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Abstract

Let hg(n,@,b) be a sequence of complex numbers, coefficients of the Dirichlet series
of L%(ays — by, x1)L”(azs — by, x2) where x1, x2 are characters modulo ¢, go re-
spectively. The main purpose of this paper is to prove approximative formulae for

the logarithmic Riesz mean of hx(n,a,b).
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1 Introduction

Let f(n) be the coeflicient of some Dirichlet series Z(s) = Y >°, f(n)n™* convergent
in Re s > o.. For k > max{0,0.}, 7 > 0 and z > 1, the logarithmic Riesz mean of f has

the following representation:

21 J oo

1 1 K+1i00
o o e i =g [z
Berndt [3] has derived asymptotic formulae for sums of type

> f(n)log?(x/ )

An<z

where ¢ is a nonnegative integer, {\,} is a sequence of positive numbers tending to oo

and f(n) is the coefficient of a generalized Dirichlet series

> NS

*Research supported by University of the Basque Country. EHU10/05

57



In [14], the authors studied a variant of the classical circle problem using the logarith-

mic Riesz mean
1

A > " ra(n)log"(x/n)

n<x
r2(n) is the number of representations of n as ni+n3, ny, ny € Z. Vorhauer [13], obtained
approximate formulae for the sum

Zf )log" (2/n),

n<x
for real kK > 0, subject to suitable conditions on the function f.
Let «, 3, a1, as be positive integers and let by, by be nonnegative integers. We denote
a=(a,p),a=(ar,as), b= (b, bg). We consider the logarithmic Riesz mean

(1.1) r+1 > ha(n;a@,b)log’ (x/n)

n<:r:

ha(n, @, b) being a sequence of complex numbers, not identically zero, coefficients of the

Dirichlet series

= hal E
L%ays — by, x1)L (a2 — by, x2) = Y —2
n=1
Thus
ha(n; @, b) = Z n 527, (n1)75(n2) x1(n1) x2(n2), (1.2)

niing2=n
where 7.(n) denotes the number of representations of n as a product of ¢ factors. We
denote
A(s;@,b) = L*(ars — by, x1) L’ (azs — by, x2). (1.3)
Here x1, x2 are primitive characters modulo ¢, ¢o respectively, where ¢; and ¢o are
positive integers. Let us suppose for example that

145 145,
+1:max{ Rl

aq j

7.j = 172}7

therefore a; < as + k, with & = asb; — a1b,. One purpose of the present paper it to
provide asymptotic estimates for the sums (1.1) using complex methods and properties
of exponential integrals. Throughout the paper s = ¢ 4 it and w = u + v with o,¢ and

u, v real numbers and C' denotes a constant, not necessarily the same in each occurrence.

2 Statement of results

We prove the following theorem, which we shall apply of the functions hg(n; @, b).

Theorem. Let hg(n;a@,b) be the arithmetical function defined in (1.2) with
by b _ldb _14b

az  ar Qs ay
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Let r be a positive number such that 2r+1—2(bja+by3)—a—[F > 0. Then the logarithmic
Riesz mean (1.1) of hz holds the following asymptotic formula:

_ 2r4+1-2(bja+byf)—a—p3

x 7l - 2(aja+tag
7’+1 Zh 5 log” (n) = S, (2:3,0) + Oz~ Tararam ) (2.1)

where S,(x;@,b) is the sum of the residues of the function A(s;@,b)x*s~"~'. Note that the
power of x in the error term (2.1), is negative.
If r is an integer and 1“’2 < 1+bl , then we have
14by

- X
> ha(mia@,5)log" () = rin(x1)a 1 Pacy(log )+

n<x

1+4bo _2r+172(b1a+b25)7(x75

+rin(x2)x *2 Ps_1(logx) + r!P.(logz) + O(x Aaratazf) ) (2.2)

where n(x) = 1 if x is the principal character modulo ¢, and n(x) = 0 otherwise. The
function P,(log ) is Res,—o(A(s;a@,b)z*s™1).

If r is an integer and Hbl = %, then

1+by
Zh b) log” ( ) = rl0102 22 Py, (logx)+

n<lz
2r+1-2(byja+byfB)—a—p3

+r!P.(logx) + Oz~ 2Waztkatad) ), (2.3)

where

i) 012 = 1 and A5 = o — 1 if xq is principal and ys non-principal;
012 = 1 and A3 = 8 — 1 if x; is non-principal and ys principal;
012 =1 and A\ = a+ 3 —1if x; and ys are principals; and
012 = 0 otherwise.

ii) P,(logz) is a polynomial in log x of nth-degree.

3 The necessary lemmas

We need to know the asymptotic behavior of the integral 5= [ Jrg 2°s ""'ds. The

case r = 0 can be found in [9] , Lemma-12.1. The case r > 0 real, is Lemma 1 [13] with
y =e”’.
Lemma 1. Let r > 0, k > 0 be real constants. Then, uniformly in y > 0,7 > 1, for

1 ' (v)
1 il y° A
d d AT min{l, T~ |1 -1
omi ), 87‘+18 T(r + ><<y in{1, | logy [~}

where A\.(y) =0 if 0 <y <1 and \.(y) =log"y, ify > 1. Fory=1,
1 K+iT dS 1 K 1 K+iT dS

LT oy L
2 T 27t J i ST

2t )i S
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Note that when y # 1, one obtains the given estimation considering two different
contours (as in [9] , Lemma-12.1): a U-shaped contour that opens to the right if 0 <y < 1
and the another contour replacing the vertical segment of integration by a circular arc
with center 0 and radius R = v/c¢2 + T2. Analogously, if y > 1 the U-shaped contour
opens to the left and for the circular arc we take the arc which lies to the left of the

segment, also with center 0 and the same radius R.

Lemma 2. Let -
=Y f(n)n~
n=1

be a Dirichlet series absolutely convergent for Re s > o, and |f(n)| < C¥(n) where C >0

and for x > xo, ¥(x) is a nondecreasing function. Let further

Do) < (0= 02)7 (3.1)

as o — o for some v > 0. If w = u+iv, (u,v real) is arbitrary, r > 0 be real number,

a7>1,/<J>0 T>1and u+ k > 0,, then
1 k4T

l i A s.—r—1
r+1 ;f og"(xz/n)n~ =5 o (w+s)x®s " ds

+ 0@ T Hu+ Kk —0,)77) + O(T " 1(22) ' *log 27)
O(T~"4(22)a). (3.2)

Proof. Following the proof of Lemma 3.12, case r = 0 of Titchmarsh [12], (Satz 3.1 p.
376-377 [11]), and using Lemma 1, the formula (3.2) is deduced. Here we require x > 0
to allow the application of Lemma 1. Also k > o, in order to exchange summation and
integration. m

For any character y modulo ¢ let G(n, x) denote the Gauss sum

Z x(m) exp(2mimn/q).

If x is a primitive character, then G(n, x) = X(n)G(1, x) (see Theorem V 4.12 Ayoub [2])
which holds for every n. Then

S Glnon™ = G(LY) S X mn (3.3)

Lemma 3. Let x be a primitive character modulo q and let L(s,x) be the associated
Dirichlet L-function. For Re s > 1, let L*(s,X) = G(1,x)L(s,X) given in (3.3). Then
L(s,x) and L*(s,X) satisfy the functional equation

L(s,x) = (i/q)(27/q)* 'T(1 = s){=€" + x(=1)e ™} L*(1 — 5,X).  (3.4)
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If we denote H(s,x) = (2r)* 10 (1 — s){—e™/2 + x(—1)e~™/2}, then we can write (3.4)
as

L(s,x) = (1/¢")H (s, x)L*(1 = 5,X)- (3.5)

Proof. See T.M. Apostol [1] Chapter 12, or K. Prachar [11] VII Satz 1.1 or K. Chan-
drasekharan [5] Chapter VI, Theorem 2. n
The asymptotic behaviour of H (s, y) when o is fixed and |t| — oo can be determined

by using Stirling’s formula in the form
[(s) =v2r|t|]"~1/?x
, mt 1 1
xexp —(1/2)m|t| + i tlog\t|—t+m o—3 x (L+0(t™))
(|t| > 1). So, one obtains
H(O’ + it, X) — Ce—itlogt+itlog(27r)+ittl/2—a + O(t—a—l/Z) (36)

where t > Ty > 0, ( see [10] A. Ivié¢ and T. Meurman pag 347, see also E.T. Copson [6] or
E.C.Titchmarsh pag 160 [12] ). In (3.6) C and the implicit constants are depending on o.

For ¢ > 1, the principal character g is not primitive but it is real, so that X, = xo

and L(s, xo) holds a similar functional equation

L(s, xo) = 271 H %Pﬂ — s)sin 7T;L(l — 5, X0)
plk
see [7] , Theorem 10, Chapter 12. If ¢ = ¢; - - ¢, is a decomposition of ¢ into pairwise
coprime integers and if y is a character modulo ¢, then exists a unique decomposition
of x into characters x; modulo ¢;, x = X1---X,. The Gaussian sum G(n,y) verifies
G(n,x) = eG(n1, x1) -+ - G(ny, x)with n; = n(mod ;) and € = x1(q¢/q1) - - - xr (/) (see
[2] Theorem 4.1 and 4.2, Chapter V). If x is a character modulo ¢, f(x) its conductor

and ' the primitive character modulo f(x) equivalent to x, then

20 =TT (1= s

plg

(see [2] Theorem 4.7 Chapter V or Chapter VI, K. Chandrasekharan [4] ). Hence every
L-series L(s, x) is equal to the L-series L(s,x’) of a primitive character , multiplied by a

finite number of factors. Then it is sufficient to consider the functional equation (3.5).

Lemma 4. Let 0 < a < 1. Then for the Hurwitz zeta-function ((s,a) we have uniformly
ino as |t| — oo
C(o +it,a) < [t|"@ log |t| (3.7)
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where

%—a, if o <0
(o) =4 3(1-0), f0<o<1
0, ifo>1

and log [t| may be suppressed except when —e <o <eorl—e<o<1+e

Let x be a character modulo q and let L(s,x) be the associated Dirichlet L-function.

Then we have as |t| — oo

L(s, x) < q|t["” log(q|t])

where T(0) is given above.

(3.8)

Proof. (3.7) is proved in [15], p. 276, and (3.8) follows from (3.7) and from to the

expression
q

L(s,x) =q* Y _x(n)¢(s,n/q)  (s#1). m

n=1

4 Proof of Theorem

We consider the function A(s;a,b) defined as

A(s;a@,b) = L*(ays — by, x1)LP (ags — by, x2)

_ i ”IilTa(nl)Xl(nl) f: n?%(”z)h(”z)
- a1s azs
n1=1 7’L1 no=1 7’L2

_ 1+0
Z a,b)n™°, in Re s > +1.

—1 a1

by 1
b by b1, b2 _ (0 a1\Gr (1102\ 0y o
Moreover, as 2 < 2 then ny'ny® = (n{')= (n5*)*2 < (n{'ns’)« and

— b _
Therefore |hgz(n;a,b)| < nate, |ha(n;@,0)] < n® and we obtain the bound

A £ () £ ()

n=1 1=1 na=
1 + bl

(O’ — aa) a

vy=a+p.

We denote
E l
M(z; he,r) = & 1 haa( )log"(z/n).
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Let T be large, in fact larger than the imaginary part of any of the singularities of A(s;@, b).
b
From (4.1) and (4.2) we can use Lemma 2 with w = 0, ¢(z) = pa ' k= % + @ to
deduce that ,
1 K+iT _ _
M(z; hg,r) = —/ A(s;a,b)z®s " 'ds + R(x;a,b) (4.3)

2mi k—iT
where for any fixed € > 0,

1+by

R(x;@,b) = O(x™= T Y(logz)*™) + O(T_’"_leﬁ“) + O(T‘T’xﬁ“).

Since % <1+ %, the first O-term can be omitted, and one obtains
— b b
R(z;a,b) = O(T7 &'t a ™) + O(T 7z ™).

Therefore if we take T = 2° (0 > 1), we have that R(z;a,b) < T-rget,

In order to calculate the integral of (4.3), we insert the line segments Lo, Ls, Ly to
form a closed contour to the left of Ly = [k — T, k + ¢T]. That is the rectangle Ry with
vertices —h £+ T,k £ 4T, (for some h > 0). By the residue theorem of Cauchy and (4.3)

we have

M(2; ho, 1) = Sp(2;a,b) + R(x;a,b)—
1 _
—— A(s;a,b)z®s™"ds (4.4)
2mi Lo+L3+Ly
where the function S, (z;@, b) is a sum of the residues of A(s;@,b)z*s™"~! for the singular-
ities inside the rectangle Rp. Lo is the line segment from s+ 14T to —h+1T, L3 is the line

segment from —h 4 i1 to —h — T, and L, is the line segment from —h — T to k — i7"
Estimation to the integral over Lo + Ly

1 -
— / A(s;a,b)z®s™"ds
27 Jp,

From Lemma 4 we deduce

[ -
< —/ |A(o +iT; @, b)|z" T~ 'do.

T J—h

0|y TG log® (qi|ay T),  if o < by /ay.
L¥aro — by +ia T, x1) < ¢ a7 G007 D log®(qr|ar T), if 2 <o < H
@ log® (q1]ar ), if o > %

Similarly we have

P asT|PE=2o402) 1008 (go|asT]),  if o < by/as.
LP (a0 — by +iaxT, x2) < Q2B\@2T\(§(l_“2°+bz)) log” (qa]asT)), if 2—2 <o < %
2" log” (gz|asT), if o > %

In order to estimate the integral over Ly + L, we need obtain bounds of L*(a;0 — by +

iaiT, x1)LP(ago — by + iasT, x2) over the differents intervals:
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b b 1+5b 1+0
he0<e 2 M1 2T
a9 aq (05} aq

Let F(T) = :“¢." log®(q1|a1T|) log” (qa|asT]), then we deduce the estimates:
(i) When —h < 0 < 2—2 then

A(s;@,b) < F(T)|a 7|2t |q,T|Plat02] (la 7|~ [axT| 72"

and we deduce the estimates

1 b2 /a2 o gC
L =5 /h |A(o +iT; @, b)\TTHda

ba2/az . -
<H(T Ta(%""bl) Tﬁ(%-ﬁ-bz)T—r—l/ J
( )|a'l | |a'2 | —h |a1T|aa1|a2T|a26 o

<<x—hT% (a+B)+(b1a+bef8)+(aiatasB)h—r—1 10g°‘+ﬁ T

(ii)) When 2—2 <0< % the argument is similar and since

A(s;a,b) < F(T)]ayT|*B | ay TP 002 (|ay T|=0 |, T ~002/2)°

then
b=t [ A v a5
2_27T ba/az 7T Tt ’
1.y 14bo 1 bi/ax T ’
<E@O TP a1 | | do
ba/az |CL1T|‘ml|a2T|T

hence we have
I, < g T2OtDHbrathd)—(@ataf) =11 atf p

(iii) When & < o < b2 (< Iih)
al an

ai

1 (1+b2)/az _
I3 =— A ' T:a. b d
L Ao +4T3a, )| do
(14b2)/az 7
< F(T)|a T | TP EF) -1 / 9’ = | do
bi/a1 |a1T|T|a2T|T

analogously we obtain

I; < zZ_llT%(04-‘1-5)'1'%(57104+l72ﬁ)—(f1104+a25)gba—ll—T—l loga-i-ﬁ T
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(iv) When % <o< % then the function A(s;a,b) is
A(S;a, 5) <K F(T>|CL1T|O‘[%] (|a1T‘—aa1/2)o

and we deduce the integral I, in a similar manner to above cases.
(v) Finally, if o > % we obtain A(s;@,b) < F(T) and it follows

M 1 I
Iy <z o T og™™? Tlog™ = < R(x;a,b). (4.5)
Thus, from the above estimates we obtain

1 _

— A(s;a, b)a’s™ " ds

27TZ Lo+Ly
< g~ TP b1 Fh(ear+Bar)—r—1 |08
+:)3‘% 52+ (abi+Bb2)—(aar +Baz) 2 —r—1 log®tP T

b a+f Bb Bagyb
+xﬁTT+ab1+T2—(a“1+TQ)%_T_1 log®™? T (4.6)

From (4.4), (4.5) and (4.6) we obtain

M (2; ha,r) =S,(x;@,b) + R(x;a,b)

—|—O(1’_hTQT+B +(ab1+Bb2)+h(aar +Faz)—r—1 1Oga+ﬁ T)
+O( @TL;FB+(ab1+ﬁb2)—(aa1+Ba2)%—r—1 10ga+ﬁ T)

bl a8y oy 1B (g 4 B2y bl
g A R L TR Yl )

——— | A(s;a,b)z*s"ds. (4.7)

Estimation of integral over Ls. Over the line segment [—h £ ¢T] we can write

1 —h+iT _
— A(s; @, b)r’s " ds =
2w ) i
1 [hHT
=5 L*(a1s — by, x1) L (a5 — by, x2)2°s ™"~ ds
2w ) i
1 T L(ay(=h + it) — by, x1)LP(as(—h + it) — by, X2)5L’_h+itdt
Con ) g (—h +it)r+1 ‘
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Then an application of the functional equation given in Lemma 3 shows that

1 —h+iT Z'a+6

A(S; 67 (_))LL’SS_T_ICZS _ o a(a1h+b1)q2ﬁ(a2h+b2)x—h %

5 q1
21 J i

X 3 G (N xa, )N S TG (N, )Ny

Ni=1 Na=1

T
X/ H“(—alh—bl +z’a1t,X1)Hﬁ(—a2h—b2+z'a2t,X2)
=T

al a2 it
. (Nl N x) a (45)
gy ) (Zh+i)!

From (3.6) we obtain

H“‘(—alh — bl + ialt, X1>H'6(—a2h — bg —+ iagt, XQ) =
:Ce—i(ala-l—agﬁ)t log t+i(a1log(2me/a1)+a28 10g(27re/a2))tt(1/2+a1 h+b1)a %
xt(/2Fazh 620809 L O(1¢]71)}. (4.9)
Furthermore
(=h+it) " =)+ O(t72), ([t > h) (4.10)

Let us suppose Tj > 0 enough large. Now, we will divide the integral f_TT as the sum

T ~Tp To T
Ll L
=T -T —To To
Obviously, f_T;O is a constant, and to estimate the other two integrals is sufficient to

estimate one of them. Using (4.9) and (4.10) we have

T H“‘(—alh — bl + ialt, Xl)Hﬁ(_CLQh — bg + iagt, XQ) N{“Ngzx it dt
T (—h +it)r+1

aay Laz

qy "4

T

= /T e(t)e(f(t) + Kt)dt + O (/

To

(go(t)/t)dt) (4.11)

gp(t) — t(1/2)(a+ﬁ)+h(a1 a+025)+b1a+b2ﬁ—r—1

1
ft) = —%(ala + ay )t logt
1 2me 2me N{“N;Q"E
K — % <a1a10g<a—1) _'_ agﬂlog( ay ) + log (W)) ’

We take h = 2T+1_22((;11§IZ§;_0‘_6 > 0, and obtain ¢(t) = t~%/2. To estimate the

exponential integral of (4.11) we broke the integration interval
[To, T] - [T(], t0/2] U [to/Q, 3t0/2] U [3t0/2, T]
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/ e(t)e(f(t) + Kt)dt =

To

to/2 3t0 /2 T
:( +/ +/ )Sp(t)e(f(t)—l—Kt)dt:J1+J2_|_J3
¢ 3to/2

To 0/2

being f'(ty) + K =0, it is

N1 a2 1/(a1a4a2B)
to = (27) ( e N ) .

(a1q1)2 (azqz)P?2
Therefore
tO << xaloz«lkazﬁ .
As 3
" a1o + ag
) =——m—"— <0

we can use the lemmas 5.1.2 and 5.1.3 of [8], so
Ll LKl KK ¢~ Narataze)

Then the integral (4.11) is bounded

aay Paz

T H“(—alh — bl + ialt, Xl)Hﬁ(—agh — bg + iagt, Xg) (N{“N;QI
41 42

it
dt < 1.
e (Ch+ i)+ ) <

Therefore we obtain the following estimate

1 _
— | A(s;a@,b)z*s " s < 7 (4.12)
27 Jp,

b
If we choose T' = :171+2(h+ﬁ), we obtain that the order of each O-term of (4.7) is smaller

than x~". Therefore

r—bja—byB+1/2

_ atp _
M(; ha, ) = S, (213, D) + O essman ~ siatiay

Hence (2.1) holds. If r is an integer, then I'(r 4+ 1) = r! and we obtain (2.2) and (2.3).

The theorem is proved. m

Corollary 1. Let % < %, then

1ty
S nbnxa (m)xa(ne) log” (@/nd ng?) = rUK n(x:)a =+
n(llln;2§:c
1+4bg _r—1/2—b1—by

+ rlKon(x2)z 2 +r!P.(logz) + Oz eitez ) (4.13)
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14by
b
g 'S log" (z/n'ns?) = rlK iz +

2<m

+ T'nglg +rlP.(logz) + O(x %) (4.14)
Proof. Taking « = 8 = 1, and using (2.2) we obtain the asymptotic formula (4.13). Note
that in this case the corresponding polynomial P, ;(logx), Ps_i(logz), are constants,
K, K.
If x1 =x2=1, ¢1 = ¢ = 1, then n(x1) = n(x2) = 1, we obtain the asymptotic
formula (4.14).

If bl = bg =0 then

hi(n;a,0) = d(n; a1, az2) = #{(n1,n2) € N x N;n{*'n3* = n}
and we can deduce the corresponding asymptotic formula. m

Corollary 2. Let o, 3>2, x1i=x2=1, 1 =g =1 and 1+b2 < Hbl , then

1+b
Z n 057, (n1)75(ns) log" (2/n) =rlp o —1(log z)+
"1 n22<:c
1+4bo 2r4+1—2(bja+byf)—a—p4

+rle 2 Ps_(logx) +rlP.(logz) + O(x  aetazd) ). (4.15)

Proof. Is a consequence of (2.2) u

Corollary 3. Let % = %, a=L0=2, and k = asb; — arby, then we have
T 14y
Z n% n2d(ny)d(ng)x1(n1)x2(ne) log (ﬁ) =rlfpx 22 Py, (logx)+
nilng?<z

r41/2—2b1 —2by—2

+r!P.(logz) + O(x  2(a2Fktaz) ), (4.16)

Proof. If a« = § = 2, then 7,(n) = 73(n) = d(n) and using (2.3) we deduce the
asymptotic formula (4.16). n

5 Application to Farey sequence

Let Fy be a Farey sequence of order N, that is
b b
Fy={-|b€Z,aeN,(bja)=1,0<-<1,1<a< N}
a a

where every fraction is arranged in non-decreasing order. From theorem of Farey-Cauchy
we know that : If % is the immediately successor of 2—2 in the Farey sequence Fy, then
k = asb; — a1b; = 1. We consider
1 1
by < by < + by < + b

—_ —_ )

with 1 SCLl §a2+1, k:agbl—albgzl.
as ai az ai
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We take the case: a = 3 = 2, that is, 7,(n) = 75(n) = d(n) and 2, 2 ¢ F.

a1’ az

where

(A). The consecutive fractions Z—Z , with the condition a; = as + 1 immediately
imply that
L+by 1+bh
a9 N aq
for example the fractions (a) (%, %), and (b) (g, g),

a) In the case (£, 2), we have A(s;@,b) = L?(6s — 5, x1)L*(55 — 4, x2)

h2,2)(n; (6,5), (5,4)) = Z n?néd(m)d(nz)xl(m)m(%)-

6,5 __
ning=n

The asymptotic formula is a particular case of (4.16) when @ = (6,5) and b = (5,4).
b) In the case (2,2), we have A(s;@,b) = L*(7s — 6, x1)L?(6s — 5, x2) then

h.2)(n; (7,6),(6,5)) = Z nSnyd(ny )d(ng)x (ny)xz(n2).

7,6 _—
niny=n

As in the above case, we obtain the asymptotic formula from (4.16).

(B). For the other fractions, we have the conditions

b b 1+b 1+0b
b2 < 01 < + 02 < + 01
a2 a1 a2 a1

, l<ar<as+1

and we obtain the asymptotic formula sustituying @,b in the corresponding cases. We

consider, for example, the following consecutive fractions of F7:

i) Let Z—i =2, % =1 then A(s;a,b) = L*(3s — 1,x1)L*(7s — 2, x2). The coefficient

of its Dirichlet series is

heo(n; (3,7),(1,2)) = Z nynid(ng )d(ng)xa (n1) x2(n2)

3,7
ning,=n

i) If (2, %) = (£,1), then A(s;a,b) = L*(2s — 1, x1)L*(7s — 3, x2), and

a2’ ai

h’(272) (n; (27 7)7 (17 3)) = Z nlngd(nl)d(rnﬂ))ﬁ(nl)x2(n2)'

2,7
ning=mn

iii) For (2,2); we have A(s;@,b) = L*(5s — 3, x1)L*(7s — 4, x2), and

h2,2)(n; (5,7), (3,4)) = Z n?néd(m)d(nz)xl(m)m(%)-

5,7
ning,=mn
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iv) If (2,2); then A(s;@,b) = L*(3s — 2, x1)L*(5s — 3, x2), and the function is

hi22)(n; (3,5),(2,3)) = Z ninsd(ny)d(ng)xa(na)xa(ns2).

3,5 __
ning=n

v) For (2,2) we have A(s;@,b) = L*(4s — 3, x1)L?*(7s — 5, x2), then

hi2,2)(n; (4,7),(3,5)) = Z ninsd(ny)d(ng)xi(n1)x2(ns2).

Using (2.2) or (4.15) with o = 8 = 2, we obtain the asymptotic formula for the above

functions.
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