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Abstract

This work presents a simple and efficient approach for the numerical solution of the single-
phase flow problem in deformable porous media. To this end, Biot’s model is derived from
basic principles of fluid and solid mechanics, and the numerical challenges associated with
its discretization and the solution of the resulting algebraic systems are discussed. Piecewise
linear finite element methods are considered as one of the simplest discretization strategies
for this problem, and a suitable stabilization technique is introduced to ensure uniform
stability properties and a monotone discrete scheme. To solve the algebraic systems arising
from the stabilized discretization, efficient decoupled solvers are reviewed and theoretically
analyzed. In particular, we propose an iterative coupling method and a non-iterative sequential
method for solving the resulting stabilized scheme. The efficiency and robustness of both the
discretization and the solution approaches are demonstrated.

1 Introduction

The focus of this work is the efficient numerical simulation of multiphysics problems involving
single phase flow in a deformable porous medium within the context of the Biot theory of
poroelasticity. This continuum theory studies the behaviour of a porous media consisting of an
elastic matrix containing interconnected pores filled by fluids and it is based on the fact that the
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presence of a freely moving fluid within the pores modifies the mechanical response of the media.
In particular, the theory postulates that when a porous material is subjected to stress, the resulting
matrix deformation causes volumetric changes in the pores. Since the pores are filled by fluid,
the presence of the fluid not only acts as a stiffener of the material, but also leads to the flow of
the pore fluid between regions of higher and lower pore pressure.

The first work accounting for the interrelation of pore fluid and the quasi-static deformation
of soils was by Terzaghi [78]. However, his work was based on experimental work and on a one-
dimensional consolidation model. Further on, his theory was generalized by Biot, who established
the general theory of poroelasticity through several pioneering papers [14, 15]. This theory
originally was developed for soil mechanics especially for consolidation problems, since most
rocks are porous materials which are generally saturated by different fluid phases. The mechanical
behavior of porous rocks is affected by variations of fluid pressures, and, at the same time, the flow
kinetics of each fluid phase is influenced by rock deformation. Thus, Biot’s theory soon became
crucial in geophysical applications related to enhanced oil recovery, injection/pumping operations
into geological formations, oil and gas-hydrate exploration or seismic monitoring of CO2 storage,
among others. Since then, many researchers have contributed to its further development, and
new applications have benefited from the extensive development of the poroelastic theory. In
particular, such a theory found its applications in biology, medicine and biomedical engineering
for the description of different anatomical structures as vertebrate discs or cornea, biological
tissues as cartilage, different organs as the brain or the heart, for example, becoming fundamental
in important applications as the study of tumor growth, heart perfusion, brain mechanics, for
instance. Nowadays, Biot’s model is extensively studied, both theoretically and computationally,
since it is essential in the understanding of a wide range of applications in different branches of
science and engineering.

The existence, uniqueness, and regularity of the solutions of Biot’s equations have been widely
studied, see the works by Showalter [72], Zenisek [84] and Phillips and Wheeler [63], and the
references therein. The mathematical models for flow in deformable porous media consist of
coupled, and possibly nonlinear, partial differential equations, and therefore, analytical solutions
of these poroelastic models in closed form are only possible for very particular and restricted
cases. For example, some of these benchmark models with analytical solution are Terzaghi [78],
Mandel [52, 1] and Barry and Mercer [9] problems. So, the numerical simulation of Biot’s
models are of great interest to scientists and engineers, since reliable numerical methods for
solving poroelastic problems are needed for the accurate solution of multiphysics phenomena
appearing in a great variety of fields. It is therefore necessary to develop discrete numerical

8



models suitable for computer solution. The discrete model arises from the discretization of the
continuous model by different techniques, and gives rise to a large set of algebraic equations per
time step. The main focus is then twofold: first, to choose appropriate discretization schemes that
provide numerical solutions whose behavior resembles that of the real problems and, second, to
design suitable large-scale computational algorithms for their efficient solution.

Discretization schemes for Biot’s equations have been widely studied. Finite difference
methods, which are simple and easy to implement have been analyzed for such a problem [33,
34]. Cell-centered finite volume methods are predominant in the numerical simulation of flow
problems [8, 23], as in the industry standard simulation software Eclipse (by Schlumberger and
Stars by CMG). These methods have been traditionally combined with finite element methods for
dealing with the coupling between flow and mechanics, but recently, a compatible finite volume
scheme for coupled hydromechanic flows in porous media was proposed by Jan Martin Nordbotten
(MPSA) [58, 59, 60]. This approach is a generalization of the multi-point flux approximation
(MPFA) for the scalar conservation equation to mechanical deformation, and has the advantage
that the same data structures are used in both the flow problem and the mechanics part. The finite
element method, however, provides flexibility to handle complex geometries and has a better
developed convergence and stability theory, and thus, has been widely considered to approximate
the solution of complex poromechanics problems. See for example the monograph by Lewis and
Schrefler [50], where the authors provide an exhaustive compilation of their work on finite element
schemes for poroelastic problems, the references therein and some other more recent works such
as [46, 49, 70, 82].

One of the main challenges in the numerical simulation of poroelasticity problems is to avoid
the appearance of numerical instabilities in the approximation of the pressure variable [5, 26,
28, 37, 66, 83]. Problems where the solution is smooth are satisfactorily solved by standard
discretization schemes, but when strong pressure gradients appear, strong nonphysical oscilla-
tions can appear in the numerical approximation of the fluid pressure. Such instabilities occur
in presence of low-permeability materials and/or when a small time step is used at the begin-
ning of the consolidation process. The oscillations can be removed if considering very fine
target grids, or when imposing stability restrictions between the space and time discretization
parameters (see [5, 79]). Such techniques, however, can result in prohibitively expensive compu-
tational methods and therefore are not practical for real applications. There are different points
of view about the nature of these instabilities in the literature. In a finite element framework,
they are often attributed to the violation of the inf-sup condition, or the lack of monotonicity
of the scheme, in general. These oscillations can be minimized (but not completely alleviated
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without reducing the spatial mesh size) if inf-sup stable finite element methods are used. In
several papers, Murad and Loula [55, 56, 57] analyzed the behavior of stable discretizations for
the classical two-field formulation. The inf-sup condition, however, is not a sufficient requirement
to guarantee numerical solutions free of oscillations, as seen in [5] and [69] where Taylor-Hood el-
ements [76] (continuous piecewise quadratic functions for the approximation of the displacement
and continuous piecewise linear functions for the pressure), and the so-called MINI element [7]
(continuous piecewise linear functions for both variables, enriching the space for displacements
with the element bubble functions) are considered, respectively. Other authors have proposed
other techniques to avoid the appearance of non-physical oscillations as for example the use of
least-squares mixed finite-element methods [45, 77], different combinations of continuous and
discontinuous Galerkin methods and mixed finite-element methods [63, 64, 65], nonconforming
finite-element methods [41], or a new formulation of the problem including the so-called total
pressure variable [61]. These non-physical oscillations can be also eliminated by appropriate sta-
bilization techniques, adding, in particular, certain stabilization terms to the Galerkin formulation
of the problem, see for example [13] and [5, 69].

Following the numerical discretization of the problem, the other important aspect of compu-
tational schemes is the design of efficient solvers for the solution of the arising large-scale linear
system of algebraic equations that has to be solved at each time step. Such linear systems are
usually ill-conditioned and difficult to solve in practice. Incorporation of more detailed physics
and geometry into the mathematical models requires the use of efficient numerical algorithms,
becoming the design of these methods a crucial step to allow the numerical simulation of realistic
problems. In particular, the solution of the large linear systems of equations arising from the dis-
cretization of Biot’s model is the most time-consuming part when real simulations are performed,
and often constitute a major bottleneck in coupled flow and geomechanics simulations. For this
reason, during the last years, significant effort has been focused on designing efficient iterative
solution methods for these problems. Poroelastic models are computationally complex to retain
the characteristics of the underlying physical processes, and their numerical simulation becomes
expensive, time consuming and difficult. In fact, up to our knowledge, there are no commercial
packages readily available to solve these type of coupled problems. The classical approach is to
consider separate software modules for mechanics and flow calculations, implemented in both
a sequential or iterative setting. In the literature, there are mainly three different approaches
for solving the coupling between geomechanics and flow in a porous media: the fully implicit
schemes, the iterative coupling methods and the explicit approach.

On the one hand, the so-called monolithic, fully coupled or fully implicit methods solve
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the coupled flow and geomechanics system simultaneously in a monolithic manner, that is,
simultaneously for all the unknowns on each time level. This strategy allows to take larger time
steps and enjoys excellent stability properties. Its main disadvantage, however, lies in their high
computational cost due to the need of solving complex ill-conditioned linear systems. Also, it
does not allow to use well tested robust versions of individual model components, and looses
some flexibility since it does not permit to use larger time steps for the geomechanics than for
the flow subproblem. Within this framework, Krylov-type iterative methods and/or multigrid
algorithms are frequently used, due to their scalability and good parallel performance. In the case
of Krylov iterative methods, an essential ingredient is to design an effective preconditioner which
could address both the ill-conditioning and the strong coupling nature of the governing equations,
and thus accelerate the convergence of Krylov subspace methods. Some examples can be found
in [3, 2, 71, 12, 27, 18, 22, 36, 39, 67]. Multigrid methods are known to have optimal complexity for
solving many numerical problems. However, in practice their performance in solving individual
problems varies significantly. Multigrid methods for the transport of a fluid in porous media
are well understood, but the black-box multigrid treatment of the poroelasticity equations is less
common. Within the multigrid framework, the focus is on the design of appropriate smoothers
to deal with the saddle point type character of the resulting system. Different smoothers have
been proposed in the literature for dealing with Biot’s problem within a multigrid framework.
Coupled Vanka smoothers, decoupled distributive relaxations, Uzawa type smoothers and other
decoupled relaxations based on iterative coupling methods have been successfully applied for
such a problem [32, 31, 51, 35, 4].

An alternative to the monolithic methods is a sequential approach in which the fully coupled
system is broken into subproblems (flow and mechanics problems) that are solved one after the
other. This fully explicit coupling approach is a very simple scheme which allows much flexibility
in the implementation and has a low computational cost, however it pays maybe the price of a
less accurate numerical solution by using the same discretization parameters and might also only
be conditionally stable. This approach has the advantage that established numerical methods and
existing software and simulators can be used for each of the subproblems. In this way, it results
quite attractive in practice since smaller linear systems need to be solved in order to obtain the
solution for the whole coupled poroelastic system. Due to the appealing advantages of these
methods, intensive research is currently being carried out in this direction. Some examples can
be found in [48, 19, 85, 6, 21, 68].

A sequential approach may be iterated further at each time step until the solution converges
within a specified tolerance. This is commonly known as an iteratively coupled approach, and
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the solution obtained is, in principle, the same as the that obtained using a monolithic approach.
Thus, for solving Biot’s model, the iterative coupling schemes solve, on each time step, either
the flow or the mechanic part, followed by the solution of the other subproblem, repeating this
process until a converged solution within a prescribed tolerance is obtained [44]. This approach
has the same advantages of the previous decoupling solution methods regarding their flexibility,
since two different existing codes (one for the fluid flow and one for the geomechanics) can be
used for solving the whole coupled poroelastic problem. Special care, however, is needed for
their appropriate design, avoiding a slow convergence of the coupling schemes. In addition, these
splitting techniques can be also considered as preconditioners for the fully implicit approach,
see [29, 30]. The most commonly used iterative coupling methods are the drained and undrained
splittings, which solve the mechanical problem first, and the fixed-strain and fixed-stress splittings,
which solve the flow problem first [42, 43]. In particular, the fixed stress splitting is the most
used in practice due to its unconditional convergence, and it has been widely analyzed [16, 17,
20, 35, 53, 74]. In this scheme, the flow problem is firstly solved fixing the volumetric mean total
stress, and then the mechanics part is solved from the values obtained at the previous flow step.
This method, however, requires the choice of a certain stabilization parameter which has to be
sufficiently large in order to ensure the convergence of the iteration [17].

There is another important issue to take into account in the numerical simulation of poroelastic
problems. The corresponding mathematical models involve a large number of physical parameters,
and the values of some of such parameters may vary over orders of magnitude in different
applications. For example, the value of the permeability can typically range from 10−9 to 10−21

m2 in geophysical applications [47, 80], and from 10−14 to 10−16 m2 in biophysical applications
such as in the modeling of soft tissue or bone [11, 73, 75]. The Poisson ratio can take values
varying from 0.1 to 0.5 depending on the degree of incompressibility of the media. Therefore, the
large variation of values of these physical parameters makes important to consider discretizations
that are uniformly stable, independently of the values of the physical parameters, and solution
methods that perform well under such large variations of the parameters. When a numerical
method satisfies such properties, it is called parameter-robust method and the design of such type
of methods has been the focus of study of the scientific community for the past few years (see for
example [2, 38, 47, 71, 70]).

In this work, we gather some numerical techniques that we proposed to deal with the issues
raised above by using a very simple numerical scheme for poroelastic problems. More concretely,
piecewise linear finite element methods are considered as the simplest discretization scheme for
this problem, together with an appropriate stabilization to avoid non-physical oscillations, and
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two different decoupled strategies for solving the resulting systems of algebraic equations are
derived from the stabilized scheme and theoretically analyzed. Thus, the structure of the paper is
as follows. In Section 2 we derive the governing equations for Biot’s model, while in Section 3
we introduce the considered discretization together with the proposed stabilization technique and
a discussion about the numerical issue arising with the appearance of non-physical oscillations.
Section 4 is devoted to derive the decoupled solvers from the stabilized formulation of the discrete
problem previously introduced. In particular, in Section 4.1 an iterative coupling approach is
presented and in Section 4.2 a non-iterative sequential scheme is derived. Finally, in Section 5
some conclusions are drawn.

2 Biot’s model. Mathematical formulation

Biot’s model is built from the basic principles of fluid and solid mechanics. In particular it
couples the governing equations for fluid flow and solid deformation in poroelastic media, taking
into account the equilibrium and mass conservation principles, as well as Darcy’s law.

We assume a linearly elastic, homogeneous and isotropic porous medium, saturated by a
Newtonian fluid. The model is based on the interaction between a solid skeleton and a freely
moving pore fluid, which dictates the choice of the main quantities to deal with: the solid
displacement vector u, which tracks the movement of the solid matrix, and the fluid velocity
vector q, denoting the rate of fluid volume that crosses a unit area of porous solid. This latter is
related to the gradient of the pore pressure 𝑝 by the following linear relationship

(1) q = − 𝜅

𝜇 𝑓

(
∇𝑝 − 𝜌 𝑓 g

)
which is known as Darcy’s law, and where 𝜅 is the permeability of the soil, 𝜇 𝑓 is the viscosity
of the fluid, 𝜌 𝑓 is the density of the fluid and g is the gravitational acceleration vector. The
strain tensor 𝜀(u) is introduced to follow the deformation of the solid skeleton by the following
compatibility equation

(2) 𝜀(u) = 1
2
(∇u + ∇𝑇u).

For a stressed body to remain in equilibrium, all the forces acting on it must balance each
other. This requirement leads to the equilibrium equation, given by

(3) div𝝈 + f = 0,
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where 𝝈 is the stress tensor, and f is the density of applied body forces. There are three reasons by
which a change of volume of a porous medium can appear: due to compression of the fluid, due
to compression of the grains or due to a rearrangement of the grains. The two first mechanisms
are controlled by the fluid and solid compressibility, respectively. The latter one is related to the
principle of effective stress. This notion was introduced by Terzaghi, who established that the
total stress is carried in part by the fluid and in part by the soil structure. The part of the total
stress that is not carried by the fluid is called the effective stress, and actually this is the stress
applied to the grains of the porous medium. Thus, rearrangement of the soil grains is caused by
changes in the effective stress and not by changes in the total stress. Therefore, the total stress 𝝈
can be split up into the sum of the effective stress, usually denoted by 𝝈′, and the pore pressure
p, that is,

(4) 𝝈 = 𝝈′ + 𝛼𝑝I,

where parameter 𝛼 is the Biot coefficient and depends on the compressibilities of the solid 𝑐𝑠 and
porous medium 𝑐𝑏 such that 𝛼 = 1 − 𝑐𝑠

𝑐𝑏
. In continuum mechanics, the effective stress tensor and

the strain tensor are fundamentally related through the material’s constitutive equations, which
characterize its mechanical behavior under loading. In the case of linear elasticity, as it is our case,
this relationship is linear and is described by Hooke’s law, which expresses the stress components
as linear functions of the strain components via the material’s elasticity tensor. For isotropic
materials, this relation can be written as

(5) 𝝈′ = 𝜆𝑡𝑟 (𝜀(u))𝐼 + 2𝜇𝜀(u),

where 𝜆 and 𝜇 are the so-called Lamé coefficients, which can be computed in terms of the Young
modulus, 𝐸 , and the Poisson ratio, 𝜈, as follows:

𝜆 =
𝐸𝜈

(1 − 2𝜈) (1 + 𝜈) and 𝜇 =
𝐸

1 + 2𝜈
.

In order to describe the amount of fluid in a deformable porous media, the so-called fluid
content 𝜉 is defined as

(6) 𝜉 =
𝑝

𝛽
+ 𝛼 div u,

where 𝛽 is known as the Biot modulus. Note that the first part in the right-hand side of this
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equation measures the change in the amount of fluid as a result of the change in the pore pressure
𝑝 under constant volumetric strain ∇ · u. In turn, the second part 𝛼∇ · u measures the amount of
fluid content due to deformation of the porous medium. The fluid mass conservation equation is
given by

(7)
𝜕𝜉

𝜕𝑡
+ div q = 𝑔,

where the source term 𝑔 represents a forced fluid extraction or injection process. Substituting (6)
into (7), we obtain the

(8)
𝜕

𝜕𝑡

(
1
𝛽
𝑝 + 𝛼 div u

)
+ div q = 𝑔.

Thus, the system of equations governing the consolidation process is given by the equilibrium
equation for the porous medium, obtained combining (3) and (4), and the continuity equation (8),

−div𝝈′ + 𝛼∇ 𝑝 = f,(9)
𝜕

𝜕𝑡

(
1
𝛽
𝑝 + 𝛼 div u

)
+ div q = 𝑔.(10)

Finally, for linear isotropic materials the stress tensor 𝜎 is given by Hooke’s law (5) and the Darcy
velocity q relates to the pressure through Darcy’s law (1). Under these assumptions, this set of
partial differential equations can be written as a coupled system in terms of the displacements
of the solid matrix u and the pore pressure 𝑝, giving rise to the so-called displacement-pressure
formulation or two-field formulation for Biot’s model, which is given by the following system of
partial differential equations (PDEs):

−∇ (2𝜇𝜀(u) + 𝜆∇ · u) + 𝛼∇𝑝 = f,(11)
1
𝛽

𝜕𝑝

𝜕𝑡
+ 𝛼∇ · 𝜕u

𝜕𝑡
− ∇ ·

(
𝐾 (∇𝑝 − 𝜌 𝑓 g)

)
= 𝑔,(12)

on a space-time domain Ω× (0, 𝑇 𝑓 ], where Ω ⊂ R𝑑 , 𝑑 ≤ 3, 𝑇 𝑓 > 0, where 𝐾 denotes the hydraulic
conductivity which is given by the quotient between the permeability 𝜅 and the viscosity of the
fluid 𝜇 𝑓 , i.e. 𝐾 =

𝜅

𝜇 𝑓
.

To complete the formulation of a well-posed problem, we need to include appropriate boundary
and initial conditions. For example, we can consider a part of the boundary which is free to drain
and where a traction is applied, and other part that is assumed to be rigid and impermeable, that
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is,

(13)
𝑝 = 0, 𝝈n = t, on Γ𝑡 ,

u = 0, 𝐾
(
∇𝑝 − 𝜌 𝑓 g

)
· n = 0, on Γ𝑐,

where n is the unit outward normal to the boundary Γ, which is split into two disjoint subsets Γ𝑡
and Γ𝑐 with non null measure such that Γ = Γ𝑡 ∪ Γ𝑐.
For the initial time 𝑡 = 0 the following condition is assumed,

(14)
(

1
𝛽
𝑝 + 𝛼∇ · u

)
(𝑥, 0) = 0, 𝑥 ∈ Ω.

3 Discrete scheme. Numerical issues

To present the variation formulation of problem (11)-(14), we first introduce appropriate function
spaces. Let 𝐿2(Ω) be the Hilbert space of square integrable scalar valued functions defined on
Ω, with inner product

(𝑝, 𝑞) =
∫
Ω

𝑝 𝑞 d𝑥, 𝑝, 𝑞 ∈ 𝐿2(Ω),

and let us consider 𝐻1(Ω) which denotes the subspace of 𝐿2(Ω) of functions with weak first
derivatives in 𝐿2(Ω). Then, we define the following Sobolev spaces for displacements and
pressure variables:

V =
{
u ∈ (𝐻1(Ω))𝑑 | u = 0 on Γ𝑐

}
,(15)

𝑄 =
{
𝑞 ∈ 𝐻1(Ω) | 𝑞 = 0 on Γ𝑡

}
.(16)

By considering the bilinear forms corresponding to the elasticity and the scaled Laplacian opera-
tors, that is,

𝑎(u, v) = 2𝜇
∫
Ω

𝜀(u) : 𝜀(v) dΩ + 𝜆
∫
Ω

divu divv dΩ, 𝑎𝑝 (𝑝, 𝑞) =
∫
Ω

𝐾∇𝑝 · ∇𝑞 dΩ,

we can write the variational formulation of the two-field formulation of Biot’s problem as follows:
Find (u(𝑡), 𝑝(𝑡)) ∈ C1( [0, 𝑇 𝑓 ]; V) × C1( [0, 𝑇 𝑓 ];𝑄) such that

𝑎(u, v) − 𝛼(𝑝, divv) = (f , v), ∀ v ∈ V ,(17)
1
𝛽
(𝜕𝑡 𝑝, 𝑞) + 𝛼(div 𝜕𝑡u, 𝑞) + 𝑎𝑝 (𝑝, 𝑞) = (𝑔, 𝑞) + (𝐾𝜌 𝑓 g,∇𝑞), ∀ 𝑞 ∈ 𝑄.(18)
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with the initial condition,

(19)
(

1
𝛽
𝑝(0) + 𝛼∇ · u(0), 𝑞

)
= 0, ∀𝑞 ∈ 𝐿2(Ω).

Notice that in (18) the time derivative is denoted by 𝜕𝑡 for compactness of notation.
Now, we consider the finite element approximation of problem (17)-(19) and, in particular,

linear finite element methods are used to approximate both displacement and pressure unknowns,
as previously commented. Let Tℎ be a partition of Ω ⊂ R𝑑 consisting of triangles (𝑑 = 2) or
tetrahedrons (𝑑 = 3). Thus, we choose the following finite-element pair of spaces Vℎ × 𝑄ℎ to
approximate the displacements and the pressure, respectively, where

Vℎ = {vℎ ∈ (𝐻1(Ω))𝑑 | vℎ |𝑇 ∈ (𝑃1)𝑑 , ∀𝑇 ∈ Tℎ, vℎ |Γ𝑐 = 0},
𝑄ℎ = {𝑝ℎ ∈ 𝐻1(Ω) | 𝑝ℎ |𝑇 ∈ 𝑃1, ∀𝑇 ∈ Tℎ, 𝑝ℎ |Γ𝑡 = 0},

where 𝑃1 denotes the space of scalar piecewise linear functions on Tℎ. To discretize in time,
we use the backward Euler method on a uniform partition of the time interval (0, 𝑇 𝑓 ], 𝑡 𝑗 = 𝑗𝜏,
𝑗 = 0, . . . , 𝑁 , with time-step 𝜏 = 𝑇 𝑓

𝑁
, leading to the following fully-discrete scheme:

For given initial values (u0
ℎ
, 𝑝0

ℎ
) ∈ Vℎ × 𝑄ℎ, for 𝑛 = 1, 2, . . . , 𝑁 , find (u𝑛

ℎ
, 𝑝𝑛

ℎ
) ∈ Vℎ × 𝑄ℎ such

that

𝑎(u𝑛ℎ, vℎ) − 𝛼(𝑝
𝑛
ℎ, divvℎ) = (f 𝑛ℎ , vℎ), ∀ vℎ ∈ Vℎ,(20)

1
𝛽
(𝜕𝑡 𝑝𝑛ℎ, 𝑞ℎ) + 𝛼(div 𝜕𝑡u𝑛ℎ, 𝑞ℎ) + 𝑎𝑝 (𝑝

𝑛
ℎ, 𝑞ℎ) = (𝑔𝑛ℎ, 𝑞ℎ), ∀ 𝑞ℎ ∈ 𝑄ℎ,(21)

where 𝜕𝑡 𝑝𝑛ℎ := (𝑝𝑛
ℎ
− 𝑝𝑛−1

ℎ
)/𝜏, 𝜕𝑡u𝑛ℎ := (u𝑛

ℎ
− u𝑛−1

ℎ
)/𝜏, and where (𝑔𝑛

ℎ
, 𝑞ℎ) includes the discrete

counterpart of the right-hand side (𝑔, 𝑞) + (𝐾𝜌 𝑓 g,∇𝑞) of (18).
By introducing operators notation, and establishing the following correspondences among

operators and the bilinear forms:
(22)
𝑎(uℎ, vℎ)→ 𝐴, −𝛼(𝑝ℎ, divvℎ)→𝐺, 𝛼(div uℎ, 𝑞ℎ)→𝐷, 𝑎𝑝 (𝑝ℎ, 𝑞ℎ)→ 𝐴𝑝, (𝑝ℎ, 𝑞ℎ)→𝑀.

we can rewrite the discrete problem (20)-(21) in the following block form:

(23) A
(
u

𝑝

)
=

(
𝑓

𝑔

)
, with A =

(
𝐴 𝐺

𝐷 𝜏𝐴𝑝 + 𝛽−1𝑀

)
.
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Note that 𝐷 = −𝐺𝑇 by definition.

3.1 Numerical difficulties. Non-physical oscillations

As previously commented in the introduction, the pressure field may exhibit non-physical oscil-
lations when some standard combinations of finite elements are used to discretize the problem.
This is the case, for example, when linear finite element methods are used to approximate both
displacement and pressure unknowns. In particular, such an unstable behavior may occur when
the porous material has a low permeability and/or when a small time step is used at the beginning
of the consolidation process. To illustrate this behavior, below we present some examples. First,
we consider a very simple one-dimensional problem: the Terzaghi’s problem. After that, a mod-
ification of such a simple problem, in which we have included an intermediate layer with a very
low permeability is considered. Finally, a two-dimensional benchmark problem is analyzed too.

3.1.1 Example 1 - Terzaghi Problem

The Terzaghi problem models a column of a porous medium with height, 𝐻, saturated by an
incompressible fluid, bounded by impermeable and rigid lateral walls and bottom, and supporting
a load 𝜎0 on the top boundary which is free to drain (see Figure 1(a)). This results in the following
one-dimensional version of model (11)-(12):

(24)
− 𝜕

𝜕𝑥

(
(𝜆 + 2𝜇) 𝜕𝑢

𝜕𝑥

)
+ 𝜕𝑝
𝜕𝑥

= 0,

𝜕

𝜕𝑡

(
𝜕𝑢

𝜕𝑥

)
− 𝜕

𝜕𝑥

(
𝐾
𝜕𝑝

𝜕𝑥

)
= 0,

(𝑥, 𝑡) ∈ (0, 𝐻) × (0, 𝑇 𝑓 ],

where for simplicity we have fixed 𝛼 = 1 and 1/𝛽 = 0. This system is supplemented with the
following boundary and initial conditions,

(𝜆 + 2𝜇) 𝜕𝑢
𝜕𝑥

(0, 𝑡) = 𝜎0, 𝑝(0, 𝑡) = 0, 𝑡 ∈ (0, 𝑇 𝑓 ],

𝑢(𝐻, 𝑡) = 0, 𝐾
𝜕𝑝

𝜕𝑥
(𝐻, 𝑡) = 0, 𝑡 ∈ (0, 𝑇 𝑓 ],

𝜕𝑢

𝜕𝑥
(𝑥, 0) = 0, 𝑥 ∈ [0, 𝐻] .

A uniform partition of spatial domainΩ = (0, 𝐻) with mesh size ℎ is considered, and the backward
Euler method is chosen for discretization in time, together with the spatial P1-P1 method.

When discretizing using linear finite elements for both displacement and pressure, non-
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max
0≤i≤n−1

h2i
6Ki Ei

< τ. (21)

must be fulfilled. Summarizing, we remark that the use of quadratic finite elements for
displacement contributes in a positive way to the reduction of the oscillations, but it is still
not enough. To illustrate this behaviour, we consider again system (19) on an uniform grid
of size h and constant coefficients E and K . In this particular case, the restriction (21) is
simplified to h2 < 6EK τ , and when EK τ = 10−6 it is deduced that 409 nodes are needed
to ensure a non-oscillatory behaviour. In Fig. 2 we show the corresponding approximation
of the pressure at the first time step, for two different values of h, that is, h = 1/32 and
h = 1/409. Notice again that in the first case non-physical oscillations appear, and then we
can conclude that the LBB property is not enough to ensure the monotonicity of the scheme.

To avoid the restrictions (18) for P1–P1 and (21) for P2–P1, which can yield to the
necessity of using a very fine grid, we have proposed stable schemes providing oscillation-
free solutions independently of the chosen parameters. Since schemes (16) and (20) should
be suitable discretizations of the heat-type Eq. (14), the idea is to add artificial terms in order
to recover the standard monotone linear finite element discretization of such equation. With
this purpose, we define the following tridiagonal matrix

(a) (b)

Fig. 1 Numerical solution for the pressure field obtained with finite elements P1–P1 and corresponding exact
solution for a h = 1/32 and b h = 1/500

(a) (b)

Fig. 2 Numerical solution for the pressure field obtained with finite elements P2–P1 and corresponding exact
solution for a h = 1/32 and b h = 1/409

123

(a) (b)

Figure 1: (a) Domain for Terzaghi problem and (b) non-physical oscillations in the numerical
solution of the pressure field for Terzaghi problem.

physical oscillations are observed in the numerical solution of the pressure even for this simple
problem. This can be seen In Figure 1(b), where we display the numerical solution obtained
for the pressure field at the final time 𝑇 𝑓 = 0.1, taking the hydraulic conductivity 𝐾 = 10−6,
𝜆 + 2𝜇 = 1, Biot coefficient 𝛼 = 1, and a mesh size ℎ = 1/32.

3.1.2 Example 2 - Two-layer Problem

Non-physical oscillations in the pressure field may also appear when a low-permeability is assumed
in a region of the domain. In order to illustrate this, we consider a porous material on which a
low–permeable layer (𝐾 = 10−8) is placed between two layers with unit permeability (𝐾 = 1), as
shown in Figure 2(a). The boundary of the squared domain is split into two disjoint subsets Γ1

and Γ2 on which we assume the following boundary conditions: on the top, which is free to drain
(𝑝 = 0), a uniform load is applied, that is, 𝜎′n = g with g = (0,−1)𝑡 , on Γ1, whereas at the sides
and bottom of the domain that are rigid (u = 0) the boundary is impermeable, that is, ∇𝑝 · n = 0
on Γ2. This test can be reduced to a one-dimensional problem, and, therefore, it is enough to
analyze the numerical solutions corresponding to one vertical line in the domain as displayed in
Figure 2(a).

When linear finite elements for displacements and pressure are considered, the approximation
for the pressure field that is obtained by using 32 elements in the grid is shown in Figure 2(b).
There, we can observe that strong spurious oscillations appear in the part of the domain corre-
sponding to the low-permeable layer.
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Fig. 4 Domain representing a square of layered porous material with different permeability

(a) (b)

Fig. 5 Numerical solution by P1–P1 for the pressure to the two-material problem awithout stabilization term
and b with stabilization term

whereas at the sides and bottom that are rigid the boundary is considered to be impermeable,
that is,

∇ p · n = 0, u = 0, on !2. (27)

Zero initial conditions are considered for both variables, and the time step is chosen as
τ = 1. This test can be reduced to a one-dimensional problem. Therefore, in the following
simulations we will show the numerical solutions corresponding to one vertical line in the
domain as displayed in Fig. 4.

First we approximate the proposed model problem by using linear finite elements for
displacements and pressure. If no stabilization term is added to the discrete formulation, the
approximation for the pressure field that is obtained by using 32 elements in the grid is shown
in Fig. 5a.We can observe that strong spurious oscillations appear in the part corresponding to
the low-permeable layer.However, if the proposed stabilized scheme is used for the simulation
with the same number of nodes, the oscillations are completely eliminated and the method
gives rise to the real physical solution for the pressure, as we can see in Fig. 5b.

Next, the MINI element method is considered to approximate our model problem. We
consider the same number of elements in the mesh. Similarly to the previous case, when
no stabilization parameter is included in the formulation, the oscillatory behaviour of the
pressure approximation appears, as shown in Fig. 6a. Notice that the oscillations are much
weaker than in the case of P1–P1 elements, but still are not eliminated by using this pair
of finite elements. Again, if the proposed stabilization is considered for the solution of the
problem, an oscillation-free approximation for the pressure field is obtained as displayed in
Fig. 6b.
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Fig. 4 Domain representing a square of layered porous material with different permeability

(a) (b)

Fig. 5 Numerical solution by P1–P1 for the pressure to the two-material problem awithout stabilization term
and b with stabilization term

whereas at the sides and bottom that are rigid the boundary is considered to be impermeable,
that is,

∇ p · n = 0, u = 0, on !2. (27)

Zero initial conditions are considered for both variables, and the time step is chosen as
τ = 1. This test can be reduced to a one-dimensional problem. Therefore, in the following
simulations we will show the numerical solutions corresponding to one vertical line in the
domain as displayed in Fig. 4.

First we approximate the proposed model problem by using linear finite elements for
displacements and pressure. If no stabilization term is added to the discrete formulation, the
approximation for the pressure field that is obtained by using 32 elements in the grid is shown
in Fig. 5a.We can observe that strong spurious oscillations appear in the part corresponding to
the low-permeable layer.However, if the proposed stabilized scheme is used for the simulation
with the same number of nodes, the oscillations are completely eliminated and the method
gives rise to the real physical solution for the pressure, as we can see in Fig. 5b.

Next, the MINI element method is considered to approximate our model problem. We
consider the same number of elements in the mesh. Similarly to the previous case, when
no stabilization parameter is included in the formulation, the oscillatory behaviour of the
pressure approximation appears, as shown in Fig. 6a. Notice that the oscillations are much
weaker than in the case of P1–P1 elements, but still are not eliminated by using this pair
of finite elements. Again, if the proposed stabilization is considered for the solution of the
problem, an oscillation-free approximation for the pressure field is obtained as displayed in
Fig. 6b.
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(a) (b)

Figure 2: (a) Domain for the two-layer problem and (b) non-physical oscillations in the numerical
solution of the pressure for the two-layer problem.

3.1.3 Example 3 - Barry & Mercer problem

As third example we consider a well-known poroelastic benchmark test on a finite two-dimensional
domain which is called Barry & Mercer’s problem [9]. It models the behavior of a rectangular
uniform porous material [0, 𝑎]× [0, 𝑏] drained on all sides, and with zero tangential displacements
assumed on the whole boundary, in which a pulsating point source is considered. Such a point-

source corresponds to a sine wave and is given by 𝑓 (𝑡) = 2𝜐 𝛿(𝑥0,𝑦0) sin(𝜐 𝑡), where 𝜐 =
(𝜆 + 2𝜇)𝐾

𝑎 𝑏
and 𝛿(𝑥0,𝑦0) is the Dirac delta at the point (𝑥0, 𝑦0). In Figure 3(a), the computational domain and
the boundary conditions of the problem are depicted.

In particular, we consider the unit square domain (0, 1) × (0, 1), and the following values
of the material parameters: 𝐸 = 105, 𝜈 = 0.1, 𝛼 = 1, 𝛽 = 108 and 𝐾 = 10−6. The source is
positioned at the point (1/4, 1/4), and a right triangular grid of mesh size ℎ = 2−6 is used for
the simulations. Fluid pressure oscillations for the Barry and Mercer’s problem can be observed
by considering standard P1-P1 discretizations. In Figure 3(b), we show the numerical solutions
obtained for the pressure field at a final time 𝑇 𝑓 = 10−4, with only one time step. We observe that
non-physical oscillations appear in the numerical pressure near the source-point.

3.2 Stabilization scheme

In order to deal with the numerical issues presented above in the previous section, by using one
of the simplest discretization that one can consider for the two-field formulation of Biot’s model
(linear finite elements for both displacements and pressure unknowns), we propose a way to
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Figure 3: (a) Computational domain and boundary conditions for the Barry and Mercer’s source
problem, and (b) numerical solution of the pressure for the Barry & Mercer problem (at the final
time 𝑇 𝑓 = 10−4 with hydraulic conductivity 𝐾 = 10−6, Poisson ratio 𝜈 = 0.1, and mesh spacing
ℎ = 1/64).

stabilize the arising discrete problem. The main idea is to add the term 𝐿
𝜕𝑝

𝜕𝑡
to both sides in the

flow equation (12), and discretizing the two new terms in a different way: we use mass matrix for
the discretization of the term in the right hand side and the row-sum lumpled mass matrix on the
left hand side term. This leads to the following discrete variational formulation:

𝑎(u𝑛ℎ, vℎ) − 𝛼(𝑝
𝑛
ℎ, divvℎ) = (f 𝑛ℎ , vℎ), ∀vℎ ∈ Vℎ,(25)

1
𝛽
(𝜕𝑡 𝑝𝑛ℎ, 𝑞ℎ) + 𝛼(div 𝜕𝑡u𝑛ℎ, 𝑞ℎ) + 𝑎𝑝 (𝑝

𝑛
ℎ, 𝑞ℎ) + 𝐿 (𝜕𝑡 𝑝

𝑛
ℎ, 𝑞ℎ)0 − 𝐿 (𝜕𝑡 𝑝

𝑛
ℎ, 𝑞ℎ)(26)

= (𝑔𝑛ℎ, 𝑞ℎ),∀𝑞ℎ ∈ 𝑄ℎ,

where (·, ·)0 is an approximation of the 𝐿2(Ω) inner product defined by mass lumping, i.e., for
continuous functions 𝑝 and 𝑞 defined on Ω̄, we have

(𝑝, 𝑞)0 =
∑︁
𝑇∈Tℎ

∫
𝑇

(𝑝𝑞)𝐼 𝑑x =
∑︁
𝑇∈Tℎ

|𝑇 |
𝑑 + 1

𝑑+1∑︁
𝑗=1

(𝑝𝑞) (𝑃𝑇, 𝑗 ),

where (𝑝𝑞)𝐼 denotes the linear interpolant of the continuous function (𝑝𝑞) and 𝑃𝑇, 𝑗 are the
coordinates of the 𝑗-th vertex of 𝑇 ∈ Tℎ. In (26), 𝐿 is a parameter appropriately chosen to remove
the non-physical oscillations. In particular, for the considered P1-P1 discretization, the parameter
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is chosen as

(27) 𝐿 =
1
𝛽
+ 3𝛼2

2
(
𝜆 + 2𝜇

𝑑

) .
The choice of this parameter is done in the one-dimensional case in the way that it is the optimal
value to provide a monotone scheme that eliminates the oscillations without inducing extra
diffusion effects in the numerical solution.

Remark 3.1. The considered stabilized scheme is identical to the one given in [5] for one-
dimensional problems. This scheme has been widely cited in the porous media community and
was theoretically analyzed in [69], where it was observed numerically that oscillations were
eliminated also in problems with two and three spatial dimensions, though supporting theory for
such observation is missing. The stabilization considered in this work also leads to a monotone
scheme, and it has several advantages with respect to the techniques proposed in [5, 69]. Some
of these benefits are the fact that the stabilization parameter 𝐿 does not depend on the mesh size,
and that it has been derived for any value of the storage coefficient. In addition, as it is shown
in next sections, the current stabilization scheme provides a way to derive decoupled solvers for
Biot’s model which are convergent without the need to introduce other stabilization terms (as it is
the case for the well-known fixed stress split method).

Following the notation introduced in (22) and (23), the fully-discrete stabilized scheme (25)-
(26) can be written in block form as follows:

(28) A𝑠𝑡𝑎𝑏

(
u

𝑝

)
=

(
𝑓

𝑔

)
, with A𝑠𝑡𝑎𝑏 =

(
𝐴 𝐺

𝐷 𝜏𝐴𝑝 + 𝛽−1𝑀 + 𝐿 (𝑀𝑙 − 𝑀)

)
,

where 𝑀 and 𝑀𝑙 the mass matrix and the lumped mass matrix, respectively.

Next, we prove the stabilized scheme’s stability in order to demonstrate the well-posedness of
the discrete problem (25)-(26). With this purpose, we show a relationship between the stabilization
technique studied in [69] and the stabilized scheme considered in this work.

Lemma 3.2. The difference between the lumped mass matrix 𝑀𝑙 and the mass matrix 𝑀 on a
simplicial grid, that is 𝑀𝑙 −𝑀 , is spectrally equivalent to the scaled stiffness matrix ℎ2𝐿𝑝, where
⟨ℎ2𝐿𝑝𝑝, 𝑞⟩ :=

∑
𝑇∈T ℎ

2
𝑇

∫
𝑇
|∇𝑝 |2), that is,

(29) 𝐶1⟨(𝑀𝑙 − 𝑀)𝑝, 𝑞⟩ ≤ ⟨ℎ2𝐿𝑝𝑝, 𝑞⟩ ≤ 𝐶2⟨(𝑀𝑙 − 𝑀)𝑝, 𝑞⟩.
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Proof. Let 𝑝 and 𝑞 be piecewise linear continuous functions, then we have the following

⟨𝑀𝑝, 𝑞⟩ =
∑︁
𝑇∈Tℎ

∫
𝑇

𝑝𝑞 𝑑x,

⟨𝑀𝑙 𝑝, 𝑞⟩ =
∑︁
𝑇∈Tℎ

∫
𝑇

(𝑝𝑞)𝐼 𝑑x.

Let us define 𝑍 = (𝑀𝑙 − 𝑀), then we can write,

⟨𝑍𝑝, 𝑞⟩ =
∑︁
𝑇∈Tℎ

⟨𝑍𝑇 𝑝𝑇 , 𝑞𝑇 ⟩,

where, for a fixed 𝑇 ∈ Tℎ, ⟨𝑍𝑇 𝑝𝑇 , 𝑞𝑇 ⟩ is the difference between the integrals in the definitions
of 𝑀𝑙 and 𝑀 and 𝑝𝑇 ∈ R𝑑+1 is the vector that represents the degrees of freedom of 𝑝(𝑥) with
components {𝑝𝑇,𝑘 }𝑑+1

𝑘=1 on 𝑇 .
Evaluating the integrals on 𝑇 ∈ Tℎ and using the Poincaré inequality for convex domains [10,
Theorem 3.2], we have that

1
𝑑 + 1

⟨𝑍𝑇 𝑝𝑇 , 𝑝𝑇 ⟩ =
∫
𝑇

(
𝑝 − 1

|𝑇 |

∫
𝑇

𝑝 𝑑x

)2
𝑑x ≤

ℎ2
𝑇

𝜋2

∫
𝑇

|∇𝑝 |2 𝑑x.

On the other hand, from [81, Equations (2.3)-(2.4)], we obtain the bound

(30) ℎ2
𝑇

∫
𝑇

|∇𝑝 |2 𝑑x ≤ 𝑐𝑇 |𝑇 |
2

𝑑+1∑︁
𝑗=1

𝑑+1∑︁
𝑘=1

(𝑝𝑇, 𝑗 − 𝑝𝑇,𝑘 )2 = 𝑐𝑇 (𝑑 + 1) (𝑑 + 2)⟨𝑍𝑇 𝑝𝑇 , 𝑝𝑇 ⟩,

with 𝑐𝑇 := max
1≤ 𝑗 ,𝑘≤(𝑑+1)

𝑗≠𝑘

{
ℎ2
𝑇

|ℎ 𝑗 | |ℎ𝑘 |

}
, where ℎ 𝑗 (and similarly ℎ𝑘 ) is the distance from the vertex

𝑃𝑇, 𝑗 (𝑃𝑇,𝑘 for ℎ𝑘 ) to the face of 𝑇 opposite to this vertex. Summing over all elements 𝑇 ∈ Tℎ
shows that 𝑍 = (𝑀𝑙 − 𝑀) is spectrally equivalent to the scaled stiffness matrix corresponding to
the Laplace operator ℎ2𝐿𝑝, and we obtain the spectral equivalence in (29). □

Consequentially, we can derive an inf-sup condition that guarantees the well-posedness of the
stabilized discrete problem.
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Theorem 3.3. The following weak inf-sup condition

(31) sup
wℎ∈Vℎ

(𝑞, divwℎ)
∥wℎ∥𝐴

≥ 𝜂 1√︁
𝜆 + 2𝜇/𝑑

∥𝑞∥ − 𝜖 1√︁
𝜆 + 2𝜇/𝑑

ℎ∥∇𝑞∥, ∀ 𝑞 ∈ 𝑄ℎ,

where ℎ = max𝑇 ℎ𝑇 and 𝜂 > 0 and 𝜖 > 0 are constants that do not depend on the mesh size or the
physical parameters, is fulfilled.

Proof. The proof of the inf-sup condition follows from the application of Lemma 3.2 and the
theoretical results derived in [69, 3, 71]. In particular, the inf-sup condition is similar to the one
shown in [69, Theorem 1]. □

Summarizing, the stabilization terms and the stabilization parameters are derived in a mathe-
matically consistent manner, and the computationally convenient equal-order interpolation of all
the field variables has been shown to be stable.

Finally, we demonstrate that the stabilized scheme (25)-(26) provides numerical solutions that
are free of non-physical oscillations. With this purpose, we solve the problems considered in the
three examples presented above in Section 3.1 by using the proposed scheme. The numerical
solution of the pressure for each of these problems is depicted in Figure 4, and we can observe
that the spurious oscillations are completely eliminated for all the cases.
Poroelasticity problem: numerical difficulties and efficient multigrid solution 37

(a) (b)

Fig. 3 Numerical solution for the pressure field obtained with the stabilized finite elements. a P1–P1 and b
P2–P1 and corresponding exact solution

(AεPm)i = ε

(
− hi−1

Ei−1
Pm
i−1 +

(
hi−1

Ei−1
+ hi

Ei

⎜
Pm
i − hi

Ei
Pm
i+1

⎜
, (22)

where ε = 1/4 for the linear finite element pair and ε = 1/6 for the Taylor–Hood method.
Then, it is clear that the perturbation of scheme (16)

(Cl + Aε + τ Ap)Pm = (Cl + Aε)Pm−1 − GT
l A−1

l ( f ml − f m−1
l ), (23)

or the perturbation of (20)

(Cl + Cb + Aε + τ Ap)Pm = (Cl + Cb + Aε)Pm−1 − GT
l A−1

l ( f ml − f m−1
l )

−GT
b A

−1
b ( f mb − f m−1

b ), (24)

results in the monotone standard discretization by linear finite element method with mass-
lumping. Notice that this perturbation corresponds to add to the variational formulation of
the second equation of system (13) the term

ε

n−1⎟

i=0

h2i
Ei

∫

Ti

1
τ

(
∂

∂x
pm+1
h − ∂

∂x
pmh

⎜
∂

∂x
qh dx . (25)

Finally, in Fig. 3 we show the approximation for the pressure obtained by using the proposed
stabilization scheme for both the linear finite element pair and the Taylor Hood method,
and considering h = 1/32. Notice that for this value of the spatial discretization parameter,
not satisfying the restriction, we obtained oscillatory solutions. However, with the stabilized
schemes (23) and (24) we obtain oscillation-free solutions.

Next, we illustrate the appearance of non-physical oscillations in the pressure field when
a low-permeability is assumed in a region of the domain. We consider a porous material on
which a low–permeable layer (K = 10−8) is placedbetween two layerswith unit permeability
(K = 1), as shown in Fig. 4, see [15]. The boundary of the squared domain is split in two
disjoint subsets $1 and $2 on which we assume the following boundary conditions: on the
top, which is free to drain, a uniform load is applied, that is,

p = 0, σ ′n = g, with g = (0,−1)t , on $1, (26)
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(a) (b)

Fig. 5 Numerical solution by P1–P1 for the pressure to the two-material problem awithout stabilization term
and b with stabilization term

whereas at the sides and bottom that are rigid the boundary is considered to be impermeable,
that is,

∇ p · n = 0, u = 0, on !2. (27)

Zero initial conditions are considered for both variables, and the time step is chosen as
τ = 1. This test can be reduced to a one-dimensional problem. Therefore, in the following
simulations we will show the numerical solutions corresponding to one vertical line in the
domain as displayed in Fig. 4.

First we approximate the proposed model problem by using linear finite elements for
displacements and pressure. If no stabilization term is added to the discrete formulation, the
approximation for the pressure field that is obtained by using 32 elements in the grid is shown
in Fig. 5a.We can observe that strong spurious oscillations appear in the part corresponding to
the low-permeable layer.However, if the proposed stabilized scheme is used for the simulation
with the same number of nodes, the oscillations are completely eliminated and the method
gives rise to the real physical solution for the pressure, as we can see in Fig. 5b.

Next, the MINI element method is considered to approximate our model problem. We
consider the same number of elements in the mesh. Similarly to the previous case, when
no stabilization parameter is included in the formulation, the oscillatory behaviour of the
pressure approximation appears, as shown in Fig. 6a. Notice that the oscillations are much
weaker than in the case of P1–P1 elements, but still are not eliminated by using this pair
of finite elements. Again, if the proposed stabilization is considered for the solution of the
problem, an oscillation-free approximation for the pressure field is obtained as displayed in
Fig. 6b.
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(a) Example 1 (b) Example 2 (c) Example 3

Figure 4: Numerical solution of the pressure field for the examples introduced in Section 3.1: (a)
Terzaghi problem, (b) Two-layer problem and (c) Barry & Mercer problem.

4 Efficient decoupled solvers

An alternative to the classical monolithic or fully coupled schemes is the use of decoupled solvers,
which address the coupled poroelastic problem by splitting it into a sequence of subproblems that
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can be solved separately. In such approaches, the flow and mechanics equations are treated
independently, with information exchanged between the subproblems through an iterative or
staggered procedure. This partitioned strategy can significantly reduce computational costs and
facilitate the use of existing solvers optimized for each physical field.

In the next two sections, we present iterative and non-iterative coupling methods for solving
Biot’s model by using simple piecewise linear finite elements for both displacement and pressure
variables. These solution methods are straightforwardly derived from the stabilized scheme
introduced in Section 3.2.

4.1 Iterative coupling method

From the considered stabilized discrete scheme (25)-(26), we straightforwardly obtain a sequential-
implicit method, which is similar to the fixed-stress splitting method, but with the advantage that
no additional stabilization of the iteration is required for convergence. The idea is first to solve
the flow problem and then the mechanics, and iterate until a converged solution is obtained.
Therefore, at each time level 𝑡𝑛, we consider the following iterative method for the solution of
(25)-(26):

Given the initial guess for the coupling iteration at time 𝑡𝑛, u𝑛,0ℎ = u𝑛−1
ℎ

and 𝑝
𝑛,0
ℎ

= 𝑝𝑛−1
ℎ

, the
algorithm provides a sequence of approximations (u𝑛,𝑖

ℎ
and 𝑝𝑛,𝑖

ℎ
), 𝑖 ≥ 1, as follows:

Step 1: Given (u𝑛,𝑖−1
ℎ

, 𝑝
𝑛,𝑖−1
ℎ

) ∈ Vℎ ×𝑄ℎ, find 𝑝𝑛,𝑖
ℎ

∈ 𝑄ℎ such that:

1
𝛽

(
𝑝
𝑛,𝑖

ℎ
− 𝑝𝑛−1

ℎ

𝜏
, 𝑞ℎ

)
+ 𝐿

(
𝑝
𝑛,𝑖

ℎ
− 𝑝𝑛−1

ℎ

𝜏
, 𝑞ℎ

)
0

+ 𝑎𝑝 (𝑝𝑛,𝑖ℎ , 𝑞ℎ) = −𝛼
(
div

u𝑛,𝑖−1
ℎ

− u𝑛−1
ℎ

𝜏
, 𝑞ℎ

)
+

𝐿

(
𝑝
𝑛,𝑖−1
ℎ

− 𝑝𝑛−1
ℎ

𝜏
, 𝑞ℎ

)
+ (𝑔𝑛ℎ, 𝑞ℎ), ∀ 𝑞ℎ ∈ 𝑄ℎ,(32)

Step 2: Given 𝑝𝑛,𝑖
ℎ

∈ 𝑄ℎ, find u𝑛,𝑖
ℎ

∈ Vℎ such that

(33) 𝑎(u𝑛,𝑖
ℎ
, vℎ) = 𝛼(𝑝𝑛,𝑖ℎ , divvℎ) + (f 𝑛ℎ , vℎ), ∀ vℎ ∈ Vℎ.
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The previous algorithm is based on the following splitting of A𝑠𝑡𝑎𝑏,

A𝑠𝑡𝑎𝑏 =

(
𝐴 𝐺

𝐷 𝐶

)
=

(
𝐴 𝐺

0 𝜏𝐴𝑝 + 𝛽−1𝑀 + 𝐿𝑀𝑙

)
−

(
0 0
−𝐷 𝐿𝑀

)
.

Although we can prove the robust convergence of algorithm (32)-(33), we aim to optimize
the convergence of the iterative coupling method. With this purpose, we have to distinguish two
different cases: the case when 𝛽−1 is very close to zero and a more general fluid regime that
implies a bigger value of 𝛽−1. For simplicity in the presentation, we will focus on the first case,
that is, the proposed approach is presented in detail for the case in which the storage coefficient
𝛽−1 is close to zero and therefore the appropriate stabilization parameter given in (27) reduces to

𝐿 =
3𝛼2

2
(
𝜆 + 2𝜇

𝑑

) . At the end of the section, its extension to a more general case which includes the

regime with larger values of 1/𝛽 is briefly introduced.
In this case, in order to optimize the convergence of the scheme, we introduce a parameter 𝛾

to split the term corresponding to 𝑀𝑙 and have more flexibility when studying the convergence.
In this way, the proposed iterative method at each time step 𝑡𝑛 is defined as:

Given the initial guess for the coupling iteration at time 𝑡𝑛, u𝑛,0ℎ = u𝑛−1
ℎ

and 𝑝
𝑛,0
ℎ

= 𝑝𝑛−1
ℎ

, the
algorithm provides a sequence of approximations (u𝑛,𝑖

ℎ
and 𝑝𝑛,𝑖

ℎ
), 𝑖 ≥ 1, as follows:

Step 1: Given (u𝑛,𝑖−1
ℎ

, 𝑝
𝑛,𝑖−1
ℎ

) ∈ Vℎ ×𝑄ℎ, find 𝑝𝑛,𝑖
ℎ

∈ 𝑄ℎ such that:

1
𝛽

(
𝑝
𝑛,𝑖

ℎ
− 𝑝𝑛−1

ℎ

𝜏
, 𝑞ℎ

)
+ 𝛾𝐿

(
𝑝
𝑛,𝑖

ℎ
− 𝑝𝑛−1

ℎ

𝜏
, 𝑞ℎ

)
0

+ 𝑎𝑝 (𝑝𝑛,𝑖ℎ , 𝑞ℎ) = −𝛼
(
div

u𝑛,𝑖−1
ℎ

− u𝑛−1
ℎ

𝜏
, 𝑞ℎ

)
+𝐿

(
𝑝
𝑛,𝑖−1
ℎ

− 𝑝𝑛−1
ℎ

𝜏
, 𝑞ℎ

)
+ (𝛾 − 1)𝐿

(
𝑝
𝑛,𝑖−1
ℎ

− 𝑝𝑛−1
ℎ

𝜏
, 𝑞ℎ

)
0

+ (𝑔𝑛ℎ, 𝑞ℎ), ∀ 𝑞ℎ ∈ 𝑄ℎ,(34)

Step 2: Given 𝑝𝑛,𝑖
ℎ

∈ 𝑄ℎ, find u𝑛,𝑖
ℎ

∈ Vℎ such that

(35) 𝑎(u𝑛,𝑖
ℎ
, vℎ) = 𝛼(𝑝𝑛,𝑖ℎ , divvℎ) + (f 𝑛ℎ , vℎ), ∀ vℎ ∈ Vℎ.
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Equivalently, the iterative method can be written by means of the following splitting of A𝑠𝑡𝑎𝑏,

(36) A𝑠𝑡𝑎𝑏 =

(
𝐴 𝐺

0 𝜏𝐴𝑝 + 𝛽−1𝑀 + 𝛾𝐿𝑀𝑙

)
−

(
0 0
−𝐷 𝐿𝑀 + (𝛾 − 1)𝐿𝑀𝑙

)
.

Then, our aim is to demonstrate the convergence of the iterative method presented in (34)-
(35). In addition, it is important to show a robust convergence with respect to the physical and
discretization parameters of the model. With this purpose, let us define 𝑒𝑖𝑢 = u𝑛,𝑖

ℎ
− u𝑛

ℎ
and

𝑒𝑖𝑝 = 𝑝
𝑛,𝑖

ℎ
− 𝑝𝑛

ℎ
as the errors at iteration 𝑖 for the displacements and for the pressure, respectively,

and in the next result we present the corresponding error estimates.

Theorem 4.1. The iterative method given in (34)-(35) is convergent for any parameters 𝛾 ∈
(2/3, 2] such that 𝛾𝐿 = 𝜔 𝛼2

(𝜆+2𝜇/𝑑) ≥
𝛼2

(𝜆+2𝜇/𝑑) , i.e., 𝜔 ≥ 1. Additionally,

(37) ∥𝑒𝑖𝑝 ∥2 + |1 − 𝛾 |
𝛾

∥𝑒𝑖𝑝 ∥2
𝑍 ≤ 1

1 + 𝜂2

𝜔(1+2𝜃∗)

(
∥𝑒𝑖𝑝 ∥2 + |1 − 𝛾 |

𝛾
∥𝑒𝑖−1

𝑝 ∥2
𝑍

)
,

where 𝜃∗ ≥ 𝜖2𝐶2𝛾
4𝜔(𝛾−|1−𝛾 |) is a root of the following quadratic equation

(38) 𝑞2(𝜃) :=
[
2(𝛾 − |1 − 𝛾 |)

𝛾

]
𝜃2 +

[
𝛾 − |1 − 𝛾 |

𝛾
− 𝜂

2 |1 − 𝛾 |
2𝜔𝛾

− 𝜖2𝐶2
2𝜔

]
𝜃 − 𝜖2𝐶2

4𝜔
= 0.

Here, 𝜂 > 0 is the constant appearing in the weak inf-sup condition (31), and 𝐶2 is the constant
for the upper bound of the spectral equivalence condition (29).

Proof. By subtracting equations (25) and (35) tested with vℎ = 𝑒𝑖−1
u ∈ 𝑉ℎ and equations (26)

and (34) tested with 𝑞ℎ = 𝑒𝑖𝑝 ∈ 𝑄ℎ, adding all together, and using that 𝑀𝑙 −𝑀 = 𝑍 , we obtain the
following:

𝑎(𝑒𝑖u, 𝑒𝑖−1
u ) + 1

𝛽
∥𝑒𝑖𝑝 ∥2 + 𝜏∥𝑒𝑖𝑝 ∥2

𝐴𝑝
+ 𝛾𝐿 (𝑒𝑖𝑝 − 𝑒𝑖−1

𝑝 , 𝑒𝑖𝑝) + 𝛾𝐿 (𝑒𝑖𝑝, 𝑒𝑖𝑝)𝑍 + (1 − 𝛾)𝐿 (𝑒𝑖−1
𝑝 , 𝑒𝑖𝑝)𝑍 = 0,

which implies the following inequality by using a polarization identity and Young’s inequality:

1
2
∥𝑒2

u∥2
𝐴 +

1
2
∥𝑒𝑖−1

u ∥2
𝐴 +

1
𝛽
∥𝑒𝑖𝑝 ∥2 + 𝜏∥𝑒𝑖𝑝 ∥2

𝐴𝑝
+ 𝛾𝐿

2
∥𝑒𝑖𝑝 ∥2 + 𝛾𝐿

2
∥𝑒𝑖𝑝 − 𝑒𝑖−1

𝑝 ∥2+

+
(
𝛾 − |1 − 𝛾 |

2

)
𝐿∥𝑒𝑖𝑝 ∥2

𝑍 ≤ 𝛾𝐿

2
∥𝑒𝑖−1

𝑝 ∥2 + 1
2
∥𝑒𝑖u − 𝑒𝑖−1

u ∥2
𝐴 +

|1 − 𝛾 |
2

𝐿∥𝑒𝑖−1
𝑝 ∥2

𝑍 .(39)
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As a first step, we take the difference between equations (35) and (25) evaluated at iteration 𝑖 and
𝑖 − 1, tested with vℎ = 𝑒

𝑖
u − 𝑒𝑖−1

u which yields:

∥𝑒𝑖u − 𝑒𝑖−1
u ∥2

𝐴 = 𝛼(𝑒𝑖𝑝 − 𝑒𝑖−1
𝑝 ,∇ · (𝑒𝑖u − 𝑒𝑖−1

u )) ≤ 𝛼∥𝑒𝑖𝑝 − 𝑒𝑖−1
𝑝 ∥∥∇ · (𝑒𝑖u − 𝑒𝑖−1

u )∥

≤ 𝛼√︁
𝜆 + 2𝜇/𝑑

∥𝑒𝑖𝑝 − 𝑒𝑖−1
𝑝 ∥∥𝑒𝑖u − 𝑒𝑖−1

u ∥𝐴,

where we use the Cauchy-Schwarz inequality and the fact that 𝑎(u,u) ≥ (𝜆 + 2𝜇
𝑑
)∥∇ ·u∥2. Thus,

(40) ∥𝑒𝑖u − 𝑒𝑖−1
u ∥𝐴 ≤ 𝛼√︁

𝜆 + 2𝜇/𝑑
∥𝑒𝑖𝑝 − 𝑒𝑖−1

𝑝 ∥.

From the weak inf-sup condition (31), we know that, for any given 𝑒𝑖𝑝, there exists wℎ ∈ 𝑉ℎ, such
that

(𝑒𝑖𝑝, divwℎ) ≥
(
𝜂

1√︁
𝜆 + 2𝜇/𝑑

∥𝑒𝑖𝑝 ∥ − 𝜖
1√︁

𝜆 + 2𝜇/𝑑
ℎ∥∇𝑒𝑖𝑝 ∥

)
∥wℎ∥𝐴, ∥wℎ∥𝐴 = ∥𝑒𝑖𝑝 ∥.

Thus, as a second step, subtracting equations (35) and (25) and testing with vℎ = wℎ we derive
that,

𝛼

(
𝜂

1√︁
𝜆 + 2𝜇/𝑑

∥𝑒𝑖𝑝 ∥ − 𝜖
1√︁

𝜆 + 2𝜇/𝑑
ℎ∥∇𝑒𝑖𝑝 ∥

)
∥wℎ∥𝐴 ≤ 𝛼(𝑒𝑖𝑝, divwℎ)

= 𝑎(𝑒𝑖u,wℎ) ≤ ∥𝑒𝑖u∥𝐴∥wℎ∥𝐴,

which implies
∥𝑒𝑖u∥𝐴 ≥ 𝜂 𝛼√︁

𝜆 + 2𝜇/𝑑
∥𝑒𝑖𝑝 ∥ − 𝜖

𝛼√︁
𝜆 + 2𝜇/𝑑

ℎ∥∇𝑒𝑖𝑝 ∥.

Now, by using Young’s inequality with constant 𝜃 > 0, we obtain

(41) ∥𝑒𝑖u∥2
𝐴 ≥ 𝜂2

1 + 2𝜃
𝛼2

𝜆 + 2𝜇/𝑑 ∥𝑒
𝑖
𝑝 ∥2 − 𝜖2

2𝜃
𝛼2

𝜆 + 2𝜇/𝑑 ℎ
2∥∇𝑒𝑖𝑝 ∥2.

At the end, substituting the inequalities obtained in (40) and (41) back into (39), dropping the
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1
2 ∥𝑒

𝑖−1
u ∥2

𝐴
, 1
𝛽
∥𝑒𝑖𝑝 ∥2, and 𝜏∥𝑒𝑖𝑝 ∥2

𝐴𝑝
terms, we arrive at(

1
2

𝜂2

1 + 2𝜃
𝛼2

𝜆 + 2𝜇/𝑑 + 𝛾𝐿
2

)
∥𝑒𝑖𝑝 ∥2 + 𝛾𝐿

2
∥𝑒𝑖𝑝 − 𝑒𝑖−1

𝑝 ∥2 +
(
𝛾 − |1 − 𝛾 |

2

)
𝐿∥𝑒𝑖𝑝 ∥2

𝑍

≤ 𝛾𝐿

2
∥𝑒𝑖−1

𝑝 ∥2 + 1
2

𝛼2

𝜆 + 2𝜇/𝑑 ∥𝑒
𝑖
𝑝 − 𝑒𝑖−1

𝑝 ∥2 + |1 − 𝛾 |
2

𝐿∥𝑒𝑖−1
𝑝 ∥2

𝑍 +
𝜖2𝐶2
4𝜃

𝛼2

𝜆 + 2𝜇/𝑑 ∥𝑒
𝑖
𝑝 ∥2
𝑍 .

By applying the theorem’s hypothesis 𝛾𝐿 = 𝜔 𝛼2

𝜆+2𝜇/𝑑 ≥ 𝛼2

𝜆+2𝜇/𝑑 , i.e., 𝜔 ≥ 1, we have(
1
2

𝜂2

1 + 2𝜃
𝛾

𝜔
+ 𝛾

2

)
∥𝑒𝑖𝑝 ∥2 +

(
(1 − 𝜖2𝐶2

4𝜔𝜃
)𝛾 − |1 − 𝛾 |

2

)
∥𝑒𝑖𝑝 ∥2

𝑍 ≤ 𝛾

2
∥𝑒𝑖−1

𝑝 ∥2 + |1 − 𝛾 |
2

∥𝑒𝑖−1
𝑝 ∥2

𝑍 .

Finally, in order to guarantee the convergence, we require that,

(1 − 𝜖2𝐶2
4𝜔𝜃

)𝛾 − |1 − 𝛾 |
2

≥ |1 − 𝛾 |
2

=⇒ 𝜃 ≥ 𝜖2𝐶2𝛾

4𝜔(𝛾 − |1 − 𝛾 |) .

Next, we try to find 𝜃 = 𝜃∗ ≥ 𝜖2𝐶2𝛾
4𝜔(𝛾−|1−𝛾 |) such that

(1 − 𝜖2𝐶2
4𝜔𝜃 )𝛾 −

|1−𝛾 |
2

1
2
𝜂2

1+2𝜃
𝛾

𝜔
+ 𝛾

2

=
|1 − 𝛾 |
𝛾

.

Direct calculations show that 𝜃∗ ≥ 𝜖2𝐶2𝛾
4𝜔(𝛾−|1−𝛾 |) should be the positive root of the quadratic equa-

tion (38). Since 2(𝛾−|1−𝛾 |)
𝛾

> 0 for 𝛾 ∈ ( 2
3 , 2], the existence of 𝜃∗ is verified by the positiveness of

the discriminant, and the fact that 𝑞2( 𝜖2𝐶2𝛾
4𝜔(𝛾−|1−𝛾 |) ) ≤ 0. Therefore, we have(

𝜂2𝛾

2𝜔(1 + 2𝜃∗) +
𝛾

2

) (
∥𝑒𝑖𝑝 ∥2 + |1 − 𝛾 |

𝛾
∥𝑒𝑖𝑝 ∥2

𝑍

)
≤ 𝛾

2

(
∥𝑒𝑖𝑝 ∥2 + |1 − 𝛾 |

𝛾
∥𝑒𝑖−1

𝑝 ∥2
𝑍

)
,

from where we can derive result (37) in the theorem and then complete the proof. □

Summarizing, we have demonstrated the convergence of the iterative method (34)-(35) for
a set of values of parameter 𝛾, in particular for any parameter 𝛾 ∈ (2/3, 2] such that 𝛾𝐿 is
big enough. It is important to notice that the constants arising within the error estimates are
independent of the physical and discretization parameters, what makes the proposed iterative
scheme a parameter-robust solver.

From the values of 𝛾 satisfying the convergence property in Theorem 4.1, however, we want
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to choose one that improves the convergence of the initially derived algorithm (32)-(33). In order
to do that, we deeply analyze the application of the iterative algorithm to the one-dimensional
Terzaghi problem in (24). With this purpose, we consider the reduction of the norm of the
residual below 10−8 as the stopping criterion and we analyze the number of iterations needed
for convergence of the proposed scheme for different values of parameter 𝛾. For illustrative
purposes and without restricting the generality of the analysis, we prescribe the following values
for the physical parameters of the problem as follows: the hydraulic conductivity is 𝐾 = 10−10,
𝜆 + 2𝜇 = 1, 𝛼 = 1, and the mesh size is chosen as ℎ = 1/32. Notice that hese values are
representative and do not affect the generality of the conclusions. Then, in Figure 5, we display
the number of iterations needed for convergence when the proposed iterative coupling scheme is
used for solving Terzaghi problem with the stabilized P1-P1 discretization derived in (25)-(26), for
different values of parameter 𝛾. It is observed that only two iterations are needed when 𝛾 = 2/3,
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Figure 5: Number of iterations of the iterative coupling method for different values of 𝛾, when
the stabilized P1-P1 discretization of Terzaghi’s problem is considered.

which seems to be the optimal value, since other values of 𝛾 provide a higher number of iterations.
Next, based on this numerical insights, we derive and rigorously prove the following result for the
one-dimensional case we are dealing with.

Theorem 4.2. Iterative method (34)-(35) with parameter 𝛾 =
2
3

converges in two iterations for
the stabilized P1-P1 discretization of Terzaghi’s problem.

Proof. From the block form of the fully-discrete stabilized scheme given in (28), we can write

30



the matrix block form including parameter 𝛾 as follows:

A𝑠𝑡𝑎𝑏 =

(
𝐴 𝐺

𝐷 𝜏𝐴𝑝 + 𝛽−1𝑀 + 𝐿 (𝑀𝑙 − 𝑀)

)
=

©­­­«
𝐴 𝐺

𝐷 𝜏𝐴𝑝 + 𝛽−1𝑀 + 𝛾𝐿𝑀𝑙 − 𝐿𝑀 − (𝛾 − 1)𝐿𝑀𝑙︸                                                   ︷︷                                                   ︸
𝐶

ª®®®¬
Considering the one dimensional Terzaghi problem makes that we can explicitly calculate the
Schur complement, 𝑆𝑝, for the considered stabilized P1-P1 discretization. In particular, it is
easily derived that

𝑆𝑝−𝐶 = −𝐷𝐴−1𝐺 =
𝛼2

𝜆 + 2𝜇
(3
2
𝑀− 1

2
𝑀𝑙) =

3𝛼2

2(𝜆 + 2𝜇)︸      ︷︷      ︸
𝐿

𝑀+
(
−1

2
𝛼2

𝜆 + 2𝜇

)
︸         ︷︷         ︸

(𝛾−1)𝐿

𝑀𝑙 = 𝐿𝑀+(𝛾−1)𝐿𝑀𝑙 ,

where in the last equality we have used that 𝐿 =
3𝛼2

2(𝜆 + 2𝜇) and 𝛾 =
2
3

. By using the equality that

we just obtained, we can write the splitting corresponding to the iterative method (34)-(35) given
in (36) in the following way:

A𝑠𝑡𝑎𝑏 =

(
𝐴 𝐺

0 𝜏𝐴𝑝 + 𝛽−1𝑀 + 𝛾𝐿𝑀𝑙

)
−

(
0 0
−𝐷 𝐿𝑀 + (𝛾 − 1)𝐿𝑀𝑙

)
=

(
𝐴 𝐺

𝐷 𝐶

)
=

(
𝐴 𝐺

0 𝑆𝑝

)
−

(
0 0
−𝐷 𝑆𝑝 − 𝐶

)
,(42)

If considering the iteration matrix S corresponding to splitting (42), that is.,

S = I − BA𝑠𝑡𝑎𝑏, where B =

(
𝐴 𝐺

0 𝑆𝑝

)−1

,

we can write that

S2 = (I − BA𝑠𝑡𝑎𝑏) (I − BA𝑠𝑡𝑎𝑏) = B(I − A𝑠𝑡𝑎𝑏B)(I − A𝑠𝑡𝑎𝑏B)B−1

= B(I − A𝑠𝑡𝑎𝑏B)2B−1.(43)
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We now consider the block-LU factorization of A𝑠𝑡𝑎𝑏, i.e.,

A𝑠𝑡𝑎𝑏 =

(
𝐴 𝐺

𝐷 𝐶

)
=

(
𝐼 0

𝐷𝐴−1 𝐼

) (
𝐴 𝐺

0 𝑆𝑝

)
=: LU .

Since B = U−1, then I − A𝑠𝑡𝑎𝑏B = I − LUU−1 = I − L =

(
0 0

−𝐷𝐴−1 0

)
. This implies that

(I − A𝑠𝑡𝑎𝑏B)2 = 0 and, consequently, from (43) we obtain that S2 = 0, what means that the
iterative coupling scheme converges in only two iterations. □

Summarizing, we have seen that the proposed iterative coupling method (34)-(35) is optimal
in the one-dimensional case when 𝛾 = 2/3 is assumed, since only two iterations are enough for
the solution of the complex coupled Biot’s problem. The question now is how it behaves for
higher dimensional problems. In order to analyze that, we consider here the two-dimensional
benchmark problem of Barry & Mercer which has been previously introduced in Example 3.1.3.
An example of application for a three-dimensional problem was also studied in [62].

4.1.1 Numerical experiment. Barry & Mercer problem

In order to apply the proposed iterative coupling method in higher dimensions, we fix the value of
parameter 𝛾 which was demonstrated to be optimal in the one-dimensional case. Of course, this
does not mean that it is optimal for the two-dimensional case, but we will show that this choice
provides almost optimal results in all the tests carried out.

In order to numerically illustrate the suitability of the choice of 𝛾, we consider two different
test cases with different values of the Poisson ratio 𝜈 and hydraulic conductivity 𝐾 and different
grid sizes, and we analyze the number of iterations of the proposed scheme for different values of
parameter 𝛾. This can be observed in Figure 6, where we fix ℎ = 1/32 and consider two values
of hydraulic conductivity: 𝐾 = 10−10 and 𝐾 = 10−2, and two values for the Poisson ratio 𝜈 = 0.2
and 𝜈 = 0.4. We observe from the figures that the choice of 𝛾 has little influence when 𝐾 is large,
whereas for small values of 𝐾 selecting an appropriate value of parameter 𝛾 becomes crucial.
Moreover, unlike in the one-dimensional setting, here the choice of 𝛾 = 2/3 is not optimal for
both values of 𝜈: it performs optimally for 𝜈 = 0.4 but not for 𝜈 = 0.2. Nevertheless, choosing
𝛾 = 2/3 still yields very good, almost optimal, results in both cases, as illustrated in the two
pictures.

Next, we analyze the parameter-robustness of the proposed iterative coupling algorithm (34)-
(35). With this purpose, in Table 1, we show the number of iterations of the method for
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(a) 𝜈 = 0.2 (b) 𝜈 = 0.4

Figure 6: Number of iterations of the iterative coupling scheme for different values of 𝛾 for the
Barry & Mercer’s problem.

several values of the hydraulic conductivity 𝐾 and the mesh size ℎ. The stopping criterion
considered to obtain the results is fixed as ∥𝛿𝑝𝑛,𝑖∥ + ∥𝛿u𝑛,𝑖∥ ≤ 10−8 where 𝛿𝑝𝑛,𝑖

ℎ
= 𝑝

𝑛,𝑖

ℎ
− 𝑝𝑛,𝑖−1

ℎ
and

𝛿u𝑛,𝑖
ℎ

= u𝑛,𝑖
ℎ
−u𝑛,𝑖−1

ℎ
denote the difference between two successive approximations for displacements

and for pressure, respectively. From the table, we can observe that the number of iterations stays
relatively stable for all the different values of 𝐾 and ℎ.

𝐾 ℎ = 1/16 ℎ = 1/32 ℎ = 1/64 ℎ = 1/128
10−2 4 4 4 4
10−4 6 6 6 6
10−6 11 11 11 11
10−8 15 15 15 15
10−10 11 11 12 12
10−12 6 7 7 8

Table 1: Number of iterations of Algorithm (34)-(35) with 𝛾 = 2/3, considering 𝐸 = 105, 𝜈 = 0.4,
different mesh sizes ℎ and different values of the hydraulic conductivity 𝐾 .

We repeat the same numerical test but fixing the value of the hydraulic conductivity to
𝐾 = 10−10 and varying the value of the Poisson ratio in a range from 0.1 to 0.49. Different grid
sizes are considered again and the number of iterations of algorithm (34)-(35) is shown in Table 2.
Again, the method shows a robust performance with respect to the considered parameters.
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𝜈 ℎ = 1/16 ℎ = 1/32 ℎ = 1/64 ℎ = 1/128
0.1 18 20 21 22
0.2 16 17 18 19
0.3 13 14 15 16
0.4 11 11 12 12

0.49 12 11 9 8

Table 2: Number of iterations of Algorithm (34)-(35) with 𝛾 = 2/3, considering 𝐸 = 105,
𝐾 = 10−10, different mesh sizes ℎ and different values of Poisson ratio 𝜈.

Remark 4.3 (More general fluid regimes). In a more general case in which the storage coefficient
𝛽−1 is not close to zero, it is not possible to find a parameter 𝛾 in (36) that provides an optimal
iterative coupling method that converges in two iterations for the one-dimensional Terzaghi prob-
lem. We can include, however, a second parameter into the iterative coupling method in order
to obtain similar results to the presented in the previous case. We then consider two parameters
𝛾1, 𝛾2 > 0, and if u𝑛,0

ℎ
= u𝑛−1

ℎ
and 𝑝𝑛,0

ℎ
= 𝑝𝑛−1

ℎ
are the initial guesses of the iterative scheme at

time 𝑡𝑛, the new improved algorithm provides a sequence of approximations (u𝑛,𝑖
ℎ
, 𝑝

𝑛,𝑖

ℎ
), 𝑖 ≥ 1 as

follows:

Step 1: Given (u𝑛,𝑖−1
ℎ

, 𝑝
𝑛,𝑖−1
ℎ

) ∈ Vℎ ×𝑄ℎ, find 𝑝𝑛,𝑖
ℎ

∈ 𝑄ℎ such that:

1
𝛽

(
𝑝
𝑛,𝑖

ℎ
− 𝑝𝑛−1

ℎ

𝜏
, 𝑞ℎ

)
+ 𝛾1𝐿

(
𝑝
𝑛,𝑖

ℎ
− 𝑝𝑛−1

ℎ

𝜏
, 𝑞ℎ

)
0

− 𝛾2𝐿

(
𝑝
𝑛,𝑖

ℎ
− 𝑝𝑛−1

ℎ

𝜏
, 𝑞ℎ

)
+ 𝑎𝑝 (𝑝𝑛,𝑖ℎ , 𝑞ℎ) =

+(1 − 𝛾2)𝐿
(
𝑝
𝑛,𝑖−1
ℎ

− 𝑝𝑛−1
ℎ

𝜏
, 𝑞ℎ

)
+ (𝛾1 − 1)𝐿

(
𝑝
𝑛,𝑖−1
ℎ

− 𝑝𝑛−1
ℎ

𝜏
, 𝑞ℎ

)
0

−𝛼
(
div

u𝑛,𝑖−1
ℎ

− u𝑛−1
ℎ

𝜏
, 𝑞ℎ

)
+ (𝑔𝑛ℎ, 𝑞ℎ), ∀ 𝑞ℎ ∈ 𝑄ℎ,(44)

Step 2: Given 𝑝𝑛,𝑖
ℎ

∈ 𝑄ℎ, find u𝑛,𝑖
ℎ

∈ Vℎ such that

(45) 𝑎(u𝑛,𝑖
ℎ
, vℎ) = 𝛼(𝑝𝑛,𝑖ℎ , divvℎ) + (f 𝑛ℎ , vℎ), ∀ vℎ ∈ Vℎ.

Similarly as previously done in Theorem 4.1, we can prove the convergence of the iterative coupling
method (44) -(45), which results to be robust with respect to the physical and discretization
parameters of the problem.
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Theorem 4.4. The iterative method given in (44)-(45) is convergent for any parameters 𝛾1 ∈
(2/3, 2], 𝛾1 > 𝛾2 ≥ 0, such that (𝛾1 − 𝛾2)𝐿 = 𝜔 𝛼2

(𝜆+2𝜇/𝑑) ≥
𝛼2

(𝜆+2𝜇/𝑑) , i.e., 𝜔 ≥ 1. Additionally,

(46) ∥𝑒𝑖𝑝 ∥2 + |1 − 𝛾1 |
𝛾1 − 𝛾2

∥𝑒𝑖𝑝 ∥2
𝑍 ≤ 1

1 + 𝜂2

𝜔(1+2𝜃∗)

(
∥𝑒𝑖−1

𝑝 ∥2 + |1 − 𝛾1 |
𝛾1 − 𝛾2

∥𝑒𝑖−1
𝑝 ∥2

𝑍

)
,

where 𝜃∗ ≥ 𝜖2𝐶2𝛾1
4𝜔(𝛾1−|1−𝛾1 |) is a root of the quadratic equation (38) (with 𝛾 replaced by 𝛾1). Here,

𝜂 > 0 is the constant appearing in the weak inf-sup condition (31) and 𝐶2 is the constant for the
upper bound of the spectral equivalence condition (29).

Finally, in order to optimize the convergence of algorithm (44)-(45), we can analyze the one-
dimensional problem to obtain the optimal values for 𝛾1 and 𝛾2.

Theorem 4.5. Iterative method (44)-(45) with parameters 𝛾1 = 1 − 1
2𝐿 (𝜆 + 2𝜇) , and 𝛾2 =

1− 3
2𝐿 (𝜆 + 2𝜇) , with 𝐿 as in (27) converges in two iterations for the stabilized P1-P1 discretization

of Terzaghi’s problem.

The proofs of Theorems 4.4 and 4.5 can be found in [62], as well as more details for this general
case.

4.2 Non-iterative coupling method

The explicit coupling approach considered here is based on the idea behind the so-called explicit
fixed-stress split scheme, which is widely used in practice (see for example [54, 25, 24] and the
references therein). In such a decoupled method, the flow problem (12) is solved first with time-
lagging the displacement term followed by the mechanic problem (11). As well as in the iterative
coupling fixed-stress split method, a stabilization term should be added in the flow equation for
convergence reasons. Here, by considering the stabilized scheme in (25)-(26), we can construct
a similar decoupled algorithm avoiding the need to add a different parameter to stabilize the
solution algorithm. We want to emphasize that the proposed non-iterative coupling method for
the stabilized P1-P1 discretization provides one of the simplest numerical scheme for addressing
the coupled multiphysics Biot’s problem.

In order to define the explicit coupling algorithm, we must slightly change the time-discretization
of the stabilized problem. In particular, we now consider the backward Euler method to discretize
the terms corresponding to

1
𝛽
(𝜕𝑡 𝑝ℎ, 𝑞ℎ) and 𝐿 (𝜕𝑡 𝑝ℎ, 𝑞ℎ)0 and a forward Euler method for the
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terms 𝐿 (𝜕𝑡 𝑝ℎ, 𝑞ℎ) and 𝛼(div 𝜕𝑡uℎ, 𝑞ℎ). More concretely, if we again consider a uniform partition
of the time interval (0, 𝑇 𝑓 ], 𝑡𝑛 = 𝑛𝜏, 𝑛 = 0, . . . , 𝑁 , with time-step 𝜏 = 𝑇 𝑓 /𝑁 , and let (u𝑛

ℎ
, 𝑝𝑛

ℎ
)

be the approximation of (uℎ (𝑡), 𝑝ℎ (𝑡)) at time level 𝑡𝑛, we can write the fully discrete stabilized
scheme as follows:

𝑎(u𝑛+1
ℎ , vℎ) − 𝛼(𝑝𝑛+1

ℎ , divvℎ) = (f 𝑛+1
ℎ , vℎ), ∀vℎ ∈ Vℎ,(47)

1
𝛽
(𝜕 𝑓𝑡 𝑝𝑛ℎ, 𝑞ℎ) + 𝛼(div 𝜕𝑏𝑡 u𝑛ℎ, 𝑞ℎ) + 𝑎𝑝 (𝑝

𝑛+1
ℎ , 𝑞ℎ) + 𝐿 (𝜕 𝑓𝑡 𝑝𝑛ℎ, 𝑞ℎ)0 − 𝐿 (𝜕

𝑏
𝑡 𝑝

𝑛
ℎ, 𝑞ℎ)(48)

= (𝑔𝑛+1
ℎ , 𝑞ℎ),∀𝑞ℎ ∈ 𝑄ℎ,

where 𝜕 𝑓𝑡 𝑝𝑛ℎ := (𝑝𝑛+1
ℎ

− 𝑝𝑛
ℎ
)/𝜏, 𝜕𝑏𝑡 𝑝𝑛ℎ := (𝑝𝑛

ℎ
− 𝑝𝑛−1

ℎ
)/𝜏 and 𝜕𝑏𝑡 u𝑛ℎ := (u𝑛

ℎ
− u𝑛−1

ℎ
)/𝜏.

Notice that the resulting fully discrete problem is an explicit coupling approach in which on
each time level the flow problem is solved first followed for the mechanic problem, and therefore,
there is no coupling between both problems anymore, as shown in the following algorithm:

For 𝑛 = 1, 2, . . . , 𝑁 − 1
Step 1: Given (u𝑛

ℎ
,u𝑛−1

ℎ
, 𝑝𝑛

ℎ
, 𝑝𝑛−1

ℎ
) ∈ Vℎ × Vℎ ×𝑄ℎ ×𝑄ℎ, find 𝑝𝑛+1

ℎ
∈ 𝑄ℎ such that:

1
𝛽

(
𝑝𝑛+1
ℎ

− 𝑝𝑛
ℎ

𝜏
, 𝑞ℎ

)
+ 𝐿

(
𝑝𝑛+1
ℎ

− 𝑝𝑛
ℎ

𝜏
, 𝑞ℎ

)
0

+ 𝑎𝑝 (𝑝𝑛+1
ℎ , 𝑞ℎ) = −𝛼

(
div

u𝑛
ℎ
− u𝑛−1

ℎ

𝜏
, 𝑞ℎ

)
+

+𝐿
(
𝑝𝑛
ℎ
− 𝑝𝑛−1

ℎ

𝜏
, 𝑞ℎ

)
+ (𝑔𝑛+1

ℎ , 𝑞ℎ), ∀ 𝑞ℎ ∈ 𝑄ℎ,(49)

Step 2: Given 𝑝𝑛+1
ℎ

∈ 𝑄ℎ, find u𝑛+1
ℎ

∈ Vℎ such that

(50) 𝑎(u𝑛+1
ℎ , vℎ) = 𝛼(𝑝𝑛+1

ℎ , divvℎ) + (f 𝑛+1
ℎ , vℎ), ∀ vℎ ∈ Vℎ.

Regarding the initial conditions to apply algorithm (49)-(50), previously we need to obtain 𝑝1
ℎ
,

and therefore a fully implicit scheme is used to obtain the solution at the first time level (u1
ℎ
, 𝑝1

ℎ
).
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In particular, the following problem is solved:

𝑎(u1
ℎ, vℎ) − 𝛼(𝑝

1
ℎ, divvℎ) = (f 1

ℎ , vℎ), ∀ vℎ ∈ Vℎ,(51)

1
𝛽

(
𝑝1
ℎ
− 𝑝0

ℎ

𝜏
, 𝑞ℎ

)
+ 𝐿

(
𝑝1
ℎ
− 𝑝0

ℎ

𝜏
, 𝑞ℎ

)
0

+ 𝛼
(
div

u1
ℎ
− u0

ℎ

𝜏
, 𝑞ℎ

)
+ 𝑎𝑝 (𝑝1

ℎ, 𝑞ℎ)

−𝐿
(
𝑝1
ℎ
− 𝑝0

ℎ

𝜏
, 𝑞ℎ

)
= (𝑔1

ℎ, 𝑞ℎ), ∀ 𝑞ℎ ∈ 𝑄ℎ.(52)

Next, we demonstrate that the explicit coupling scheme (49)-(50) is optimally convergent. Let
us define the errors at 𝑡 = 𝑡𝑛 as follows 𝑒𝑛u = u(𝑡𝑛) − u𝑛

ℎ
and 𝑒𝑛𝑝 = 𝑝(𝑡𝑛) − 𝑝𝑛ℎ.

Theorem 4.6. Let u(𝑡) and 𝑝(𝑡) be the solutions of (17) and (18), and u𝑛
ℎ

and 𝑝𝑛
ℎ

be the solutions
obtained by Algorithm (49)-(50). If 𝐿 = 𝜔 𝛼2

𝜆+2𝜇/𝑑 , 𝜔 ≥ 1, then the following error estimates hold,

∥u(𝑡𝑛) − u𝑛ℎ∥𝐴 + ∥𝑝(𝑡𝑛) − 𝑝𝑛ℎ∥

≤ 𝐶
(
∥𝑒0

u∥𝐴 + ∥𝑒0
𝑝 ∥𝐴𝑝

)
+ 𝐶ℎ ( |𝑢(𝑡0) |2 + |𝑝(𝑡0) |1 + |𝑝(𝑡0) |2 + |𝑢(𝑡𝑛) |2 + |𝑝(𝑡𝑛) |1)

+ 𝐶𝜏
[(∫ 𝑡𝑛+1

𝑡0

∥𝜕𝑡𝑡 𝑝(𝑠)∥2 d𝑠
) 1

2

+
(∫ 𝑡𝑛+1

𝑡0

∥𝜕𝑡𝑡u(𝑠)∥2
1 d𝑠

) 1
2
]

+ 𝐶ℎ

(∫ 𝑡𝑛+1

𝑡0

ℎ2 |𝜕𝑡 𝑝(𝑠) |22 d𝑠
) 1

2

+
(∫ 𝑡𝑛+1

𝑡0

|𝜕𝑡u|22 + |𝜕𝑡 𝑝 |21 d𝑠
) 1

2

+ ©­«𝜏
𝑛∑︁
𝑗=1

|𝜕𝑡 𝑝(𝑡 𝑗+1) |21
ª®¬

1
2 

+ 𝐶ℎ𝜏
(∫ 𝑡𝑛+1

𝑡0

|𝜕𝑡𝑡 𝑝(𝑠) |21d𝑠
) 1

2

.(53)

Proof. Because of the technical and lengthy nature of the proof, we do not include it here. A
detailed proof is provided in [40]. □

4.2.1 Numerical experiment. 2D problem with a manufactured solution

Now, we present some numerical results in two-dimensions to validate our theoretical estimates.
We consider the unit square as domain, i.e. Ω = (0, 1) × (0, 1) ⊂ R2, and we take the source
terms, initial and Dirichlet boundary conditions such that the exact solution of problem (11)-(12)
is as follows:

(54) 𝑢(𝑥, 𝑦, 𝑡) = 𝑣(𝑥, 𝑦, 𝑡) = 𝑝(𝑥, 𝑦, 𝑡) = 𝑡3 sin(𝜋𝑥) sin(𝜋𝑦),
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The following physical parameters are considered: 𝜆 = 1, 𝜇 = 2, 𝛼 = 1, 𝛽 = 100, 𝐾 = 1, and a
final time of 𝑇 𝑓 = 1 is fixed. Then, we apply the non-iterative coupling algorithm (49)-(50) to
solve the stabilized P1-P1 discrete scheme of Biot’s model.

We compute the errors between the exact solution and the numerical solution of the pressure
obtained by applying algorithm (49)-(50), i.e. ∥𝑢−𝑢𝑑𝑒𝑐

ℎ
∥∞, and also we compute the corresponding

errors when the problem is solved with a fully-implicit method (or an iterative coupling scheme,
since the numerical solution is the same) i.e. ∥𝑢 − 𝑢 𝑓 𝑢𝑙𝑙𝑦

ℎ
∥∞, for comparison. Such errors are

calculated in the maximum norm, and are shown in Table 3, where also the convergence rates
in the case of the errors for the decoupled scheme are displayed. We observe that by refining
the time step 𝜏 and mesh size ℎ appropriately, the errors decrease with a rate of approximately
2, indicating first order of convergence, as expected from the theoretical analysis. Moreover, the
obtained errors with the fully-implicit method and the explicit coupling algorithm are both small
with similar order of magnitude.

ℎ 𝜏 ∥𝑢 − 𝑢 𝑓 𝑢𝑙𝑙𝑦
ℎ

∥∞ ∥𝑢 − 𝑢𝑑𝑒𝑐
ℎ

∥∞ rate
1/100 1/40 2.7646𝑒 − 03 7.7593𝑒 − 03
1/200 1/80 1.2669𝑒 − 03 3.8973𝑒 − 03 1.99
1/400 1/160 6.0461𝑒 − 04 1.9528𝑒 − 03 1.99
1/800 1/320 2.9508𝑒 − 04 9.7740𝑒 − 04 2.00

Table 3: Errors in maximum norm between the exact solution and the numerical solution obtained
from the explicit coupling algorithm (49)-(50) ∥𝑢 − 𝑢𝑑𝑒𝑐

ℎ
∥∞ and also from the application of a

fully-implicit method ∥𝑢−𝑢 𝑓 𝑢𝑙𝑙𝑦
ℎ

∥∞, together with the corresponding convergence rate for the first
case, for different values of the time and spatial discretization parameters 𝜏 and ℎ, respectively.

5 Conclusions

In this work, we have addressed the two central challenges arising in the numerical simulation
of Biot’s model: the design of a stable discretization strategy capable of producing solutions
free from nonphysical oscillations, and the development of an efficient and robust solver for the
resulting large linear systems. To this end, we proposed a novel stabilization technique that offers
several advantages over existing approaches. First, the method does not depend on the mesh
size ℎ or on any other discretization parameters. Second, it is derived for arbitrary values of the
storage coefficient, ensuring broad applicability. Third, the particular structure of the stabilization
naturally leads to coupling schemes between the fluid and mechanics subproblems (iterative and
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non-iterative) that converge without requiring any additional stabilization terms. As a conse-
quence, we obtain parameter-robust decoupled solvers for the fully coupled system. Furthermore,
the proposed iterative coupling algorithm can be tuned to achieve optimal convergence behavior
in one-dimensional settings and nearly optimal performance in two and three dimensions. The
combination of the stabilized finite element scheme, based on simple piecewise linear functions
for both displacement and pressure variables, and the resulting decoupled solvers thus provides
a simple, efficient, practical and reliable computational framework for the simulation of Biot’s
model.
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[62] Álvaro Pé de la Riva, Francisco J. Gaspar, Xiaozhe Hu, James H. Adler, Carmen Rodrigo, and
Ludmil T. Zikatanov. Oscillation-free numerical schemes for biot’s model and their iterative coupling
solution. SIAM Journal on Scientific Computing, 47(3):A1809–A1834, 2025.

44



[63] Phillip Joseph Phillips and Mary F. Wheeler. A coupling of mixed and continuous Galerkin finite
element methods for poroelasticity I: the continuous in time case. Computational Geosciences,
11(2):131 – 144, 2007.

[64] Phillip Joseph Phillips and Mary F. Wheeler. A coupling of mixed and continuous Galerkin finite ele-
ment methods for poroelasticity II: the discrete-in-time case. Computational Geosciences, 11(2):145
– 158, 2007.

[65] Phillip Joseph Phillips and Mary F. Wheeler. A coupling of mixed and discontinuous Galerkin
finite-element methods for poroelasticity. Computational Geosciences, 12(4):417 – 435, 2008.

[66] PhillipJoseph Phillips and MaryF. Wheeler. Overcoming the problem of locking in linear elasticity
and poroelasticity: an heuristic approach. Computational Geosciences, 13(1):5–12, 2009.

[67] K. K. Phoon, K. C. Toh, S. H. Chan, and F. H. Lee. An efficient diagonal preconditioner for finite
element solution of Biot’s consolidation equations. International Journal for Numerical Methods in
Engineering, 55(4):377–400, 2002.

[68] R. Maier R. Altmann and B. Unger. Semi-explicit discretization schemes for weakly coupled elliptic-
parabolic problems. Mathematics of Computation, 90:1089–1118, 2021.

[69] C Rodrigo, FJ Gaspar, X Hu, and LT Zikatanov. Stability and monotonicity for some discretizations
of the Biot’s consolidation model. Computer Methods in Applied Mechanics and Engineering,
298:183–204, 2016.

[70] C. Rodrigo, X. Hu, P. Ohm, J.H. Adler, F.J. Gaspar, and L.T. Zikatanov. New stabilized discretiza-
tions for poroelasticity and the Stokes’ equations. Computer Methods in Applied Mechanics and
Engineering, 341:467–484, 2018.

[71] Carmen Rodrigo, Francisco J. Gaspar, James Adler, Xiaozhe Hu, Peter Ohm, and Ludmil Zikatanov.
Parameter-robust preconditioners for Biot’s model. SeMA Journal, 81:51–80, 2024.

[72] R.E. Showalter. Diffusion in poro-elastic media. Journal of Mathematical Analysis and Applications,
251(1):310–340, 2000.

[73] J.H. Smith and J.A. Humphrey. Interstitial transport and transvascular fluid exchange during infusion
into brain and tumor tissue. Microvasc Res, 73(1):58–73, 2007.

[74] Erlend Storvik, Jakub W. Both, Kundan Kumar, Jan M. Nordbotten, and Florin A. Radu. On the
optimization of the fixed-stress splitting for Biot’s equations. International Journal for Numerical
Methods in Engineering, 120(2):179–194, 2019.

45



[75] K.H. Støverud, M. Alnæs, H.P. Langtangen, V. Haughton, and K.A. Mardal. Poro-elastic modeling
of syringomyelia - a systematic study of the effects of pia mater, central canal, median fissure, white
and gray matter on pressure wave propagation and fluid movement within the cervical spinal cord.
Comput Methods Biomech Biomed Engin, 19(6):686–698, 2016.

[76] C. Taylor and P. Hood. A numerical solution of the Navier-Stokes equations using the finite element
technique. Internat. J. Comput. & Fluids, 1(1):73–100, 1973.

[77] Maria Tchonkova, John Peters, and Stein Sture. A new mixed finite element method for poro-elasticity.
International Journal for Numerical and Analytical Methods in Geomechanics, 32(6):579–606, 2008.

[78] K. Terzaghi. Theoretical Soil Mechanics. Wiley, New York, 1943.

[79] P. A. Vermeer and A. Verruijt. An accuracy condition for consolidation by finite elements. Interna-
tional Journal for Numerical and Analytical Methods in Geomechanics, 5(1):1–14, 1981.

[80] H. F. Wang. Theory of Linear Poroelasticity with Applications to Geomechanics and Hydrogeology.
Princeton University Press, Princeton, 2001.

[81] Jinchao Xu and Ludmil Zikatanov. A monotone finite element scheme for convection-diffusion
equations. Math. Comp., 68(228):1429–1446, 1999.

[82] Son-Young Yi. A coupling of nonconforming and mixed finite element methods for Biot’s consoli-
dation model. Numerical Methods for Partial Differential Equations, 29(5):1749–1777, 2013.

[83] Son-Young Yi. A study of two modes of locking in poroelasticity. SIAM Journal on Numerical
Analysis, 55(4):1915–1936, 2017.
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