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Abstract

Let hα(n, a, b) be a sequence of complex numbers, coefficients of the Dirichlet series

of Lα(a1s − b1, χ1)L
β(a2s − b2, χ2) where χ1, χ2 are characters modulo q1, q2 re-

spectively. The main purpose of this paper is to prove approximative formulae for

the logarithmic Riesz mean of hα(n, a, b).
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1 Introduction

Let f(n) be the coefficient of some Dirichlet series Z(s) =
∑∞

n=1 f(n)n−s convergent

in Re s > σc. For κ > max{0, σc}, r > 0 and x ≥ 1, the logarithmic Riesz mean of f has

the following representation:

1

Γ(r + 1)

∑

n≤x

f(n) logr(x/n) =
1

2πi

∫ κ+i∞

κ−i∞

Z(s)xss−r−1ds.

Berndt [3] has derived asymptotic formulae for sums of type

∑

λn≤x

f(n) logq(x/λn)

where q is a nonnegative integer, {λn} is a sequence of positive numbers tending to ∞
and f(n) is the coefficient of a generalized Dirichlet series

∞
∑

n=1

f(n)λ−s
n .
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In [14], the authors studied a variant of the classical circle problem using the logarith-

mic Riesz mean
1

Γ(1 + κ)

∑

n≤x

r2(n) logκ(x/n)

r2(n) is the number of representations of n as n2
1 +n2

2, n1, n2 ∈ Z. Vorhauer [13], obtained

approximate formulae for the sum

1

Γ(1 + κ)

∑

n≤x

f(n) logκ(x/n),

for real κ ≥ 0, subject to suitable conditions on the function f .

Let α, β, a1, a2 be positive integers and let b1, b2 be nonnegative integers. We denote

α = (α, β), a = (a1, a2), b = (b1, b2). We consider the logarithmic Riesz mean

(1.1)
1

Γ(r + 1)

∑

n≤x

hα(n; a, b) logr(x/n)

hα(n, a, b) being a sequence of complex numbers, not identically zero, coefficients of the

Dirichlet series

Lα(a1s− b1, χ1)L
β(a2s− b2, χ2) =

∞
∑

n=1

hα(n; a, b)

ns
.

Thus

hα(n; a, b) =
∑

n
a1
1 n

a2
2 =n

nb1
1 n

b2
2 τα(n1)τβ(n2)χ1(n1)χ2(n2), (1.2)

where τc(n) denotes the number of representations of n as a product of c factors. We

denote

A(s; a, b) = Lα(a1s− b1, χ1)L
β(a2s− b2, χ2). (1.3)

Here χ1, χ2 are primitive characters modulo q1, q2 respectively, where q1 and q2 are

positive integers. Let us suppose for example that

1 + b1
a1

= max{1 + bj
aj

, j = 1, 2},

therefore a1 ≤ a2 + k, with k = a2b1 − a1b2. One purpose of the present paper it to

provide asymptotic estimates for the sums (1.1) using complex methods and properties

of exponential integrals. Throughout the paper s = σ + it and w = u + iv with σ, t and

u, v real numbers and C denotes a constant, not necessarily the same in each occurrence.

2 Statement of results

We prove the following theorem, which we shall apply of the functions hα(n; a, b).

Theorem. Let hα(n; a, b) be the arithmetical function defined in (1.2) with

b2
a2

<
b1
a1

≤ 1 + b2
a2

≤ 1 + b1
a1

.
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Let r be a positive number such that 2r+1−2(b1α+b2β)−α−β > 0. Then the logarithmic

Riesz mean (1.1) of hα holds the following asymptotic formula:

1

Γ(r + 1)

∑

n≤x

hα(n; a, b) logr
(x

n

)

= Sr(x; a, b) +O(x
−

2r+1−2(b1α+b2β)−α−β
2(a1α+a2β) ) (2.1)

where Sr(x; a, b) is the sum of the residues of the function A(s; a, b)xss−r−1. Note that the

power of x in the error term (2.1), is negative.

If r is an integer and 1+b2
a2

< 1+b1
a1

, then we have

∑

n≤x

hα(n; a, b) logr(
x

n
) = r!η(χ1)x

1+b1
a1 Pα−1(log x)+

+ r!η(χ2)x
1+b2

a2 Pβ−1(log x) + r!Pr(log x) +O(x
−

2r+1−2(b1α+b2β)−α−β
2(a1α+a2β) ) (2.2)

where η(χ) = 1 if χ is the principal character modulo q, and η(χ) = 0 otherwise. The

function Pr(log x) is Ress=0(A(s; a, b)xss−r−1).

If r is an integer and 1+b1
a1

= 1+b2
a2

, then

∑

n≤x

hα(n; a, b) logr(
x

n
) = r!θ12x

1+b2
a2 Pλ12(log x)+

+r!Pr(log x) +O(x
−

2r+1−2(b1α+b2β)−α−β
2((a2+k)α+a2β) ). (2.3)

where

i) θ12 = 1 and λ12 = α− 1 if χ1 is principal and χ2 non-principal;

θ12 = 1 and λ12 = β − 1 if χ1 is non-principal and χ2 principal;

θ12 = 1 and λ12 = α + β − 1 if χ1 and χ2 are principals; and

θ12 = 0 otherwise.

ii) Pn(log x) is a polynomial in log x of nth-degree.

3 The necessary lemmas

We need to know the asymptotic behavior of the integral 1
2πi

∫ κ+iT

κ−iT
xss−r−1ds. The

case r = 0 can be found in [9] , Lemma-12.1. The case r ≥ 0 real, is Lemma 1 [13] with

y = ex.

Lemma 1. Let r ≥ 0, κ > 0 be real constants. Then, uniformly in y > 0, T ≥ 1, for

y 6= 1
1

2πi

∫ κ+iT

κ−iT

ys

sr+1
ds− λr(y)

Γ(r + 1)
≪ yκT−r min{1, T−1 | log y |−1}

where λr(y) = 0 if 0 < y < 1 and λr(y) = logr y, if y > 1. For y = 1,

1

2πi

∫ κ+iT

κ−iT

ds

s
=

1

2
+O(

κ

T
),

∣

∣

∣

∣

1

2πi

∫ κ+iT

κ−iT

ds

sr+1

∣

∣

∣

∣

≪ T−r.
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Note that when y 6= 1, one obtains the given estimation considering two different

contours (as in [9] , Lemma-12.1): a U-shaped contour that opens to the right if 0 < y < 1

and the another contour replacing the vertical segment of integration by a circular arc

with center 0 and radius R =
√
c2 + T 2. Analogously, if y > 1 the U-shaped contour

opens to the left and for the circular arc we take the arc which lies to the left of the

segment, also with center 0 and the same radius R.

Lemma 2. Let

A(s) =
∞
∑

n=1

f(n)n−s

be a Dirichlet series absolutely convergent for Re s > σa and |f(n)| < Cψ(n) where C > 0

and for x ≥ x0, ψ(x) is a nondecreasing function. Let further

∞
∑

n=1

|f(n)|n−σ ≪ (σ − σa)
−γ (3.1)

as σ → σ+
a for some γ > 0. If w = u + iv, (u, v real) is arbitrary, r ≥ 0 be real number,

x > 1, κ > 0, T ≥ 1 and u+ κ > σa, then

1

Γ(r + 1)

∑

n≤x

f(n) logr(x/n)n−w =
1

2πi

∫ κ+iT

κ−iT

A(w + s)xss−r−1ds

+O(xκT−r−1(u+ κ− σa)
−γ) +O(T−r−1ψ(2x)x1−u log 2x)

+O(T−rψ(2x)x−u). (3.2)

Proof. Following the proof of Lemma 3.12, case r = 0 of Titchmarsh [12], (Satz 3.1 p.

376-377 [11]), and using Lemma 1, the formula (3.2) is deduced. Here we require κ > 0

to allow the application of Lemma 1. Also κ > σa in order to exchange summation and

integration.

For any character χ modulo q let G(n, χ) denote the Gauss sum

G(n, χ) =

q
∑

m=1

χ(m) exp(2πimn/q).

If χ is a primitive character, then G(n, χ) = χ(n)G(1, χ) (see Theorem V 4.12 Ayoub [2])

which holds for every n. Then
∞
∑

n=1

G(n, χ)n−s = G(1, χ)
∞
∑

n=1

χ(n)n−s. (3.3)

Lemma 3. Let χ be a primitive character modulo q and let L(s, χ) be the associated

Dirichlet L-function. For Re s > 1, let L∗(s, χ) = G(1, χ)L(s, χ) given in (3.3). Then

L(s, χ) and L∗(s, χ) satisfy the functional equation

L(s, χ) = (i/q)(2π/q)s−1Γ(1 − s){−eπis/2 + χ(−1)e−πis/2}L∗(1 − s, χ). (3.4)

60



If we denote H(s, χ) = (2π)s−1Γ(1 − s){−eπis/2 + χ(−1)e−πis/2}, then we can write (3.4)

as

L(s, χ) = (i/qs)H(s, χ)L∗(1 − s, χ). (3.5)

Proof. See T.M. Apostol [1] Chapter 12, or K. Prachar [11] VII Satz 1.1 or K. Chan-

drasekharan [5] Chapter VI, Theorem 2.

The asymptotic behaviour of H(s, χ) when σ is fixed and |t| → ∞ can be determined

by using Stirling′s formula in the form

Γ(s) =
√

2π|t|σ−1/2×

× exp

{

−(1/2)π|t| + i

(

t log |t| − t+
πt

2|t|

(

σ − 1

2

))}

×
(

1 +O(|t|−1)
)

(|t| ≥ 1). So, one obtains

H(σ + it, χ) = Ce−it log t+it log(2π)+itt1/2−σ +O(t−σ−1/2) (3.6)

where t ≥ T0 > 0, ( see [10] A. Ivić and T. Meurman pag 347, see also E.T. Copson [6] or

E.C.Titchmarsh pag 160 [12] ). In (3.6) C and the implicit constants are depending on σ.

For q > 1, the principal character χ0 is not primitive but it is real, so that χ0 = χ0

and L(s, χ0) holds a similar functional equation

L(s, χ0) = 2sπs−1
∏

p|k

(1 − p−s)

(1 − ps−1)
Γ(1 − s) sin

πs

2
L(1 − s, χ0)

see [7] , Theorem 10, Chapter 12. If q = q1 · · · qr is a decomposition of q into pairwise

coprime integers and if χ is a character modulo q, then exists a unique decomposition

of χ into characters χi modulo qi, χ = χ1 · · ·χr. The Gaussian sum G(n, χ) verifies

G(n, χ) = ǫG(n1, χ1) · · ·G(nr, χr)with ni ≡ n(mod qi) and ǫ = χ1(q/q1) · · ·χr(q/qr)(see

[2] Theorem 4.1 and 4.2, Chapter V). If χ is a character modulo q, f(χ) its conductor

and χ′ the primitive character modulo f(χ) equivalent to χ, then

L(s, χ) =
∏

p|q

(

1 − χ′(p)

ps

)

L(s, χ′)

(see [2] Theorem 4.7 Chapter V or Chapter VI, K. Chandrasekharan [4] ). Hence every

L-series L(s, χ) is equal to the L-series L(s, χ′) of a primitive character , multiplied by a

finite number of factors. Then it is sufficient to consider the functional equation (3.5).

Lemma 4. Let 0 < a ≤ 1. Then for the Hurwitz zeta-function ζ(s, a) we have uniformly

in σ as |t| → ∞
ζ(σ + it, a) ≪ |t|τ(σ) log |t| (3.7)
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where

τ(σ) =















1
2
− σ, if σ ≤ 0

1
2
(1 − σ), if 0 ≤ σ ≤ 1

0, if σ ≥ 1

and log |t| may be suppressed except when −ǫ ≤ σ ≤ ǫ or 1 − ǫ ≤ σ ≤ 1 + ǫ.

Let χ be a character modulo q and let L(s, χ) be the associated Dirichlet L-function.

Then we have as |t| → ∞

L(s, χ) ≪ q|t|τ(σ) log(q|t|) (3.8)

where τ(σ) is given above.

Proof. (3.7) is proved in [15], p. 276, and (3.8) follows from (3.7) and from to the

expression

L(s, χ) = q−s

q
∑

n=1

χ(n)ζ(s, n/q) (s 6= 1).

4 Proof of Theorem

We consider the function A(s; a, b) defined as

A(s; a, b) = Lα(a1s− b1, χ1)L
β(a2s− b2, χ2)

=

∞
∑

n1=1

nb1
1 τα(n1)χ1(n1)

na1s
1

∞
∑

n2=1

nb2
2 τβ(n2)χ2(n2)

na2s
2

=

∞
∑

n=1

hα(n; a, b)n−s, in Re s >
1 + b1
a1

.

Moreover, as b2
a2

≤ b1
a1

then nb1
1 n

b2
2 = (na1

1 )
b1
a1 (na2

2 )
b2
a2 ≤ (na1

1 n
a2
2 )

b1
a1 and

|hα(n; a, b)| ≤
∑

n
a1
1 n

a2
2 =n

nb1
1 n

b2
2 τα(n1)τβ(n2) ≤ nb1/a1

∑

n
a1
1 n

a2
2 =n

τα(n1)τβ(n2). (4.1)

Therefore |hα(n; a, b)| ≪ n
b1
a1

+ǫ
, |hα(n; a, 0)| ≪ nǫ and we obtain the bound

∞
∑

n=1

|hα(n; a, b)|
nσ

≪
∞
∑

n1=1

(

1

na1σ−b1
1

)α ∞
∑

n2=1

(

1

na2σ−b2
2

)β

≪ 1

(σ − σa)γ
, σa =

1 + b1
a1

, γ = α + β. (4.2)

We denote

M(x; hα, r) =
1

Γ(r + 1)

∑

n≤x

hα(n; a, b) logr(x/n).
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Let T be large, in fact larger than the imaginary part of any of the singularities ofA(s; a, b).

From (4.1) and (4.2) we can use Lemma 2 with w = 0, ψ(x) = x
b1
a1

+ǫ
, κ = 1+b1

a1
+ 1

log x
to

deduce that

M(x; hα, r) =
1

2πi

∫ κ+iT

κ−iT

A(s; a, b)xss−r−1ds+R(x; a, b) (4.3)

where for any fixed ǫ > 0,

R(x; a, b) = O(x
1+b1

a1 T−r−1(log x)α+β) +O(T−r−1x
1+

b1
a1

+ǫ
) +O(T−rx

b1
a1

+ǫ
).

Since 1+b1
a1

≤ 1 + b1
a1

, the first O-term can be omitted, and one obtains

R(x; a, b) = O(T−r−1x
1+

b1
a1

+ǫ
) +O(T−rx

b1
a1

+ǫ
).

Therefore if we take T = xδ (δ > 1), we have that R(x; a, b) ≪ T−rx
b1
a1

+ǫ
.

In order to calculate the integral of (4.3), we insert the line segments L2, L3, L4 to

form a closed contour to the left of L1 = [κ− iT, κ + iT ]. That is the rectangle RT with

vertices −h ± iT, κ ± iT , (for some h > 0). By the residue theorem of Cauchy and (4.3)

we have

M(x; hα, r) = Sr(x; a, b) +R(x; a, b)−

− 1

2πi

∫

L2+L3+L4

A(s; a, b)xss−r−1ds (4.4)

where the function Sr(x; a, b) is a sum of the residues of A(s; a, b)xss−r−1 for the singular-

ities inside the rectangle RT . L2 is the line segment from κ+ iT to −h+ iT , L3 is the line

segment from −h+ iT to −h− iT , and L4 is the line segment from −h− iT to κ− iT .

Estimation to the integral over L2 + L4

∣

∣

∣

∣

1

2πi

∫

L2

A(s; a, b)xss−r−1ds

∣

∣

∣

∣

≤ 1

2π

∫ κ

−h

|A(σ + iT ; a, b)|xσT−r−1dσ.

From Lemma 4 we deduce

Lα(a1σ − b1 + ia1T, χ1) ≪















q1
α|a1T |α( 1

2
−a1σ+b1) logα(q1|a1T |), if σ ≤ b1/a1.

q1
α|a1T |(

α
2
(1−a1σ+b1)) logα(q1|a1T |), if b1

a1
≤ σ ≤ 1+b1

a1
.

q1
α logα(q1|a1T |), if σ > 1+b1

a1
.

Similarly we have

Lβ(a2σ − b2 + ia2T, χ2) ≪















q2
β|a2T |β( 1

2
−a2σ+b2) logβ(q2|a2T |), if σ ≤ b2/a2.

q2
β|a2T |(

β
2
(1−a2σ+b2)) logβ(q2|a2T |), if b2

a2
≤ σ ≤ 1+b2

a2
.

q2
β logβ(q2|a2T |), if σ > 1+b2

a2
.

In order to estimate the integral over L2 +L4 we need obtain bounds of Lα(a1σ− b1 +

ia1T, χ1)L
β(a2σ − b2 + ia2T, χ2) over the differents intervals:
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−h < 0 <
b2
a2

<
b1
a1

≤ 1 + b2
a2

≤ 1 + b1
a1

.

Let F (T ) = q1
αq2

β logα(q1|a1T |) logβ(q2|a2T |), then we deduce the estimates:

(i) When −h < σ ≤ b2
a2

then

A(s; a, b) ≪ F (T )|a1T |α[ 1
2
+b1]|a2T |β[ 1

2
+b2]

(

|a1T |−αa1 |a2T |−βa2
)σ

and we deduce the estimates

I1 =
1

2π

(

∫ b2/a2

−h

)

|A(σ + iT ; a, b)| x
σ

T r+1
dσ

≪F (T )|a1T |α( 1
2
+b1)|a2T |β( 1

2
+b2)T−r−1

∫ b2/a2

−h

(

x

|a1T |αa1 |a2T |a2β

)σ

dσ

≪x−hT
1
2
(α+β)+(b1α+b2β)+(a1α+a2β)h−r−1 logα+β T

(ii) When b2
a2
< σ ≤ b1

a1
the argument is similar and since

A(s; a, b) ≪ F (T )|a1T |α[ 1
2
+b1]|a2T |β[ 1

2
(1+b2)]

(

|a1T |−αa1 |a2T |−βa2/2
)σ

then

I2 =
1

2π

∫ b1/a1

b2/a2

|A(σ + iT ; a, b)| x
σ

T r+1
dσ

≪F (T )|a1T |α( 1
2
+b1)|a2T |β(

1+b2
2

)T−r−1

∫ b1/a1

b2/a2

(

x

|a1T |αa1 |a2T |
a2β
2

)σ

dσ

hence we have

I2 ≪ x
b2
a2 T

1
2
(α+β)+(b1α+b2β)−(a1α+a2β)

b2
a2

−r−1
logα+β T

(iii) When b1
a1
< σ ≤ 1+b2

a2
(< 1+b1

a1
)

I3 =
1

2π

∫ (1+b2)/a2

b1/a1

|A(σ + iT ; a, b)| x
σ

T r+1
dσ

≪F (T )|a1T |α(
1+b1

2
)|a2T |β(

1+b2
2

)T−r−1

∫ (1+b2)/a2

b1/a1

(

x

|a1T |
αa1
2 |a2T |

a2β
2

)σ

dσ

analogously we obtain

I3 ≪ x
b1
a1 T

1
2
(α+β)+ 1

2
(b1α+b2β)−(a1α+a2β)

b1
2a1

−r−1
logα+β T.
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(iv) When 1+b2
a2

< σ ≤ 1+b1
a1

then the function A(s; a, b) is

A(s; a, b) ≪ F (T )|a1T |α[
1+b1

2
]
(

|a1T |−αa1/2
)σ

and we deduce the integral I4 in a similar manner to above cases.

(v) Finally, if σ > 1+b1
a1

we obtain A(s; a, b) ≪ F (T ) and it follows

I5 ≪ x
1+b1

a1 T−r−1 logα+β T log−1 x≪ R(x; a, b). (4.5)

Thus, from the above estimates we obtain

1

2πi

∫

L2+L4

A(s; a, b)xss−r−1ds

≪x−hT
α+β

2
+(αb1+βb2)+h(αa1+βa2)−r−1 logα+β T

+x
b2
a2 T

α+β
2

+(αb1+βb2)−(αa1+βa2)
b2
a2

−r−1
logα+β T

+x
b1
a1 T

α+β
2

+αb1+
βb2
2

−(αa1+
βa2
2

) b1
a1

−r−1
logα+β T (4.6)

From (4.4), (4.5) and (4.6) we obtain

M(x; hα, r) =Sr(x; a, b) +R(x; a, b)

+O(x−hT
α+β

2
+(αb1+βb2)+h(αa1+βa2)−r−1 logα+β T )

+O(x
b2
a2 T

α+β
2

+(αb1+βb2)−(αa1+βa2)
b2
a2

−r−1
logα+β T )

+O(x
b1
a1 T

α+β
2

+αb1+
βb2
2

−(αa1+
βa2
2

) b1
a1

−r−1
logα+β T )

− 1

2πi

∫

L3

A(s; a, b)xss−r−1ds. (4.7)

Estimation of integral over L3. Over the line segment [−h± iT ] we can write

1

2πi

∫ −h+iT

−h−iT

A(s; a, b)xss−r−1ds =

=
1

2πi

∫ −h+iT

−h−iT

Lα(a1s− b1, χ1)L
β(a2s− b2, χ2)x

ss−r−1ds

=
1

2π

∫ T

−T

Lα(a1(−h+ it) − b1, χ1)L
β(a2(−h + it) − b2, χ2)x

−h+it

(−h + it)r+1
dt.
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Then an application of the functional equation given in Lemma 3 shows that

1

2πi

∫ −h+iT

−h−iT

A(s; a, b)xss−r−1ds =
iα+β

2π
q1

α(a1h+b1)q2
β(a2h+b2)x−h×

×
∞
∑

N1=1

G∗(N1, χ1, α)N
−(1+b1+a1h)
1

∞
∑

N2=1

G∗(N2, χ2, β)N
−(1+b2+a2h)
2

×
∫ T

−T

Hα(−a1h− b1 + ia1t, χ1)H
β(−a2h− b2 + ia2t, χ2)

×
(

Na1
1 Na2

2 x

qαa1
1 qβa2

2

)it
dt

(−h + it)r+1
. (4.8)

From (3.6) we obtain

Hα(−a1h− b1 + ia1t, χ1)H
β(−a2h− b2 + ia2t, χ2) =

=Ce−i(a1α+a2β)t log t+i(a1α log(2πe/a1)+a2β log(2πe/a2))tt(1/2+a1h+b1)α×
×t(1/2+a2h+b2)β{1 +O(|t|−1)}. (4.9)

Furthermore

(−h + it)−r−1 = (it)−r−1 +O(|t|−r−2), (|t| > h) (4.10)

Let us suppose T0 > 0 enough large. Now, we will divide the integral
∫ T

−T
as the sum

∫ T

−T

=

∫ −T0

−T

+

∫ T0

−T0

+

∫ T

T0

.

Obviously,
∫ T0

−T0
is a constant, and to estimate the other two integrals is sufficient to

estimate one of them. Using (4.9) and (4.10) we have

∫ T

T0

Hα(−a1h− b1 + ia1t, χ1)H
β(−a2h− b2 + ia2t, χ2)

(−h + it)r+1

(

Na1
1 Na2

2 x

qαa1
1 qβa2

2

)it

dt =

= C ′

∫ T

T0

ϕ(t)e(f(t) +Kt)dt+O

(
∫ T

T0

(ϕ(t)/t)dt

)

(4.11)

C ′ being a constant, e(α) = e2πiα,

ϕ(t) = t(1/2)(α+β)+h(a1α+a2β)+b1α+b2β−r−1

f(t) = − 1

2π
(a1α + a2β)t log t

K =
1

2π

(

a1α log(
2πe

a1
) + a2β log(

2πe

a2
) + log

(

Na1
1 Na2

2 x

qαa1
1 qβa2

2

))

.

We take h = 2r+1−2(b1α+b2β)−α−β
2(a1α+a2β)

> 0, and obtain ϕ(t) = t−1/2. To estimate the

exponential integral of (4.11) we broke the integration interval

[T0, T ] = [T0, t0/2] ∪ [t0/2, 3t0/2] ∪ [3t0/2, T ]
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that is
∫ T

T0

ϕ(t)e(f(t) +Kt)dt =

=

(

∫ t0/2

T0

+

∫ 3t0/2

t0/2

+

∫ T

3t0/2

)

ϕ(t)e(f(t) +Kt)dt = J1 + J2 + J3

being f ′(t0) +K = 0, it is

t0 = (2π)

(

Na1
1 Na2

2 x

(a1q1)αa1(a2q2)βa2

)1/(a1α+a2β)

.

Therefore

t0 ≪ x
1

a1α+a2β .

As

f ′′(t) = −a1α+ a2β

2πt
< 0

we can use the lemmas 5.1.2 and 5.1.3 of [8], so

J1 ≪ 1, J2 ≪ 1 J3 ≪ x
− 1

2(a1α+a2β) .

Then the integral (4.11) is bounded

∫ T

T0

Hα(−a1h− b1 + ia1t, χ1)H
β(−a2h− b2 + ia2t, χ2)

(−h+ it)r+1

(

Na1
1 Na2

2 x

qαa1
1 qβa2

2

)it

dt≪ 1.

Therefore we obtain the following estimate

1

2πi

∫

L3

A(s; a, b)xss−r−1ds≪ x−h. (4.12)

If we choose T = x
1+2(h+

b1
a1

)
, we obtain that the order of each O-term of (4.7) is smaller

than x−h. Therefore

M(x; hα, r) = Sr(x; a, b) +O(x
α+β

2(a1α+a2β)
−

r−b1α−b2β+1/2
a1α+a2β ).

Hence (2.1) holds. If r is an integer, then Γ(r + 1) = r! and we obtain (2.2) and (2.3).

The theorem is proved.

Corollary 1. Let 1+b2
a2

< 1+b1
a1

, then

∑

n
a1
1 n

a2
2 ≤x

nb1
1 n

b2
2 χ1(n1)χ2(n2) logr(x/na1

1 n
a2
2 ) = r!K1η(χ1)x

1+b1
a1 +

+ r!K2η(χ2)x
1+b2

a2 + r!Pr(log x) +O(x
−

r−1/2−b1−b2
a1+a2 ) (4.13)
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∑

n
a1
1 n

a2
2 ≤x

nb1
1 n

b2
2 logr(x/na1

1 n
a2
2 ) = r!K1x

1+b1
a1 +

+ r!K2x
1+b2

a2 + r!Pr(log x) +O(x
−

r−1/2−b1−b2
a1+a2 ). (4.14)

Proof. Taking α = β = 1, and using (2.2) we obtain the asymptotic formula (4.13). Note

that in this case the corresponding polynomial Pα−1(log x), Pβ−1(log x), are constants,

K1, K2.

If χ1 = χ2 ≡ 1, q1 = q2 = 1, then η(χ1) = η(χ2) = 1, we obtain the asymptotic

formula (4.14).

If b1 = b2 = 0 then

h1(n; a, 0) = d(n; a1, a2) = #{(n1, n2) ∈ N × N;na1
1 n

a2
2 = n}

and we can deduce the corresponding asymptotic formula.

Corollary 2. Let α, β ≥ 2, χ1 = χ2 ≡ 1, q1 = q2 = 1 and 1+b2
a2

< 1+b1
a1

, then

∑

n
a1
1 n

a2
2 ≤x

nb1
1 n

b2
2 τα(n1)τβ(n2) logr(x/n) = r!x

1+b1
a1 Pα−1(log x)+

+ r!x
1+b2

a2 Pβ−1(log x) + r!Pr(log x) +O(x
−

2r+1−2(b1α+b2β)−α−β
2(a1α+a2β) ). (4.15)

Proof. Is a consequence of (2.2)

Corollary 3. Let 1+b2
a2

= 1+b1
a1

, α = β = 2, and k = a2b1 − a1b2, then we have

∑

n
a1
1 n

a2
2 ≤x

nb1
1 n

b2
2 d(n1)d(n2)χ1(n1)χ2(n2) logr(

x

n
) = r!θ12x

1+b2
a2 Pλ12(log x)+

+r!Pr(log x) +O(x
−

r+1/2−2b1−2b2−2
2((a2+k)+a2) ). (4.16)

Proof. If α = β = 2, then τα(n) = τβ(n) = d(n) and using (2.3) we deduce the

asymptotic formula (4.16).

5 Application to Farey sequence

Let FN be a Farey sequence of order N , that is

FN = { b
a
| b ∈ Z, a ∈ N, (b, a) = 1, 0 ≤ b

a
≤ 1, 1 ≤ a ≤ N}

where every fraction is arranged in non-decreasing order. From theorem of Farey-Cauchy

we know that : If b1
a1

is the immediately successor of b2
a2

in the Farey sequence FN , then

k = a2b1 − a1b2 = 1. We consider

b2
a2

<
b1
a1

≤ 1 + b2
a2

≤ 1 + b1
a1

, with 1 ≤ a1 ≤ a2 + 1, k = a2b1 − a1b2 = 1.
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We take the case: α = β = 2, that is, τα(n) = τβ(n) = d(n) and b1
a1
, b2

a2
∈ F7.

where

F7 =

{

0

1
,
1

7
,
1

6
,
1

5
,
1

4
,
2

7
,
1

3
,
2

5
,
3

7
,
1

2
,
4

7
,
3

5
,
2

3
,
5

7
,
3

4
,
4

5
,
5

6
,
6

7
,
1

1

}

.

(A). The consecutive fractions b2
a2
< b1

a1
, with the condition a1 = a2 + 1 immediately

imply that
1 + b2
a2

=
1 + b1
a1

for example the fractions (a) (4
5
, 5

6
), and (b) (5

6
, 6

7
),

a) In the case (4
5
, 5

6
), we have A(s; a, b) = L2(6s− 5, χ1)L

2(5s− 4, χ2)

h(2,2)(n; (6, 5), (5, 4)) =
∑

n6
1n5

2=n

n5
1n

4
2d(n1)d(n2)χ1(n1)χ2(n2).

The asymptotic formula is a particular case of (4.16) when a = (6, 5) and b = (5, 4).

b) In the case (5
6
, 6

7
), we have A(s; a, b) = L2(7s− 6, χ1)L

2(6s− 5, χ2) then

h(2,2)(n; (7, 6), (6, 5)) =
∑

n7
1n6

2=n

n6
1n

5
2d(n1)d(n2)χ1(n1)χ2(n2).

As in the above case, we obtain the asymptotic formula from (4.16).

(B). For the other fractions, we have the conditions

b2
a2

<
b1
a1

<
1 + b2
a2

<
1 + b1
a1

, 1 < a1 < a2 + 1

and we obtain the asymptotic formula sustituying a, b in the corresponding cases. We

consider, for example, the following consecutive fractions of F7:

i) Let b2
a2

= 2
7
, b1

a1
= 1

3
; then A(s; a, b) = L2(3s − 1, χ1)L

2(7s− 2, χ2). The coefficient

of its Dirichlet series is

h(2,2)(n; (3, 7), (1, 2)) =
∑

n3
1n7

2=n

n1n
2
2d(n1)d(n2)χ1(n1)χ2(n2)

ii) If ( b2
a2
, b1

a1
) = (3

7
, 1

2
), then A(s; a, b) = L2(2s− 1, χ1)L

2(7s− 3, χ2), and

h(2,2)(n; (2, 7), (1, 3)) =
∑

n2
1n7

2=n

n1n
3
2d(n1)d(n2)χ1(n1)χ2(n2).

iii) For (4
7
, 3

5
); we have A(s; a, b) = L2(5s− 3, χ1)L

2(7s− 4, χ2), and

h(2,2)(n; (5, 7), (3, 4)) =
∑

n5
1n7

2=n

n3
1n

4
2d(n1)d(n2)χ1(n1)χ2(n2).
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iv) If (3
5
, 2

3
); then A(s; a, b) = L2(3s− 2, χ1)L

2(5s− 3, χ2), and the function is

h(2,2)(n; (3, 5), (2, 3)) =
∑

n3
1n5

2=n

n2
1n

3
2d(n1)d(n2)χ1(n1)χ2(n2).

v) For (5
7
, 3

4
) we have A(s; a, b) = L2(4s− 3, χ1)L

2(7s− 5, χ2), then

h(2,2)(n; (4, 7), (3, 5)) =
∑

n4
1n7

2=n

n3
1n

5
2d(n1)d(n2)χ1(n1)χ2(n2).

Using (2.2) or (4.15) with α = β = 2, we obtain the asymptotic formula for the above

functions.
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