sobolev inner products that are of the form

(f, g) =

∫

f gdµ0 +
r

∑

i=1

∫

f (i) g(i)dµi,

where {µi}ri=0 are finite positive Borel measures supported on the real line and the func-

tions f and g belong to the Sobolev space:

W 2,r(µ0, µ1, . . . , µr) := {f :

∫

|f |2dµ0 +
r

∑

i=1

∫

|f (i)|2dµi < +∞}.

Studied by the first time in the forties of the last century, the Sobolev orthogonal poly-

nomials have been object of an increasing interest, approximately, in the last 20 years.

Obviously, Sobolev inner products are nonstandard and therefore Sobolev o.p. loose the

“good” properties of the standard o.p. However, it is interesting to study these “strange”

polynomials that supply us with situations different from the standard ones: no three–

term recurrence relation, zeros out of the convex hull of the support of the orthogonality

measure including, some times, complex zeros, and so one.

Furthermore, some applications of the Sobolev orthogonality in the theory of standard

o.p. are known, for instance, classical polynomials (Jacobi or Laguerre polynomials) with

nonclassical parameters are not orthogonal in the usual sense but they are orthogonal

with respect to Sobolev inner products (see among others [1] or [17]) and also, Sobolev

o.p. in two real variables are solutions of some partial differential equations (see [9], [14],

[19] or [24]).

In this paper we are concerned with the so–called Sobolev type (or discrete Sobolev)

orthogonal polynomials, that is, polynomials orthogonal with respect to a Sobolev in-

ner product in which {µi}ri=1 are Dirac’s deltas or, in general, discrete measures. More

concretely, we consider an inner product of the form

(f, g) =

∫

f(x)g(x)dµ(x) +
r

∑

i=0

Mif
(i)(c)g(i)(c),

where µ is a finite positive Borel measure, c ∈ R and Mi ≥ 0 for i = 0, 1, ..., r. In the

sequel, we denote by {Qn,r}n≥0 the corresponding sequence of o.p. with the same leading

coefficient as the standard o.p. with respect to µ.
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More general products where cross–product terms appear in the discrete part (the

non–diagonal case) have also been studied. But, recently in [18] the authors prove that

every symmetric bilinear form can be reduced to a diagonal case, that is, an inner product

without cross–product terms.

In some sense, Sobolev type o.p. are not so far than the standard o.p. since there

is the possibility to transform the Sobolev type orthogonality into the standard quasi–

orthogonality. As a consequence, several properties of the standard o.p. are partially

recovered for the Sobolev type o.p.: they satisfy a 2r + 3 term recurrence relation (see,

[13]) and have partial interlacing properties of the zeros ([2]).

Since the polynomialQn,r is quasi–orthogonal of order r+1 with respect to the measure

µ it can be expressed as a linear combination (with a fixed number of terms: r + 2) of

standard orthogonal polynomials Rn corresponding to the modified measure (x−c)r+1dµ,

that is,

Qn,r(x) =
r+1
∑

j=0

ajnRn−j(x) . (1)

One of the topics in the theory is to compare the Sobolev type o.p. with the stan-

dard o.p. (with respect to µ) to investigate how the addition of the discrete part in the

inner product influences the orthogonal system. Many formal results are known for the

polynomials Qn,r: recurrence relation, differential formulas, location of zeros, and so on.

However, little is known about the asymptotic properties and most of the general results

have been obtained when the support of µ (suppµ) is a bounded set. For instance, in

[20], the authors assume that µ is a measure of bounded support for which the asymptotic

behaviour of the corresponding o.p. is known; the most relevant class of this type is the

Nevai class M(0, 1) of o.p. with appropriately converging recurrence coefficients. There,

the relative asymptotics is studied when the mass point c /∈ suppµ. The case c ∈ supp µ

has been considered in [22].

What happens is that in the bounded case, all the connexion coefficients ajn in (1) are

bounded and the orthogonal polynomials Rn have an adequate finite ratio asymptotics:

these two facts allow us to study each term of (1) separately, in order to get the relative

asymptotics for Qn,r (see [20] and [22] where this technique is developed). However, the

situation is quite different if we deal with the unbounded case because when we try to

obtain the relative asymptotics with the techniques used for the bounded case and we

take into account the ratio asymptotics for the polynomials Rn, we come across a serious

problem. Indeed, we find that the idea that each term of (1) has a finite limit could not

work now, in fact, as we will see later, for the Laguerre–Sobolev type o.p. each term of

(1) tends to infinity, all of them being the same order, but with an alternating sign.

The aim of this paper is to describe the current state of the asymptotic properties for

Sobolev type polynomials when suppµ is unbounded. Mainly we will analyze the case
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when µ is the Laguerre probability measure (dµ(x) = xαe−x

Γ(α+1)
dx with α > −1) and c = 0,

that is, the Laguerre–Sobolev o.p. This choice for c is due to the fact that the point x = 0

is a singularity of the differential equation satisfied by the classical Laguerre polynomials.

Therefore, we will deal with classical Laguerre polynomials, that is, polynomials or-

thogonal with respect to the inner product

(p, q) =
1

Γ(α + 1)

∫ ∞

0

p(x)q(x) xαe−x dx , α > −1.

in the space of all polynomials with real coefficients. We will denote by Lα
n the nth La-

guerre polynomial with (−1)n/n! as leading coefficient. Although many of the properties

of Laguerre polynomials can be seen, for example, in the books of Chihara [10] and Szegő

[23], we remind that the classical Laguerre polynomials with the normalization above

quoted are defined by

Lα
n(x) =

n
∑

k=0

(

n+ α

n− k

)

(−1)kxk

k!
,

and their derivatives satisfy

(Lα
n)

(k)(x) = (−1)kLα+k
n−k(x) . (2)

The evaluations at x = 0 of the polynomial Lα
n and its successive derivatives are given

by

(Lα
n)

(k)(0) =
(−1)k n!

(n− k)!

Γ(α + 1)

Γ(α + k + 1)
Lα
n(0) =

(−1)k

(n− k)!

Γ(n + α+ 1)

Γ(α + k + 1)
. (3)

¿From Perron’s formula in Szegő’s book [23], the following asymptotic results can be

deduced:
Lα
n−1(x)

Lα
n(x)

⇒ 1, x ∈ C \ [0,∞) , (4)

n1/2Lα
n(x)

Lα+1
n (x)

⇒
√
−x, x ∈ C \ [0,∞) . (5)

where the symbol fn(x) ⇒ f(x), x ∈ A , denotes that the sequence {fn} converges to f

uniformly on compact subsets of A.

Later on we will use the symbol f(x) ∼ g(x) (x → a) if lim
x→a

f(x)

g(x)
= 1.

2 Laguerre–Sobolev type polynomials

¿From now on {Qn,r}n≥0 denotes the sequence of polynomials orthogonal with respect

to an inner product of the form

(p, q)r =
1

Γ(α + 1)

∫ ∞

0

p(x)q(x) xαe−x dx+
r

∑

i=0

Mip
(i)(0)q(i)(0), (6)

212



where α > −1 and Mi > 0, i = 0, . . . , r, with leading coefficient (−1)n/n!. Notice that

all the masses in the discrete part are positive.

Observe that, in fact, (., .)r and Qn,r also depend on the parameter α but for simplicity

we have omitted it in the notations.

These families of o.p. were considered by the first time by Koekoek and Meijer (see,

among others, [15] and [16]) although no asymptotics were studied. The first asymptotic

results for Laguerre–Sobolev type o.p. appear in [8]: exterior asymptotics, asymptotics on

compact subsets of (0,+∞), exterior Plancherel–Rotach type asymptotics, Mehler–Heine

type formulas and convergence of their zeros are obtained, but only for r = 0 and r = 1.

Concerning the Mehler–Heine type formulas, with r = 1 and M0,M1 > 0 the authors

found a behaviour pattern and they established a conjecture. A survey including these

results can be seen in [21]. Some of these properties where proved for the non–diagonal

case with r = 1 in [6] and [7], and later on in [11].

In all these papers the basic tool was the algebraic expression

Qn,1(x) = B0(n)L
α
n(x) + B1(n)xL

α+2
n−1(x) + B2(n)x

2Lα+4
n−2(x)

where the coefficients Bi(n) were given explicitly in [16].

In a discrete Laguerre–Sobolev inner product with an arbitrary number of terms, the

problem is that we only have an algebraic expression given in [15], but not the explicit

expression of the coefficients Bi(n), of which we only know that they are a non trivial

solution of a system with r + 1 equations and r + 2 unknowns.

Asymptotic properties of Sobolev orthogonal polynomials with respect to a general

inner product as (6), that is, with an arbitrary number of masses, have been studied in [5]

where, in particular, the conjecture established in [8] is proved to be true. In the sequel

we summarize the results obtained there.

As we have already said, the interest lies in knowing the differences in the asymptotic

behaviour between the Laguerre polynomials and the Sobolev polynomials Qn,r. Intu-

itively one can imagine that these differences in the complex plane should be around the

perturbation of the standard inner product involved in the Sobolev inner product, that

is, around the origin and therefore we cannot expect that the addition of a finite number

of masses to the inner product produces a modification in the global behaviour of the

polynomials. A result which supports this intuition is Lemma 2 in [5] where it has been

proved:

Lemma 1 Let Qn,r be the polynomials orthogonal with respect to (6) with leading coeffi-

cients (−1)n/n!. Then the following statements hold:

(a) For 0 ≤ k ≤ r,

Q(k)
n,r(0) ∼

Cr,k

nα+2k+1
(Lα

n)
(k)(0),
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where Cr,k is a nonzero real number independent of n.

(b) For k ≥ r + 1,

Q(k)
n,r(0) ∼

k!

(k − (r + 1))!

Γ(α + k + 1)

Γ(α + r + k + 2)
(Lα

n)
(k)(0) .

(c)

(Qn,r, Qn,r)r ∼ ‖Lα
n‖

2 .

Remark 1. Observe that both Laguerre and Laguerre–Sobolev type polynomials have

asymptotically the same global size (from the point of view of the norm), while the size of

the successive derivatives at the point x = 0 is affected by the discrete part of the inner

product but only whenever the order of the derivatives corresponds to a positive mass.

Now we analyze two other asymptotics of the polynomials Qn,r: the relative asymp-

totics, which assures that both families Qn,r and Lα
n are identical asymptotically on com-

pact subsets of C\ [0,∞), and the so–called Mehler–Heine type formula which shows how

the presence of the masses in the inner product changes the asymptotic behaviour around

the origin.

As we have mentioned before, for a discrete Sobolev inner product when suppµ is

bounded, a tool to obtain some results is the relation between the Sobolev orthogonality

and the standard quasi–orthogonality.

Now, in our particular case, the sequence {Qn,r}n≥0 is quasi–orthogonal of order r+1

with respect to the Laguerre weight xα+r+1e−x, that is,
∫ +∞

0

p(x)Qn,r(x)x
α+r+1e−xdx = 0,

for every polynomial p with deg p ≤ n − (r + 1) − 1. Therefore, we have a connexion

formula of the form

Qn,r(x) =
r+1
∑

j=0

ajn,rL
α+r+1
n−j (x) , a0n,r = 1. (7)

In order to deduce properties of Qnr it is convenient to know the size of the connexion

coefficients ajn,r. In [5], it has been introduced a fruitful and new technique which leads

to determine their asymptotic behaviour.

Using (7), it can be obtained a new algebraic expression which relates Q(k+1)
n,r (0)

(Lα
n)

(k+1)(0)
to

Q(k)
n,r(0)

(Lα
n)

(k)(0)
(see [5, Lemma 3]) and allows to prove:

Theorem 1 Let ajn,r be the connexion coefficients which appear in (7). Then, we have

lim
n

ajn,r = (−1)j
(

r + 1

j

)

, 0 ≤ j ≤ r + 1 . (8)

214



As a token of the interest of this result we use it to deduce an asymptotics of the

Laguerre–Sobolev polynomials on compact subsets of (0,+∞).

Proposition 1 The sequence {n−(2α+2r+1)/4Qn,r}n≥1 is uniformly bounded on compact

subsets of (0,+∞).

Proof. The sequence {n−α/2+1/4Lα
n}n≥1 is uniformly bounded on compact subsets of

(0,+∞) (see Theorem 8.22.1 in [23]), and then, for all j = 0, 1, . . . , r + 1, the sequences

{n−(2α+2r+1)/4Lα+r+1
n−j }n≥1 are uniformly bounded on compact subsets of (0,+∞). ¿From

(8) and the connexion formula the result follows. !

However, it is worth noticing that the knowledge of the asymptotic behaviour of the

connexion coefficients is not enough to deduce other asymptotic properties. Indeed, con-

cerning the relative asymptotics, from (7) we have

Qn,r(x)

Lα
n(x)

=
r+1
∑

j=0

ajn,r
Lα+r+1
n−j (x)

Lα
n(x)

.

Applying Theorem 1, and (4) and (5) each term in the above sum tends to infinity with

the same order but with an alternating sign, that is,

ajn,r
Lα+r+1
n−j (x)

Lα
n(x)

∼ (−1)j
(

r + 1

j

)

(

1
√
−x

)r+1

n
r+1

2 ,

uniformly on compact subsets of C \ [0,∞).

Since the techniques used in the bounded case do not work when suppµ is an un-

bounded set we proceed in a different way to prove:

Theorem 2 Let {Qn,r}n≥0 be the sequence of polynomials orthogonal with respect to the

inner product (6) with (−1)n/n! as leading coefficient. Then, for k ≥ 0,

lim
n

Q(k)
n,r(x)

(Lα
n)

(k)(x)
= 1,

uniformly on compact subsets of C \ [0,∞).

Proof. From the Fourier expansion of the polynomial Qn0 in terms of Laguerre poly-

nomials, using Lemma 1, (3) and (4) the result follows for k = 0. (For more details see

Theorem 1 in [5]).

The functions Qn,r/Lα
n are analytic in C \ [0,∞) and Qn,r(x)

Lα
n(x)

⇒ 1, x ∈ C \ [0,∞), then
(

Qn,r

Lα
n

)′

(x) ⇒ 0 , x ∈ C \ [0,∞). Therefore,

(

Q′
n,r(x)

(Lα
n)′(x)

−
Qn,r(x)

Lα
n(x)

)

(Lα
n)

′(x)

Lα
n(x)

⇒ 0 , x ∈ C \ [0,∞).
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¿From (2), (4) and (5), we get (Lα
n)

′(x)
Lα
n(x)

⇒ ∞ and then

lim
n

Q′
n,r(x)

(Lα
n)

′(x)
= lim

n

Qn,r(x)

Lα
n(x)

= 1

uniformly on compact subsets of C \ [0,∞). So, the result holds for k = 1.

Using this technique, by an induction procedure, the result follows for all k ≥ 0. !

Once we know that both sequences of orthogonal polynomials, {Qn,r}n≥0 and {Lα
n}n≥0,

are asymptotically identical on compact subsets ofC\[0,∞), we establish their differences.

To do this, we consider Mehler–Heine type formulas because they are nice tools to

describe the polynomials around the origin. These kind of formulas are interesting twofold:

they provide the scaled asymptotics forQn,r on compact sets of the complex plane and they

supply us with asymptotic information about the location of the zeros of these polynomials

in terms of the zeros of other known special functions. More precisely, applying Hurwitz’s

Theorem in a straightforward way, the existence of an acceleration of the convergence of

r + 1 zeros of these Sobolev polynomials towards the origin can be proved.

First of all, we recall the corresponding formula for the classical Laguerre polynomials,

(see [23, Th.8.1.3]):

n−αLα
n

(x

n

)

⇒ x−α/2Jα(2
√
x), x ∈ C , (9)

where Jα is the Bessel function of the first kind of order α (α > −1).

As it occurs in the study of the relative asymptotics, the Mehler–Heine type formulas

cannot be deduced as a consequence of the connexion formula. Indeed, from (7) we have

n−αQn,r

(x

n

)

=
r+1
∑

i=0

ain,rn
−αLα+r+1

n−i

(x

n

)

.

and, applying Theorem 1 and (9), we have that each term tends to infinity with the same

order but with an alternating sign.

Thus, to get the result for {Qn,r}n≥0, the problem should be focused on in a different

way. An approach consists in to write the Taylor expansion of the polynomial Qn,r

n−αQn,r

(x

n

)

=
n

∑

k=0

Q(k)
n,r(0)

(Lα
n)

(k)(0)

(Lα
n)

(k)(0)

k!

xk

nα+k
,

and to calculate the limit applying the Lebesgue’s dominated convergence theorem. So,

we need to prove that the ratios Q(k)
n,r(0)/(Lα

n)
(k)(0) are uniformly bounded. It is clear

that taking derivatives k times in (7) the connexion coefficients do not change. Then, it

could be thought about the possibility to obtain this uniform bound from this formula.

But again we come across the same problem, each term of
r+1
∑

i=0

ain,r
(Lα+r+1

n−i )(k)(0)

(Lα
n)(k)(0)

, tends

to infinity with order nr+1, but with an alternating sign. To solve this problem, taking
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into account the expression relating Q(k+1)
n,r (0)/(Lα

n)
(k+1)(0) and Q(k)

n,r(0)/(Lα
n)

(k)(0), (see [5,

Lemma 3]), the neccessary uniform bound for the ratios could be derived (see [5, Lemma

4]). Then we have

Theorem 3 Let {Qn,r}n≥0 be the sequence of polynomials orthogonal with respect to the

inner product (6) with (−1)n/n! as leading coefficient. Then,

lim
n

n−αQn,r

(x

n

)

= (−1)r+1x−α/2Jα+2r+2(2
√
x),

uniformly on compact subsets of C.

This result gives a positive answer to the conjecture posed in [8]. We would like to

note that the approach is totally new and the techniques used in [5] to prove the above

Theorem are not a simple generalization of the ones used in [8].

Next, we will show a remarkable difference between the zeros of Lα
n and the ones of

Qn,r concerning the convergence acceleration to 0. First, we recall (see [23]) that the

zeros of the Laguerre polynomials are real, simple and they are located in (0,∞). Denote

by (xn,k)nk=1 the zeros of Lα
n in an increasing order, they satisfy the interlacing property

0 < xn+1,1 < xn,1 < xn+1,2 < . . . , and xn,k →
n
0 for each fixed k.

Let (jα,k)k≥1 be the positive zeros of the Bessel function Jα writing in an increas-

ing order. Then, formula (9) and Hurwitz’s theorem lead us to nxn,k →
n

jα,k , k ≥

1 , and therefore xn,k ∼
Ck

n , k ≥ 1, where Ck is a positive constant depending on k.

Concerning the zeros of Qn,r, standard arguments (see for instance [10]) allow to

establish that Qn,r has at least n − (r + 1) zeros with odd multiplicity in (0,+∞), or

equivalently n − (r + 1) changes of sign. Moreover, since M0 > 0 and the mass point

in the discrete part of the inner product belongs to the boundary of (0,+∞) then the

number of zeros with odd multiplicity is at least n− r (see [2]).

¿From Theorem 3 and Hurwitz’s theorem, taking into account the multiplicity of 0 as

a zero of the limit function in Theorem 3, we achieve

Corollary 1 Let (ξrn,k)
n
k=1 be the zeros of Qn,r. Then

n ξrn,k →
n
0, 1 ≤ k ≤ r + 1,

n ξrn,k →
n
jα+2r+2,k−r−1, k ≥ r + 2.

Remark 2. The presence of the positive masses Mi, i = 0, . . . , r, in the inner product

produces a convergence acceleration to 0 of r + 1 zeros of the polynomials Qn,r.
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3 Laguerre–Sobolev inner products with holes

Until now, we have assume that all the masses Mi in the discrete part of the Sobolev

inner product are positive. The possibility of some Mi = 0 has been also dealed in the

literature. For instance, the case M0 = 0,M1 > 0 ([8]) and similar situations in the non–

diagonal case ([7] and [11]) have been analyzed. Very recently, in [12], the authors study

the particular case Mi = 0, i = 0, . . . , r − 1 , for the Laguerre–Sobolev type polynomials.

The results obtained in all these papers have been generalized in [5], where such a kind

of inner products have been called Sobolev inner products with holes.

More concretely, we consider the inner product

(f, g)r,s = (10)

1

Γ(α+ 1)

∫ ∞

0

f(x)g(x)xαe−xdx+
r

∑

i=0

Mif
(i)(0)g(i)(0) +Msf

(s)(0)g(s)(0),

where s ≥ r + 2 and Mi > 0 for i = 0, . . . , r and i = s.

Observe that we are concerned with inner products of the form

(p, q)r,s = (p, q)r +Msp
(s)(0)q(s)(0), s ≥ r + 2,

where Ms > 0, and in (., .)r all the masses are positive. That is, roughly speaking, there

is a “hole” in the discrete part of the inner product (., .)r,s. We denote by {Tn,r,s}n≥0 the

sequence of polynomials orthogonal with respect to the inner product (., .)r,s with leading

coefficients (−1)n/n!.

For this situation, the relative asymptotics and the Mehler-Heine type formulas have

been established in [5]. We want to remark that this case has qualitative differences with

respect to the case without holes. For example, concerning the convergence acceleration

to 0 of the zeros of the polynomials, as we will below.

Arguing as in Lemma 1 it can be proved

Lemma 2 Let {Tn,r,s}n≥0 be the sequence of polynomials orthogonal with respect to the

inner product (10) with (−1)n/n! as leading coefficient . Then the following statements

hold:

(a) For either 0 ≤ k ≤ r or k = s,

T (k)
n,r,s(0) ∼

Cr,s,k

nα+2k+1
(Lα

n)
(k)(0) ,

where Cr,s,k is a nonzero real number independent of n.

(b) For k ≥ r + 1 and k *= s

T (k)
n,r,s(0) ∼

k!

(k − (r + 1))!

k − s

α + s+ k + 1

Γ(α + k + 1)

Γ(α+ r + k + 2)
(Lα

n)
(k)(0) .
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(c)

(Tn,r,sTn,r,s)r,s ∼ ‖Lα
n‖

2 .

Observe that, as in the complete case (without holes), the addition of the discrete

part of the inner product modifies the size of the derivative of order k only when the

corresponding mass Mk is positive.

Using this lemma the relative asymptotics for these orthogonal polynomials can be

deduced:

Theorem 4 Let {Tn,r,s}n≥0 be the sequence of o.p. with respect to the inner product (10)

with (−1)n/n! as leading coefficient . Then

Tn,r,s(x)

Lα
n(x)

⇒ 1 , x ∈ C \ [0,∞).

The Mehler–Heine type formula adopts the form

Theorem 5 Let {Tn,r,s}n≥0 be the sequence of polynomials orthogonal with respect to the

inner product (10) with (−1)n/n! as leading coefficient . Then,

n−αTn,r,s

(x

n

)

⇒ (−1)r+1x−α/2 (11)

×

[

−(s− (r + 1))

α + r + s+ 2
Jα+2r+2(2

√
x) +

s−r+1
∑

l=2

λiJα+2r+2l(2
√
x)

]

, x ∈ C ,

where λi are nonzero real numbers.

For the particular case s = r+2 , i.e., when there is a hole of “length one”, the above

result generalizes the one obtained in [8]. Theorem 5 also generalizes the corresponding

result in [12].

Now, we comment the acceleration of the convergence towards the origin of the zeros of

the polynomials Tn,r,s. The quasi–orthogonality of order s+ 1 of the sequence {Tn,r,s}n≥0

with respect to the positive weight xα+s+1e−x assures that Tn,r,s has at least n − (s + 1)

changes of sign in (0,+∞). However, in [2] the authors proved that the number of zeros

in (0,+∞) does not depend on the order of the derivatives but on the number of terms

in the discrete part of the inner product. So, Tn,r,s has at least n− (r+1) zeros with odd

multiplicity in (0,+∞). Proceeding as in Corollary 1, we get:

Corollary 2 Let (ζr,sn,k)
n
k=1 be the zeros of Tn,r,s. Then

n ζr,sn,k →n
0, 1 ≤ k ≤ r + 1,

n ζr,sn,k →n
jα+2r+2,k−r−1, k ≥ r + 2.
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Remark 3. We want to highlight that this result is in a way surprising since it does not

depend on the number of terms in the discrete part, but on the position of the hole. So,

despite the presence of the mass Ms, there only exists an acceleration of the convergence

of r + 1 zeros such as it occurs in the case of the inner products without holes. That is,

the convergence acceleration to 0 of the zeros of the polynomials Qn,r and Tn,r,s is the

same and the addition of a mass Ms after a hole in the inner product does not affect the

convergence acceleration to 0.

4 Generalized Hermite–Sobolev type polynomials

As a consequence of the previous results, asymptotic properties for the orthogonal

polynomials Sµ
n,r associated with the inner product

(p, q) =

∫

R

p(x)q(x)|x|2µ e−x2

dx+
2r+1
∑

i=0

Mi p
(i)(0) q(i)(0), (12)

with µ > −1/2 and Mi > 0, i = 0, . . . , 2r + 1, can be established. We assume that the

leading coefficient of Sµ
n,r is 2

n.

Remind that the polynomials Hµ
n orthogonal with respect to the weight |x|2µ e−x2

(µ >

−1/2) are called generalized Hermite polynomials. So, we are concerned with generalized

Hermite–Sobolev type orthogonal polynomials.

Notice that in this case the polynomials Sµ
n,r are symmetric, that is, Sµ

n,r(−x) =

(−1)n Sµ
n,r(x), and because of this symmetry, we can transform the inner product (12)

into an inner product like (6) and so we can establish a simple relation between the

polynomials Sµ
n,r and the polynomials Qn,r considered before. This technique is known

as a symmetrization process. In fact, in [10] this process is considered for standard

inner products associated with positive measures. The simplest case of this situation is

the relation between Laguerre polynomials and Hermite polynomials, that is (see [10] or

[23]), for n ≥ 0,

H2n(x) = (−1)n 22n n!L−1/2
n (x2), H2n+1(x) = (−1)n 22n+1 n! xL1/2

n (x2) .

Later in [3] the authors generalize the symmetrization process in the framework of Sobolev

type orthogonal polynomials, (see Theorem 2 in [3]). Thus,

Sµ
2n,r(x) = (−1)n 22n n!Qµ−1/2

n,r (x2), Sµ
2n+1,r(x) = (−1)n 22n+1 n! xQµ+1/2

n,r (x2)

where {Qµ−1/2
n,r }n≥0 (respectively, {Q

µ+1/2
n,r }n≥0) is the sequence of polynomials orthogonal

with respect to an inner product like (6) with α = µ − 1/2 (respectively, α = µ + 1/2)

and leading coefficient (−1)n/n!.

Using this symmetrization process, the relative asymptotics and the Mehler–Heine

type formulas for generalized Hermite-Sobolev type polynomials can be proved.
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Proposition 2 Let {Sµ
n,r}n≥0 be the sequence of polynomials orthogonal with respect to

the inner product (12) with 2n as leading coefficient . Then,

(a)
Sµ
n,r(x)

Hµ
n(x)

⇒ 1, x ∈ C \ R.

(b)

n−µ+1/2 Sµ
2n,r

(

x

2
√
n

)

⇒ (−1)r+1
(x

2

)−µ+1/2

Jµ+2r+3/2(x), x ∈ C

n−µ+1/2 Sµ
2n+1,r

(

x

2
√
n

)

⇒ (−1)r+1
(x

2

)−µ+1/2
Jµ+2r+5/2(x), x ∈ C.

Remark 4. These results generalize some of the results in [4] and solve the conjecture

posed there.

Using a symmetrization process, relative asymptotics and Mehler–Heine type formulas

for generalized Hermite–Sobolev polynomials with holes in the discrete part of the inner

product can be deduced.

Finally, we hope this method can be used with other measures with unbounded support

for which we have quite less explicit information about the corresponding orthogonal

polynomials.
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[4] M. Alfaro, J.J. Moreno–Balcázar, A. Peña and M.L. Rezola, Asymptotics for a generalization

of Hermite polynomials. Asymptotic Anal. 66 (2010), 103-117.
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Abstract

Let K ⊂ Rn be a centrally symmetric isotropic convex body. We prove that for

random F ∈ Gn,k, and k slowly growing to infinity, the central section |F⊥ ∩K|1/kn−k

is almost constant. A simple approach using standard concentration of measure

arguments is given.

1 Introduction and notation

Let K ⊂ Rn be a symmetric convex body. We say K is isotropic if it is of volume

1 and there exists a constant LK > 0 called isotropy constant of K such that L2
K =

∫

K〈x, θ〉
2 dx, ∀θ ∈ Sn−1.

Since the works of [H], [B] or [MP] we know of the close relation between the isotropy

constant and the size of the central sections of K. It is well known that for any 1 ≤ k ≤ n

there exist c1(k), c2(k) > 0 such that for every subspace F ∈ Gn,k (the Grassmann space)

c1(k)

LK
≤ |F⊥ ∩K|1/kn−k ≤

c2(k)

LK

where | · |m is the Lebesgue measure in the appropiate m dimensional space.

Well known estimates (see [H], [MP] and [Kl]) imply c1(k) ≥ c1 and c2(k) ≤ c2k1/4,

where c1, c2 > 0 are absolute numerical constants. These bounds are the best ones known

to be valid for every subspace F ∈ Gn,k.

For random sections, much better estimates are possible. The following result was

proved in [ABBP],

There exist absolute constants c1, c2, c3 > 0 with the following property: If K is an

isotropic convex body in Rn and 1 ! k !
√
n then, the set of subspaces F ∈ Gn,k such

that
c1
LK

! |K ∩ F⊥|1/kn−k !
c2
LK

has Haar probability ≥ 1− e−c3
n
k
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In [EK] the authors prove a version of the central limit theorem for convex bodies.

Its proof uses the strong concentration behavior of the Euclidean norm on K, [Kl2], and

a delicate study of the marginal distribution of some intermediate measures, namely the

convolution of the uniform measure on K with an independent gaussian vector. As a

consequence of it it is easy to check that

For ε = 1
nc1

, k ≤ nc2 the set of subspaces F ∈ Gn,k such

1− ε
√
2πLK

≤ |K ∩ F⊥|1/kn−k ≤
1 + ε

√
2πLK

has Haar probability ≥ 1− c3e−nc4 .

These two results are different: the second one gives better constants (∼ 1
√

2π
) but a

worse dependence on k and on the estimate of the Haar probability.

In this note we use a simpler approach to the question. Our final result is weaker in k

than the one deduced from [EK] and it provides better estimate of the Haar probability.

But the main advantadge, we think, is that the arguments are simpler and the tools used

are of independent interest: First we estimate Lipschitz constant of the section function

F ∈ Gn,k → |F⊥ ∩ K|n−k (Proposition 2.3), for k = 1 this was proved in [ABP]. Then

we apply the concentration of measure phenomenum on Gn,k (equipped with the right

distance (Proposition 2.2)). In this way we measure the closeness between the section

function and its expectation. Finally, by expressing this expectation as a marginal, we

related it to the marginal of a gaussian distribution. For that final step, we unavoidably

use the concentration of the Euclidean norm on K, [Kl2] in the version stated in [BB].

Our result is

Theorem 2.8. Let K ⊂ Rn isotropic. For all ε > 0, 1 ≤ k ≤ cε logn
(log logn)2 , the set A of

subspaces F ∈ Gn,k such that

1− ε
√
2πLK

≤ |K ∩ F⊥|1/kn−k ≤
1 + ε

√
2πLK

(1.1)

holds, has probability µ(A) ≥ 1− c1e−c2n0.9

.

In Rn, | · | denotes the Euclidean norm and Bn
2 the Euclidean ball. For any k-

dimensional subspace F ⊂ Rn we denote SF = Sn−1 ∩ F and by PF the orthogonal

projection onto F . Gn,k is the grassmaniann space of all k dimensional subspaces of Rn

and its Haar probability is denoted by µ. For any linear map T from Rn, ‖T‖ denotes

the operator norm and ‖T‖HS :=
(

n
∑

j=1

|T (ej)|
2
)1/2

, for (any) orthonormal basis (ej) of

Rn, its Hilbert-Schmidt norm.
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2 The result

In the first part we estimate the Lipschitz constant of the function F → |F⊥ ∩K|n−k and

also review concentration inequalities with respect to several natural distances on Gn,k.

We start with the latter.

The following lemma constructs a suitable orthonormal basis for two subspaces E and

F and will be very useful for our purposes

Lemma 2.1 ([GM], Lemma 4.1) Let E, F ∈ Gn,k such that F⊥ ∩ E = 0. Then there

exists u1, . . . uk orthonormal basis of E such that the family v1, . . . vk given by vj =
PF (uj)
|PF (uj)|

is an orthonormal basis of F . In particular, 〈uj, vi〉 = |PF (uj)| δ
j
i .

The space Gn,k appears in the literature equipped with a number of different distances.

In the following Proposition, we estimate the equivalence constants between them. It is

probably folklore but we include for the reader’s convenience. The fact that one can move

from one distance to another will be useful while computing the Lipschitz constant and

also when considering the concentration phenomena on Gn,k.

The elements of the orthogonal group O(n) will be denoted by U = (u1 . . . un) so the

columns (ui) form an orthonormal basis in Rn.

Proposition 2.2 For E, F ∈ Gn,k we consider the following distances

d0(E, F ) = max{d(x, SF ) | x ∈ SE}, d is the euclidean distance.

d1(E, F ) = inf{ε > 0 | SE ⊂ SF + εBn
2 , SF ⊂ SE + εBn

2 }

d2(E, F ) = inf{
(

k
∑

j=1

|uj − vj |
2
)1/2

E = 〈uj〉
k
1, F = 〈vj〉

k
1 orthon. basis}

d3(E, F ) = inf{
(

n
∑

j=1

|uj − vj |
2
)1/2

E = 〈uj〉
k
1, F = 〈vj〉

k
1 orthon. basis}

d4(E, F ) = ‖PE − PF‖HS

d5(E, F ) = inf{‖U − V ‖HS | U, V ∈ O(n), E = 〈u1 . . . uk〉, F = 〈v1 . . . vk〉}

d6(E, F ) = ‖PE − PF‖

Then, d2, d3, d4, d5 are equivalent with numerical equivalence constants, d0 = d1, d1 ≤

d2 ≤
√
2k d1 and d6 ≤ d4 ≤

√
2kd6.

d0 = d1: d1 is the Hausdorff distance between SE and SF which also reads

d1(E, F ) = max
{

max
x∈SE

d(x, SF ),max
y∈SF

d(y, SE)
}

so d0 ≤ d1 ≤
√
2 and it is enough to check that the two inner maxima are equal.

If E ∩ F⊥ .= 0 then d0(E, F ) =
√
2. Suppose E ∩ F⊥ = 0. For any x ∈ SE, y ∈ SF ,

|x − y|2 = 2 − 2〈x, y〉 = 2 − 2〈PF (x), y〉. So, d2(x, SF ) = 2 − 2 sup
y∈SF

〈PF (x), y〉 = 2 −
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2|PF (x)| =
∣

∣x −
PF (x)

|PF (x)|

∣

∣

2
. Let x0 ∈ SE that maximizes d(x, SF ) on SE or equivalently

that minimizes |PF (x)|. Denote y0 =
PF (x0)
|PF (x0)|

(observe PF (x0) .= 0). By the arguments in

[GM] Lemma 4.1, PF (x0) is orthogonal to E∩x⊥

0 and so PEPF (x0) is parallel to x0. Write

PE(y0) = λx0. Then λ = 〈PE(y0), x0〉 = 〈y0, PE(x0)〉 = |PF (x0)| and
PEPF (x0)
|PEPF (x0)|

= x0.

Therefore, d(y0, SE) = d(x0, SF ) and so max{d(y, SE) | y ∈ SF} ≥ max{d(x, SF ) | x ∈

SE}. Exchange E, F and equality follows.

d1 ≤ d2 ≤
√
2k d1: It is proved in [GM], Lemma 4.1.

1
√

2
d2 ≤ d4 ≤

√
2 d2: Let F⊥ ∩ E := E0 and write the orthogonal decomposition

E = E0 ⊕E1 with E1 ∩ F⊥ = 0. By Lemma 2.1, there exists an orthonormal basis in E1,

(uj), such that vj =
PF (uj)
|PF (uj)|

is an orthonormal system in F . Now add vectors to complete

an orthonormal basis in E (by adding vectors in E0) and in F that we also denote as uj

and vj. Trivially,

‖PE − PF‖
2
HS ≥

k
∑

j=1

|(PE − PF )(uj)|
2

If uj ∈ E1 then, since 〈uj, vj〉 = |PF (uj)| (Lemma 2.1),

|(PE − PF )(uj)|
2 = 1− |PF (uj)|

2 ≥ 1− |PF (uj)| =
1

2
|uj − vj |

2

If uj ∈ E0 and vj ∈ F then |(PE − PF )(uj)|2 = 1. Also, since 〈uj, vj〉 = 0 and so

|uj − vj |2 = 2.

For the second inequality, let (uj), (vj) be orthonormal basis of E, F ∈ Gn,k we write

PE =
∑k

j=1 uj ⊗ uj and PF =
∑k

i=1 vi ⊗ vi and by definition

‖PE − PF‖
2
HS = 2k − 2

k
∑

i,j=1

〈uj, vi〉
2 ≤ 2

k
∑

j=1

(1− 〈uj, vj〉
2) ≤ 2

k
∑

j=1

|uj − vj |
2

since 1− 〈uj, vj〉2 ≤ 2(1− 〈uj, vj〉) = |uj − vj|2.

d2 ≤ d3 ≤
√
5d2: By definition d23(E, F ) = d22(E, F )+d22(E

⊥, F⊥). Now, d22(E
⊥, F⊥) ≤

2d24(E
⊥, F⊥) = 2d24(E, F ) ≤ 4d22(E, F ). With similar arguments one proves d2 ≤ d5 ≤ 3d2.

d6 ≤ d4 ≤
√
2kd6: For T linear ‖T‖ ≤ ‖T‖HS ≤

√

dim(T (Rn))‖T‖. !

Proposition 2.3 Let K ⊂ Rn isotropic. The function given by Gn,k 1 E → |E⊥∩K|n−k

is Lipschitz and for all E, F ∈ Gn,k we have the estimate

∣

∣ |E⊥ ∩K|n−k − |F⊥ ∩K|n−k

∣

∣ ≤
(cLk)2k

Lk
K

‖PE − PF‖HS

where Lk := sup{LM | M ⊂ Rk, convex body isotropic}.

In order to prove it, one more lemma will be used. An equivalent version of it for

k = 1 is due to Busemann.
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Lemma 2.4 ([B]) If K ⊂ Rn is a convex body and E ∈ Gn,k then the function given by

E⊥ 1 θ → ‖θ‖ :=
|θ|

|K ∩ E(θ)|k+1

is a norm on E⊥ where E(θ) = E ⊕ 〈θ〉.

Proof of Proposition 2.3. Suppose F⊥ ∩ E = 0 and let E = 〈u1 . . . uk〉, F = 〈v1 . . . vk〉 be

the orthonormal basis in Lemma 2.1. Denote E⊥

0 = E⊥, E⊥

j = v⊥1 ∩· · ·∩v
⊥

j ∩u
⊥

j+1∩· · ·∩u
⊥

k

and E⊥

k = F⊥. Then

∣

∣ |E⊥ ∩K|n−k − |F⊥ ∩K|n−k

∣

∣ ≤
k

∑

j=1

∣

∣ |E⊥

j ∩K|n−k − |E⊥

j−1 ∩K|n−k

∣

∣

Let us estimate (say) the first summand. Set Ē = E⊥ ∩ v⊥1 = E⊥

1 ∩ u⊥

1 . Then, by

Lemma 2.1, E⊥ = Ē ⊕PE⊥(v1) and E⊥

1 = Ē ⊕PE⊥
1
(u1) so we can apply Lemma 2.4 to Ē

∣

∣ |E⊥ ∩K|n−k − |E⊥

1 ∩K|n−k

∣

∣ =

∣

∣

∣

∣

∣

|PE⊥(v1)|

‖PE⊥(v1)‖
−

|PE⊥
1
(u1)|

‖PE⊥
1
(u1)‖

∣

∣

∣

∣

∣

and since |PE1
(u1)| = |〈u1, v1〉| = |PE(v1)| and the triangle inequality,

∣

∣

∣

∣

∣

|PE⊥(v1)|

‖PE⊥(v1)‖
−

|PE⊥
1
(u1)|

‖PE⊥
1
(u1)‖

∣

∣

∣

∣

∣

≤
|PE⊥

1
(u1)|

‖PE⊥
1
(u1)‖ ‖PE⊥(v1)‖

‖PE⊥
1
(u1)− PE⊥(v1)‖

Finally, observe that |PE⊥
1
(u1) − PE⊥(v1)| = (1 − 〈u1, v1〉)|u1 − v1| and apply Hensley’s

estimate [H] to conclude with

∣

∣ |E⊥ ∩K|n−k − |E⊥

1 ∩K|n−k

∣

∣ ≤
(1− 〈u1, v1〉)

(1− 〈u1, v1〉2)1/2
|u1 − v1|

(cLk)2k

Lk
K

Since we can also suppose 〈u1, v1〉 ≥ 0, the first quotient above is bounded by 1. So,

∣

∣ |E⊥ ∩K|n−k − |F⊥ ∩K|n−k

∣

∣ ≤
√
k
(

k
∑

j=1

|uj − vj |
2
)1/2 (cLk)2k

Lk
K

By the proof of Proposition 2.2,
(

k
∑

j=1

|uj − vj |
2
)1/2

≤
√
2‖PE − PF‖HS. In the general

case, if F⊥ ∩ E := E0 then we can write E = E0 ⊕ E1 with E1 ∩ F⊥ = 0. Choose an

orthonormal basis of E0 and proceed as in the previous case. !

We recall the following celebrated result by M. Gromov and V. Milman, see for instance

[MS].

Theorem 2.5 (Concentration of measure) There exist absolute constants c1, c2 > 0

such that
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i) For every A ⊂ Gn,k and every δ > 0

µ(Aδ) ≥ 1−
c1

µ(A)
exp

(

−c2δ
2n
)

where Aδ = {E ∈ Gn,k; ∃ F ∈ A, d5(E, F ) ≤ δ}

ii) For f : Gn,k → R a Lipschitz function with Lipschitz constant σ, that is |f(E) −

f(F )| ≤ σd5(E, F ),

µ {E ∈ Gn,k; |f(E)− E (f)| ≤ a} ≥ 1− c1 exp

(

−
c2a2n

σ2

)

∀ a > 0

Remark 2.6 If d, d̃ are two distances on Gn,k such that d ≤ Md̃ for some M > 0 then

a concentration inequality for d̃ with bound c1 exp (−c2δ2n) implies one for d with bound

c1 exp
(

−c2δ2n
M2

)

. Similarly for Lipschitz functions. It is then possible to state concentration

inequalities for the different distances (Proposition 2.2) on Gn,k.

The last main ingredient is the concentration of | · | on K

Theorem 2.7 [Kl2]. Let K ⊂ Rn be an isotropic convex body. Then,

|{x ∈ K :
∣

∣|x|−
√
nLK |

∣

∣ > t
√
nLK}|n ≤ c exp(−Cnαtβ) (2.2)

for all 0 ≤ t ≤ 1 and α = 0.33, β = 3.33.

It was proved by [So] (with sharp exponents α and β) for normalized unit balls of

)np , 1 ≤ p and in full generality in [Kl2].

As an application of the results we show the announced

Theorem 2.8 Let K ⊂ Rn isotropic. For all ε > 0, 1 ≤ k ≤ ε logn
(log logn)2 , the set A of

subspaces E ∈ Gn,k such that

1− ε
√
2πLK

≤ |E⊥ ∩K|1/kn−k ≤
1 + ε

√
2πLK

holds, has probability µ(A) ≥ 1− c1 exp−c2n0.9

Consider the function f : Gn,k → R, f(E) = |E⊥ ∩ K|n−k. By Proposition 2.3 and

Theorem 2.5 we have

µ {E ∈ Gn,k; |f(E)− E (f)| ≤ εE (f)} ≥ 1− c1 exp

(

−
ck2L

2k
K (E (f))2ε2n

(Lk)2k

)

On the other hand, denote (as in [BB]) FK(t, E) :=
∣

∣{x ∈ K : |PE(x)| ≤ t}
∣

∣, t ≥ 0,

the marginal measure on E of the euclidean ball of radius t and Γk
K(t) the k-dimensional
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Gaussian measure (centered with variance L2
K) of {s ∈ Rk : |s| ≤ t}. Theorem 3.5 in [BB]

and Theorem 2.7 readily imply

∣

∣

∣

∣

∣

∫

Gn,k
FK(t, E) dµ(E)

Γk
K(t)

− 1

∣

∣

∣

∣

∣

≤
c1

n0.09
∀ t ≥ 0

Taking limits as t → 0 (see Corollary 3.6 in [BB]) yields

∣

∣

∣

∣

∣

E (f)
1

(
√

2πLK)k

− 1

∣

∣

∣

∣

∣

≤
c1

n0.09

(

≤
ε

3

)

By the triangle inequality
∣

∣

∣

∣

∣

f(E)
1

(
√

2πLK)k

− 1

∣

∣

∣

∣

∣

≤
E (f)

1
(
√

2πLK)k

∣

∣

∣

∣

f(E)

E(f)
− 1

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

E (f)
1

(
√

2πLK)k

− 1

∣

∣

∣

∣

∣

So, if

∣

∣

∣

∣

f(E)

E(f)
− 1

∣

∣

∣

∣

≤
ε

3
, then

∣

∣

∣

∣

∣

f(E)
1

(
√

2πLK)k

− 1

∣

∣

∣

∣

∣

≤ (1 +
ε

3
)
ε

3
+

ε

3
≤ ε and conclude, using also

Lk ≤ ck1/4

µ
{

E ∈ Gn,k;
∣

∣f(E)−
1

(
√
2πLK)k

∣

∣ ≤
ε

(
√
2πLK)k

}

≥

≥ µ
{

E ∈ Gn,k; |f(E)− E (f)| ≤
ε

3
E (f)

}

≥ 1− c1 exp

(

−
ck2ε

2n

kk/2

)

The hypothesis on k implies ε ≥ (log logn)2

logn and kk/2 3 n0,1, so

µ
{

E ∈ Gn,k;
∣

∣f(E)−
1

(
√
2πLK)k

∣

∣ ≤
ε

(
√
2πLK)k

}

≥ 1− c1 exp(−c2n
0.9)

!
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Abstract

In this paper we consider different racional identities in which appear the num-

bers (Bn,p)n,1≤p≤n given by

Bn,p :=
p

n

(

2n

n− p

)

, n, p ∈ N, p ≤ n.

The set of numbers (Bn,p)n,1≤p≤n is known as the Catalan triangle due to the

Catalan numbers (Cn)n∈N,

Cn =
1

n+ 1

(

2n

n

)

, n ∈ N,

appear in the first column. These identities have been recently proved and some of

them are connected with the dynamic behavior of certain iterative methods applied

to quadratic polynomials. In the last section we conjeture some new identities which

involve this family of numbers (Bn,p)n,1≤p≤n.

1 Introduction

The Catalan number Cn is defined by the expression

Cn =
1

n + 1

(

2n

n

)

, n ∈ N.
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The first ten values of Cn are 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796. Note that Catalan

numbers have more than 165 different combinatorial interpretations, see for example [15,

p. 219] and

http://www-math.mit.edu/∼rstan/ec/catadd.pdf

In particular, the number Cn is the solution to the Euler problem: how many different

ways you can divide a convex polygon of n+ 2 sides in triangles using diagonals ([3]),

They also gives the number of binary bracketings of n letters (Catalan’s problem) or

the solution to the ballot problem [6].

In 1976, L. W. Shapiro introduced in [11], the following triangle of numbers

n \ p 1 2 3 4 5 6 . . .

1 1

2 2 1

3 5 4 1

4 14 14 6 1

5 42 48 27 8 1

6 132 165 110 44 10 1

. . . . . . . . . . . . . . . . . . . . . . . .

(1)

which entries are given by

Bn,p :=
p

n

(

2n

n− p

)

, n, p ∈ N, p ≤ n.

These numbers (Bn,p)1≤n,n∈N also satisfy a recurrence relation,

Bn,p = Bn−1,p−1 + 2Bn−1,p +Bn−1,p+1, p ≥ 2.

Note that Bn,1 = Cn for n ≥ 1.

Although the numbers Bn,k are not as famous as Catalan numbers, they have also

several applications (see [2, 11, 13] for more details). As a sample, we cite some of them:
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• Bn,p is the number of leaves at level p+ 1 in all ordered trees with n+ 1 edges

• Bn,p is the number of walks of n steps, each in direction N , S, W or E, starting at

the origin, remaining in the upper half-plane and ending at height p.

• Bn,p denote the number of pairs of non-intersecting paths of length n and distance

p (see the definitions in [11, p.84]).

In this short note, we present some of the main results given in [5, 8, 9] which involve

(Bn,p)1≤p≤n,n∈N. For example, we give the explicit expressions of the moments (Ωm)m≥0,

Ωm(n) :=
n

∑

p=1

pmB2
n,p, n ∈ N

for 1 ≤ m ≤ 7 and general expressions for arbitrary m. Other formulae which appear

in the dynamical study of certain iterative problem are also given. This collection of

results have been considered and studied by other mathematicians, [1, 4, 12]. In the

last section, we present two conjectures about new identities in which appear the num-

bers (Bn,p)1≤p≤n,n∈N; the second one is connected with the values of some determinants

associated to the triangle (1).

2 Main results

Different techniques are used in the proof of the following results: Chu-Vandermonde

convolution formula; W-Z theory and Newton interpolation formula. Details of the power

W-Z theory may be found in the monographic [10] and in [16].

Theorem 2.1 [8] Let n ∈ N. Then

(i) Ω0(n) :=
n

∑

p=1

(Bn,p)
2 = C2n−1.

(ii) Ω2(n) :=
n

∑

p=1

p2(Bn,p)
2 =

(3n− 2)n

4n− 3
C2n−1.

(iii) Ω4(n) :=
n

∑

p=1

p4(Bn,p)
2 =

(15n3 − 30n2 + 16n− 2)n

(4n− 3)(4n− 5)
C2n−1.

(iv) Ω6(n) :=
n

∑

p=1

p6(Bn,p)
2 =

(105n5 − 420n4 + 588n3 − 356n2 + 96n− 10)n

(4n− 3)(4n− 5)(4n− 7)
C2n−1.

Theorem 2.2 [8] Let n ∈ N. Then
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(i) Ω1(n) :=
n

∑

p=1

p (Bn,p)
2 = (n+ 1)Cn(2n− 3)Cn−2.

(ii) Ω3(n) :=
n

∑

p=1

p3(Bn,p)
2 = (n + 1)Cnn(2n− 3)Cn−2.

(iii) Ω5(n) :=
n

∑

p=1

p5(Bn,p)
2 = (n + 1)Cnn(3n

2 − 5n+ 1)Cn−2.

(iv) Ω7(n) :=
n

∑

p=1

p7(Bn,p)
2 = (n + 1)Cnn(6n(n− 1)2 − 1)Cn−2.

Remarks. Note that the polynomials which appear in the Theorem 2.1 and 2.2 do not

belong to any known classical family. In the following theorem we give the moments of

arbitrary order although a explicit expression is unknown.

Theorem 2.3 [9] Let n ∈ N. Then there exist P3m+1, Q2m+2, R3m−1 polynomials of

integer coefficients and degree at least 3m+ 1, 2m+ 2 and 3m− 1 respectively such that

Ω2m(n) =
P3m+1(n)

m
∏

l=1

(4n− (2l + 1))

C2n−1, m ≥ 0,

Ω2m+1(n) = Q2m+2(n + 1)CnCn−2, m ≤ 3,

Ω2m+1(n) =
R3m−1(n)

m−3
∏

l=1

(2n− (2l + 3))

(n+ 1)CnCn−2, m ≥ 4.

Theorem 2.4 [5, 8] Let n ∈ N, and 1 ≤ i ≤ n. Then

(i)
i

∑

p=1

Bn,pBn,n+p−i(n + 2p− i) = (n+ 1)Cn

(

2(n− 1)

i− 1

)

.

(ii)
i

∑

p=1

Bn,pBn,n+p−i(n + 2p− i)3 = (n+ 1)Cn

(

2(n− 1)

i− 1

)

(

n2 + 4n− 2ni+ i2
)

.

3 An application to Newton-like iterative methods

The application of some iterative methods for solving nonlinear equations to a poly-

nomial equation could give raise to rational iteration functions which dynamics are not

well-known.
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We present in the complex plane a study of the dynamical behavior of the following

Newton-like methods






















zm+1 = Rn(zm) = zm −Hn(Lf (zm))
f(zm)

f ′(zm)
, m ≥ 0,

Hn(z) =
n

∑

j=0

1

2j
Cjz

j , n ≥ 0, Lf(z) =
f(z)f ′′(z)

f ′(z)2
,

(2)

which are written in terms of the Catalan numbers.

These methods give rise to rational functions defined in the extended complex plane,

C∞ = C ∪ {∞}. In particular, we prove that these rational root-finding algorithms are

generally convergent for quadratic polynomials.

The idea of general convergence of a method for polynomials of a given degree was

introduced by Smale [14] and McMullen [7] and it means that the method converges to a

root for almost every starting point and for almost every polynomial of a given degree.

The conjugated rational map of Rn, Sn := MRnM−1, via the Möbius map M(z) =

(z − a)/(z − b), is given by

Sn(z) = zn+2Pn(z)

P̂n(z)
, (3)

where Pn(z) =
n

∑

p=0

Bn+1,p+1z
p and P̂n(z) =

n
∑

p=0

Bn+1,n+1−pz
p.

A rational map R, divides C∞ in two subsets, that are known as Fatou set and Julia

set. The Fatou set, denoted F(R) is defined as the set of points z0 ∈ C∞ such that the

family of iterates Rn is a normal family in some neighborhood Uz0 of z0. That is, every

infinite sequence of Rn contains a subsequence Rnk that converges locally uniformly on

Uz0 to some continuous function f ∈ C(C∞). Recall that Rnk → f locally uniformly on

Uz0 if for all z ∈ Uz0, R
nk → f uniformly on some neighborhood of z. The Julia set,

J (R), is the complement of the Fatou set, J (R) = C∞ − F(R).

Roughly speaking, the Fatou F(R) set includes the points whose orbits are predictable

after iteration and the Julia set includes the points whose dynamical behaviour is com-

plicated with independency of the number of iterations.

Applying item (i) of Theorem 2.4, we obtain

S ′
n(z) =

(n + 2)Cn+1zn+1(1 + z)2n

P̂n(z)2
.

Hence, we can describe the Fatou components associated to Sn, n ≥ 0, and we can

conclude that the rational map Rn is generally convergent for quadratic polynomials.

In fact, we have that the rational map Sn(z), (n ≥ 0), defined in (3), has precisely

two forward invariant Fatou components: a superattracting component where iterates

converge to ∞ and a superattracting component where iterates converge to 0. The unit
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circle S1(z) = {z ∈ C; |z| = 1} is forward invariant and it is contained in J (Sn) and

moreover, m(J (Sn)) = 0, where m is the Lebesgue measure on C.

Finally, we show the basins of attraction associated to the two roots of a quadratic

polynomial f(z) = (z − a)(a − b) when we apply S2 and S3. The basins of attraction

clarify the structures of the universal Julia sets associated to the corresponding iterative

methods R2 and R3.

-3 -2 -1 0 1

-2

-1

0

1

2

-3 -2 -1 0 1

-2

-1

0

1

2

Plot of the basins of attraction under S2 and S3 applied to quadratic polynomial

f(z) = (z − a)(z − b).

4 Two open problems

Now we come back to the triangle (1). Note that if we multiple the figures in the row

n by the figures in the next row n+ 1, we obtain the Catalan number C2n, for example

C6 = 132 = 5 · 14 + 4 · 14 + 1 · 6.

In fact, this result looks like true if we multiply two different rows: multiply the row n and

n + j, we obtain the Catalan number C2n+j−1. To check this conjeture, take the second

and fifth rows and

C6 = 132 = 42 · 2 + 48 · 1.

Then it is natural to conjeture that

Ci+j−1 =
min(i,j)
∑

k=1

Bi,kBj,k, i, j ≥ 1.

From the triangle (1), we traslade the figures in each column p-th, p−1 steps to obtain
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the new table,

n \ p 1 2 3 4 5 6 . . .

1 1 1 1 1 1 1

2 2 4 6 8 10 12

3 5 14 27 44 65 90

4 14 48 110 208 350 544

5 42 165 429 910 1700 2907

6 132 572 1638 3808 7752 14364

. . . . . . . . . . . . . . . . . . . . . . . .

(4)

We denote by (Mn)n≥1 the main minors of order n in the table (4); we obtain that

n Mn

1 1=20

2 2=21

3 8=23

4 64=26

5 1024=210

6 32768=215

(5)

Taking into account (5), it is natural to conjeture that Mn = 2
n(n−1)

2 for n ≥ 1.
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Biblioteca de la Revista Matemática Iberoamericana. Proc. of the “Segundas Jornadas de
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Introduction

In his treatment of the solvability of polynomial equations, Évariste Galois coined

the term group and established a connection, now known as Galois theory, between the

nascent Theory of Groups (formerly Theory of Finite Groups) and Field Theory, giving

rise to one of the main historical sources of the Theory of Groups (being the others

Number Theory and Geometry). In the well know Galois’ correspondence mentioned

above, Galois emphasized the fundamental role of some subgroups of the Galois group that

are invariant under certain automorphisms, namely its normal subgroups. If G is a group

(in its abstract form), we recall that a subgroup N of G is said to be a normal subgroup

if it is invariant under inner automorphisms (G–invariant), that is Nx := x−1Nx = N

for each x ∈ N . For example every subgroup of an abelian group is normal. In studying

number fields (finite Galois extensions of the field Q of rational numbers), R. Dedekind

[5] was able to determine the form of a non-abelian (finite) group with normal subgroups

only (Hamiltonian groups), a result extended by R. Baer [1] to the general case.

Theorem 1 Let G be a non-abelian group in which all subgroups are normal. Then

G = Q × B × D, where Q is a copy of the quaternion of order 8, B is an elementary

abelian 2–group and D is a periodic abelian group with all elements of odd order.

Here, a group is said to be periodic if their elements have finite order, and bounded

(or that has finite exponent) if these orders are bounded. Opposite to this, a torsion-free

group is a group with no non-trivial elements of finite order.
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We recall that a group G is called a Dedekind group if every subgroup of G is normal.

By Theorem 1, the class of Dedekind groups is the union of the class of Hamiltonian

groups and that of abelian groups.

It is well known that being a normal subgroup is not a transitive property, and to make

that concept transitive, it is introduced the concept of subnormality. A subgroup H of a

group G is said to be subnormal if there is a finite chain of intermediate subgroups

H = H0 ≤ H1 ≤ · · ·Hi ≤ Hi+1 ≤ · · ·Hn = G

such that Hi is normal in Hi+1 for every 0 ≤ i ≤ n−1. This is a fairly generalization of the

concept of normal subgroup. A natural extension of these concepts is that of an ascendant

subgroup. H is said to be an ascendant subgroup of G if there exists an ascending series

from H to G, that is, a chain of normal subgroups well-ordered by inclusion and indexed

by the corresponding ordinal numbers

H = H0 ≤ H1 ≤ · · · ≤ Hα ≤ Hα+1 ≤ · · · ≤ Hγ = G

with the additional stipulation that for each limit ordinal λ, Hλ is the union of all Hβ,

β < λ. The most easy way of realizing an ascending series is constructing a Prüfer group.

If p is a prime, the Prüfer p–group

Cp∞ = 〈x1, · · · , xn · · · | xp
1 = 1, xp

n = xn−1(n > 1)〉

is an infinite abelian group whose proper subgroups are all finite. In fact, the subgroups

of Cp∞ are the terms of the ascending series

〈1〉 ≤ C1 ≤ · · · ≤ Cn ≤ · · ·
⋃

n≥1

Cn = Cp∞ ,

where Cn = 〈xn〉 for every n ≥ 1. By the way, this an obvious example of a locally finite

group, a group whose finitely generated subgroups are finite.

If x, y ∈ G, then xy = yx(x−1y−1xy), and then the commutativity of x and y is

measured by the so called commutator of x and y, namely [x, y] := x−1y−1xy, because

we immediately have that xy = yx ⇔ [x, y] = 1. If H,K ≤ G and S ⊆ G, these

considerations lead to the construction of the subgroups of G,

[H,K] = 〈[x, y] | x ∈ H, y ∈ K〉 and CG(S) = {x ∈ G | [x, y] = 1 for all y ∈ S}.

The most important cases are [H,G] and ζ(G) = CG(G), which are called the commutator

subgroup of H by G and the center of G, respectively. Clearly G is abelian if and only

if [G,G] = 〈1〉 if and only if ζ(G) = G. Roughly speaking, we could say that we may

construct generalizations of an abelian group making trivial commutators of higher weight
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or stabilizing the natural pre-images of the subsequent centers. By definition, the upper

central series of G is the ascending chain of subgroups

〈1〉 = ζ0(G) ≤ ζ1(G) ≤ · · · ζα(G) ≤ ζα+1(G) ≤ · · ·

given by ζi+1(G)/ζi(G) = ζ(G/ζi(G)), i ≥ 0. Note that ζ1(G) = Z(G). On the other

hand the lower central series of G is the descending chain of subgroups

G = γ1(G) ≥ γ2(G) ≥ · · · ≥ γα(G) ≥ γα+1(G) ≥ · · ·

given by γi+1(G) = [γi(G), G], i ≥ 0. Note that γ2(G) = [G,G]. A group G is said to be

nilpotent if there is some c ≥ 0 satisfying one of the following equivalent conditions: (i)

ζc(G) = G; and (ii) γc+1(G) = 〈1〉. More generally G is said to be hypercentral if there

exists an ordinal α such that ζα(G) = G. Finally the derived series of G is the descending

chain of subgroups

G = G(0 ≥ · · ·G(n ≥ · · ·

given by G(i+1 = [G(i, G(i], i ≥ 0. Here also G(1 = [G,G]. The group G is said to be

soluble if there is some d ≥ 0 such that G(d = 〈1〉. It is very easy to see that a nilpotent

group is soluble although the converse is not true. Finite soluble groups were fundamental

in the Galois’ characterization of the solvability of polynomial equations by radicals.

The next result is standard inside the Theory of Groups and is similar to Theorem 1.

It characterizes nilpotent groups in the finite case.

Theorem 2(W. Burnside) For a finite group G the following conditions are equivalent:

(1) G is nilpotent;

(2) Every subgroup of G is subnormal; and

(3) If H is a proper subgroup of G then H is properly contained in its normalizer (the

largest subgroup of G in which H is normal) NG(H) = {x ∈ G | Hx = H}.

It is worth mentioning that the implications (1) ⇒ (2) ⇒ (3) of Theorem 2 hold

for arbitrary groups though the equivalence is false in general and gives rise to several

classes of generalized nilpotent groups. The falsity holds for infinite groups as the following

example shows. If G is a hypercentral group, it is very easy to show that every subgroup

of G is ascendant. However if P is a Prüfer 2–group, we construct the infinite dihedral

group,

D = 〈P, y | y2 = 1, xy = x−1 para todo x ∈ P 〉.

The group D is hypercentral but the subgroup 〈y〉 is not subnormal.

The aim of this survey paper is to review some families of subgroups that generalize

normal subgroups as well as the classes of groups involved.
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1 Subnormal subgroups

We begin stating a result that locates the groups under consideration.

Theorem 1.1 (A. I. Maltsev [16]). A hypercental group is locally nilpotent, that is their

finitely generated subgroups are nilpotent.

A group G is said to satisfy the normalizer condition (or G is an N–group) if H +=

NG(H) for each proper subgroup H (see Theorem 2). Since every proper ascendant

subgroup is properly contained in its normalizer, G is an N–group if and only if every

subgroup of G is ascendant.

Theorem 1.2 (B. I. Plotkin [20]). A group whose subgroups are ascendant is locally

nilpotent.

That is, an N–group is locally nilpotent. As we mentioned above, hypercentral groups

are N–groups, but the converse is far from being true. In this setting one of the most

celebrated examples in the Theory of Groups is given in the following result.

Theorem 1.3 (H. Heineken, I. J. Mohamed [11]). There exists a p–group G, p a prime,

satisfying the following properties:

(1) G contains an elementary abelian normal p–subgroup A such that G/A is a Prüfer

p–group;

(2) every proper subgroup of G is subnormal and nilpotent; and

(3) ζ(G) = 〈1〉.

In relation with subnormal and ascendant subgroups of a group, some distinguished

subgroups of the group can be constructed. That construction arises from the following

results

Theorem 1.4 (R. Baer [2], K. W. Gruenberg [9]). Let H and K be two finitely generated

nilpotent subgroups of the group G. If H and K are subnormal (respectively ascendant),

then so is 〈H,K〉.

Let G be a group. Then the subgroup B(G) generated by all subnormal cyclic sub-

groups of G is called the Baer radical of G, and the subgroup Gr(G) generated by all

ascendant cyclic subgroups of G is called the Gruenberg radical of G. Clearly, both sub-

groups are locally nilpotent normal subgroups of G. A group G is called a Baer group if

G = B(G) holds, and a Gruenberg group if G = Gr(G).

We mention that every countable locally nilpotent group can be expressed as the

union of an ascending chain of finitely generated nilpotent subgroups and therefore it is a

Gruenberg group. But for uncountable groups it is not true, as the following result shows.
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Theorem 1.5 (M. I. Kargapolov [13]). There is a locally finite p–group that is not a

Gruenberg group.

Groups whose subgroups are subnormal were studied by many authors. In this area

many interesting were obtained. We mention here only certain satisfactory structural

results.

Theorem 1.6 (W. Möhres [18]). A group whose subgroups are all subnormal is soluble.

Theorem 1.7 (W. Möhres [17]). A bounded group whose subgroups are all subnormal is

nilpotent.

Theorem 1.8 (W. Möhres [19]). A hypercentral group whose subgroups are all subnormal

is nilpotent.

Theorem 1.9 (H. Smith [22]). A torsion-free group in which all subgroups are subnormal

is nilpotent.

The last results are somewhat specific but we quote for their interest.

Theorem 1.10 (C. Casolo [3], H. Smith [22]). Let G be a periodic group in which all

subgroups are subnormal. If
⋂

α γα(G) = 〈1〉, then G is nilpotent.

Theorem 1.11 (C. Casolo [3]). Let G be a periodic group in which all subgroups are

subnormal. Then G contains a nilpotent normal subgroup H such that G/H is a divisible

abelian group of finite special rank.

2 Groups with many ascendant subgroups

The condition to be an ascendant subgroup is very wide than to be a subnormal

subgroup. It is the main reason why the groups whose subgroups are all ascendant were

not studied too well. There are many partial results about these groups, but in general

its study is very difficult. There are quite a few general results on the structure of these

groups. Some authors started consider groups in which the family of non-ascendant

subgroups is not empty but it is very small. Some examples of this are

• S. N. Chernikov [4] who studied groups whose subgroups are either ascendant or

finite.

• H. Heineken and L. A. Kurdachenko [10], who studied groups whose subgroups are

either subnormal or finitely generated.

• H. Smith [24, 25], who studied groups whose subgroups are either subnormal or

nilpotent.
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as well as many others.

In studying the structure of groups whose subgroups belong to two types, there is an

interesting approach that gives rise to obtain more information. Many important types of

subgroups have their antipodes, i.e. subgroups that have diametrically opposite properties

with respect to the original. For example, if H is a subgroup of G, then H ≤ NG(H) ≤ G.

IfH is normal in G then NG(H) = G. Therefore subgroups with the propertyH = NG(H)

are in the antipodes to normal subgroups. These subgroups are called self-normalizing.

As we mentioned above, subnormal subgroups and ascendant subgroups cannot be self-

normalizing, so that we may conclude that self-normalizing subgroups are in the antipodes

of subnormal and ascendant subgroups. Moreover we also apply Theorem 2 to deduce

that a nilpotent group has no proper self-normalizing subgroups.

We also note that if H is a subgroup properly contained in its normalizer, that is H +=

NG(H), then Hg = H for each g ∈ NG(H). If moreover g /∈ H , then it is trivial that g /∈

〈H,Hg〉. A subgroup H of a group G is called abnormal if g ∈ 〈H,Hg〉 for every element

g ∈ G. Therefore, we conclude that a nilpotent group has no proper abnormal subgroups,

and we see that abnormal subgroups also are in the antipodes of normal, subnormal and

ascendant subgroups. Thus in a certain sense we could say that the subgroups of a group

that have some defining properties and those that have the antipodes with respect to

these properties are located at the opposite ends of the group, while the other subgroups

have some kind of mixed intermediate positions between these two ends. If a group G

has few subgroups of mixed intermediate positions, it appears that the structure of G is

more transparent. Therefore the following question can be naturally raised: characterize

groups whose subgroups have only a certain property and its antipode. The first example

appear considering nilpotent groups. Actually a nilpotent group only has subnormal

subgroups and has neither abnormal subgroups nor self-normalizing subgroups. One

of the first investigations carrying out this approach was the paper by A. Fattahi [8],

where finite groups with normal and abnormal subgroups only were described. Later

on, G. Ebert and S. Bauman [6] studied finite groups every subgroup of which is either

subnormal or abnormal. Infinite groups with these properties and their generalizations

were described by M. de Falco, L. A. Kurdachenko and I. Ya. Subbotin [7], and later L. A.

Kurdachenko and H. Smith [15] studied groups whose subgroups are either subnormal or

self-normalizing. We quote here the main results of these papers as well as latest results

from which the previous are now a consequence.

Theorem 2.1 (L. A. Kurdachenko, J. Otal, A. Russo, G. Vincenzi [14]). Let G be a

locally finite group and suppose that G is not locally nilpotent. If every finitely generated

non-ascendant subgroup of G is self-normalizing then there exist a prime p and a nilpotent

normal subgroup A of G with no elements of order p such that the following conditions
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hold

(1) G = AP and A∩ P = 〈1〉, where P = 〈x〉 is a cyclic p-subgroup and CP (A) = 〈gp〉;

(2) the commutator subgroup [G,G] = A; and

(3) P is self-centralized, that is CG(P ) = P .

Conversely, if the group G satisfies the conditions (1)-(3), then every subgroup of G is

either ascendant or self-normalizing.

This result can be put in the usual form of these results.

Corollary 2.2. Let G be a locally finite group and suppose that G is not locally nilpotent.

Then every non-ascendant subgroup of G is self-normalizing if and only if there exist a

prime p and a nilpotent normal subgroup A of G with no elements of order p such that

the following conditions hold

(1) G = AP and A∩ P = 〈1〉, where P = 〈x〉 is a cyclic p-subgroup and CP (A) = 〈gp〉;

(2) the commutator subgroup [G,G] = A; and

(3) P is self-centralized, that is CG(P ) = P .

As we mentioned above we are able to obtain previous results.

Corollary 2.3 (L. A. Kurdachenko, H. Smith [15]). Let G be a locally finite group and

suppose that G is not locally nilpotent. Then every non-subnormal subgroup of G is self-

normalizing if and only if there exist a prime p and a nilpotent normal subgroup A of G

with no elements of order p such that the following conditions hold

(1) G = AP and A∩ P = 〈1〉, where P = 〈x〉 is a cyclic p-subgroup and CP (A) = 〈gp〉;

(2) the commutator subgroup [G,G] = A; and

(3) P is self-centralized, that is CG(P ) = P .

Corollary 2.4 (L. A. Kurdachenko, H. Smith [15]). Let G be a locally finite group and

suppose that G is not a Dedekind group. Then every non-normal subgroup of G is self-

normalizing if and only if there exist a prime p and an abelian normal subgroup A of G

with no elements of order p such that the following conditions hold

(1) G = AP and A∩ P = 〈1〉, where P = 〈x〉 is a cyclic p-subgroup and CP (A) = 〈gp〉;

(2) the commutator subgroup [G,G] = A;

(3) P is self-centralized, that is CG(P ) = P ; and
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(4) every subgroup of A is G–invariant.

Corollary 2.5. Let G be a locally finite group and suppose that G is not locally nilpotent.

Then every non-ascendant subgroup of G is abnormal if and only if there exist a prime

p and a nilpotent normal subgroup A of G with no elements of order p such that the

following conditions hold

(1) G = AP and A∩ P = 〈1〉, where P = 〈x〉 is a cyclic p-subgroup and CP (A) = 〈gp〉;

(2) the commutator subgroup [G,G] = A; and

(3) P is self-centralized, that is CG(P ) = P .

Corollary 2.6 (M. de Falco, L. A. Kurdachenko, I. Ya. Subbotin [7]). Let G be a

locally finite group and suppose that G is not locally nilpotent. Then every non-subnormal

subgroup of G is abnormal if and only if there exist a prime p and a nilpotent normal

subgroup A of G with no elements of order p such that the following conditions hold

(1) G = AP and A∩ P = 〈1〉, where P = 〈x〉 is a cyclic p-subgroup and CP (A) = 〈gp〉;

(2) the commutator subgroup [G,G] = A; and

(3) P is self-centralized, that is CG(P ) = P .

Corollary 2.7. Let G be a locally finite group and suppose that G is not a Dedekind

group. Then every non-normal subgroup of G is abnormal if and only if there exist a

prime p and an abelian normal subgroup A of G with no elements of order p such that the

following conditions hold

(1) G = AP and A∩ P = 〈1〉, where P = 〈x〉 is a cyclic p-subgroup and CP (A) = 〈gp〉;

(2) the commutator subgroup [G,G] = A;

(3) P is self-centralized, that is CG(P ) = P ; and

(4) every subgroup of A is G–invariant.

For non-periodic groups, we have

Theorem 2.8 (L. A. Kurdachenko, J. Otal, A. Russo, G. Vincenzi [14]). Let G be a group

and suppose that every finitely generated subgroup is either ascendant or self-normalizing.

If G is not periodic, then G is a Gruenberg group.

Corollary 2.9. Let G be a group whose subgroups are either ascendant or self-normalizing.

If G is not periodic then G is a Gruenberg group.

248



We apply our study to hyperabelian groups, a class of generalized soluble groups. We

recall that a group G is said hyperabelian if there exists an ascending series {Hα}α<γ from

the trivial subgroup 〈1〉 = H0 to the whole group G = Hγ such that Hα+1/Hα is abelian

for every ordinal α.

Theorem 2.10 (L. A. Kurdachenko, J. Otal, A. Russo, G. Vincenzi [14]). Let G be

a hyperabelian group whose subgroups are either ascendant or self-normalizing. If G is

locally nilpotent, then every subgroup of G is ascendant.

Corollary 2.11. Let G be a hyperabelian group whose subgroups are either ascendant or

self-normalizing. If G is not periodic, then G is locally nilpotent. In particular, every

subgroup of G is ascendant.

With some extra work we find out a little more.

Corollary 2.12 (L. A. Kurdachenko, H. Smith [15]). Let G be a group whose subgroups

are either subnormal or self-normalizing. If G is locally nilpotent, then every subgroup of

G is subnormal.

Proof. If G is finitely generated, then G is nilpotent, and the proof is over. Suppose that

G has no a finite set of generators. Let F ≤ G be a finitely generated subgroup of G.

Pick x +∈ F . Then 〈x, F 〉 is nilpotent and so F += N〈x,F 〉(F ). Thus F is subnormal. Let

F = F0 ! F1 ! · · ·! Fn = G

be a subnormal series of F in G, that is Fn = FG, Fn−1 = F Fn, . . . , F1 = F F2, where

XY = 〈xy = y−1xy | x ∈ X, y ∈ Y 〉. Then F1 is the product of the nilpotent normal

subgroups F x, x ∈ F2, and it is known that F1 is hyperabelian. By Theorem 2.10, F1 has

no self-normalizing subgroups and thus every subgroup of F1 is subnormal. By Theorem

1.6, F1 is soluble. Now F2 is the product of the soluble normal subgroups F x
1 , x ∈ F3, and

it is known that F2 is hyperabelian. As above, we see that F3 is hyperabelian. Proceeding

in this way, after finitely many steps we see that G is hyperabelian. By Theorem 2.10, G

has no self-normalizing subgroups, and hence every subgroup of G is subnormal. "

Corollary 2.13 (L. A. Kurdachenko, H. Smith [15]). Let G be a group whose subgroups

are either subnormal or self-normalizing. If G is not periodic, then every subgroup of G

is subnormal. In particular, if G is torsion-free, then G is nilpotent.

Corollary 2.14. Let G be a group whose subgroups are either normal or self-normalizing.

If G is not periodic, then G is abelian.

Corollary 2.15. Let G be a group whose subgroups are either subnormal or abnormal. If

G is locally nilpotent, then every subgroup of G is subnormal.
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Corollary 2.16. Let G be a group whose subgroups are either subnormal or abnormal. If

G is not periodic, then every subgroup of G is subnormal.

We mention that in [7] the latter was proved with the additional condition G += [G,G].

Corollary 2.17. A non-periodic group whose subgroups are either normal or abnormal

is abelian.

To finish this Section we mention the related result obtained in the paper [15].

Theorem 2.18 (L. A. Kurdachenko, H. Smith [15]). Let G be a group whose subgroups

are all subnormal. Suppose that there is n ≥ 1 such that G is generated by elements of

order at most n. Then G is nilpotent.

3 Permutable subgroups

A subgroup H of a group G is said to be permutable in G (or quasi-normal in G),

if HK = KH for every subgroup K of G. This concept arises as a generalization of

that of normal subgroup since it is immediate that a normal subgroup is permutable.

The study of the properties of the permutable subgroups started a rather long time ago

(see, for example [21]), where groups whose subgroups are all permutable were described.

Before than giving that description we recall the following result that establish a certain

connection among the concepts involved in this paper.

Theorem 3.1 (S. E. Stonehewer [26]). A permutable subgroup of a group G is ascendant

in G.

In this case, by Theorems 3.1 and 1.2, G is locally nilpotent. Application of the results

of a paper by K. Iwasawa [12] give us the following description.

Theorem 3.2. Let G be a group whose subgroups are all permutable.

(1) If G is periodic, then G can be expressed as a direct product

G = DrpGp,

where Gp is the Sylow p–subgroup of G, and the following conditions holds:

(1A) if p += 2, then either Gp is abelian or Gp = Bp〈ap〉, where Bp is an abelian

subgroup of exponent pk, and there is a positive integer t such that t = 1+ pm,

for some m ≤ k ≤ m+ d, where pd = |Gp/Bp|, and a−1
p bap = bt for all b ∈ Bp;

and
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(1B) if p = 2, then either Gp is a Dedekind group or Gp = Bp〈ap〉, where Bp is an

abelian normal subgroup of exponent pk, and there is a positive integer t such

that t = 1 + pm, where pd = |Gp/Bp|, and a−1
p bap = bt for all b ∈ Bp.

In both cases Gp is nilpotent, and bounded in the non-abelian case; and

(2) If G is not periodic, then

(2A) the set T consisting of all elements of G having finite order is a subgroup of G;

(2B) T and G/T are abelian;

(2C) every subgroup of T is G–invariant; and

(2D) if the abelian factor-group G/T has positive torsion-free rank, then G is abelian.

If G further is torsion-free, then G is abelian.

As a consequence of Theorem 2.1, we can now obtain the following result.

Theorem 3.3. Let G be a locally finite group and suppose that G is not locally nilpotent.

Then every non-permutable subgroup of G is self-normalizing if and only if there exist a

prime p and an abelian normal subgroup A of G with no elements of order p such that the

following conditions hold

(1) G = AP and A∩ P = 〈1〉, where P = 〈x〉 is a cyclic p-subgroup and CP (A) = 〈gp〉;

(2) the commutator subgroup [G,G] = A;

(3) P is self-centralized, that is CG(P ) = P ; and

(4) every subgroup of A is G–invariant.

Applying Theorem 2.10 and with some extra work, we are able to obtain.

Proposition 3.4. Let G be a group whose subgroups are either permutable or self-normalizing.

If G is locally nilpotent, then every subgroup of G is permutable.

Proof. If G is finitely generated, then G is nilpotent, and the proof is over. Suppose that

G has no a finite set of generators. Let F ≤ G be a finitely generated subgroup of G.

Pick x +∈ F . Then 〈x, F 〉 is nilpotent and so F += N〈x,F 〉(F ). Thus F is ascendant. Let

F = F0 ! F1 ! · · ·! Fα ≤ Fα+1 ! · · ·Fγ = G

be an ascending series between F and G, and define L1 = 〈F x | x ∈ F2〉. Any F x is normal

in F1 if x ∈ F2, and it readily follows that L1 is hyperabelian. By Theorem 2.10, L1 has no

self-normalizing subgroups, and hence every subgroup of L1 is permutable. By Theorem
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3.2, L1 is metabelian, that is an abelian extension of an abelian group. Proceeding in the

same way we see that F3 is metabelian, and applying transfinite induction we obtain that

FG is also metabelian. Hence G contains an abelian normal subgroup. Using transfinite

induction again, we deduce that G itself is hyperabelian. By Theorem 2.10, G has no

self-normalizing subgroups, and hence every subgroup of G is permutable, as required."

Corollary 3.5. Let G be a group whose subgroups are either permutable or self-normalizing.

If G is not periodic, then every subgroup of G is permutable. If G further is torsion-free,

then G is abelian.

A subgroup H of a group G is said to be contranormal if HG = H ; it is clair that

this concept defines subgroups that are some kind of antipodes of subnormal and normal

subgroups. In the paper M. de Falco, L.A. Kurdachenko and I.Ya. Subbotin [7] the

following description of groups whose subgroups are either subnormal or contranormal

was obtained.

Theorem 3.6 (M. de Falco, L. A. Kurdachenko, I. Ya. Subbotin [7]). Let G be a group

such that G += [G,G]. Every non-subnormal subgroup of G is contranormal if and only

one of the following holds.

(1) Every subgroup of G is subnormal;

(2) G is a Baer group and has a normal subgroup H whose subgroups are subnormal

such that G/H is a Prüfer p–group for some prime p; or

(3) G = [G,G]P , where P = 〈g〉 is a cyclic contranormal subgroup and there is a prime

q such that every subgroup of [G,G]〈gq〉 is subnormal.
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