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Abstract

In this note, we deal with the space of A-summable sequences from a locally
convex space F, where A is a perfect sequence space. We make use of a result of
M. Florencio and Pedro J. Pail in [4] to give a characterization of the nuclearity of
A(FE) in terms of that of A and E and the AK property.
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1 Introduction

A. Pietsch [10] in connection with the nuclearity of a locally convex space E introduced,
for the first time, the spaces ¢,[E] and (,{E} respectively of weakly ¢,-summable and
absolutely /,-summable sequences in E. This allowed him also to introduce and study
the absolutely p-summing operators. Later, in case E is a normed space, J. S. Cohen
2] introduced the space (,(E) of strongly p-summable sequences. He used this space
together with the spaces (,[E] and ¢,{ E'} to define the strongly and the nuclear p-summing
operators. The definition of £,(F) was generalized to an arbitrary locally convex space £
by H. Apiola [1] in order to get new conditions for nuclearity of E. H. Apiola studied the
duality relations between the three spaces, namely ¢,[E], {,{ E'} and ¢,(E). He also gave a
characterization of nuclearity of E using these spaces. In [10], A. Pietsch introduced and
studied also the space A(E) of A-summable sequences in F, A being a perfect sequence
space in the sense of Kothe endowed with its normal topology. Later M. Florencio and
P. J. Pail [3] considered the general case where A is no longer equipped with the normal
topology, but with a general polar one. They obtained results on A(E) such as the
characterization of the AK property and then the relationship with the completion A®.E
of the injective tensor product A ®, E. In [7] and [8], L. Oubbi and M. A. Ould Sidaty
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gave a definition of strongly A-summable sequences. They then reconsidered the space
A(F) and obtained some of its properties. In [7], they mainly describe the continuous dual
space of A(E) in terms of strongly A*-summable sequences in E’; A* being the a-dual of
A and E’ the dual of E. While in [8], they gave a characterization of the reflexivity of
A(E) in terms of that of A and E and the AK property, extending so the result stated in
[9] for the normed case. In this note, we are concerned with the nuclearity of the locally
convex space A(F).

In section 1, we endow the space A(FE) of all strongly A-summable sequences in E with a
naturel topology in the spirit of [1] for £,(E). We also show that the injections A (E) C
A{E} C A(E) C A[E] are continuous. The section 2 is devoted to the nuclearity of A(E).
We show that if F is nuclear then all these spaces coincide, and that A(E), = A(E),
where A(FE), is the subspace of A(E) consisting of the sequences which are the limit of

their finite sections. Using a result of [3], we establish the theorem 3.3.

2 Preliminaries

Throughout this paper, A will be a perfect sequence space and E a sequentially complete
Hausdorff locally convex space. The Koéthe dual space of A will be denoted by A*, while £’
will stand for the topological dual of E. The collection of all absolutely convex, o(E’, E)-
closed and equicontinuous subsets of E’ will be denoted by M, while S will denote a
collection of closed, absolutely convex, normal and o(A*, A)-bounded subsets of A* such
that A* is the union of the members of S and the latter is stable by homothety. We will
then consider on A the polar topology 7s associated with the collection . This topology

is generated by the seminorms
Ps(a) :== SUP{Z | Bl B = (Ba)n € S}, S E€S.

For an absolutely convex bounded subset A of a Hausdorff topological vector space F, let
us denote by F4 the subspace of F' generated by A. When no topology is specified on Fly,
it will be endowed with the gauge || - ||4 of A as a norm. We will then consider without
any further mention the spaces Ep, E);, Ag and A%, where B is a bounded subset of E,
M e M, S €S8 and R is a bounded absolutely convex subset of A. For every M € M,

consider on F the seminorm P,; defined by
Py(z) = sup{|a(z)|,a € M}.

A sequence (z,), C E is said to be A-summable (absolutely A-summable) if the se-
ries Y a,x, converges (absolutely) in F for all (a,), in A*. It is weakly A-summable
if (a(x)n)n € A, for all a € E'. The space of all A-summable (absolutely A-summable)
sequences from F will be denoted by A(E) (A{E}), while that of the weakly A-summable
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ones will be designated by A[E]. Similarly, A5[E),] will stand for the weakly A§-summable
sequences from F',, S € § and M € M. Following [7], we will then say that the sequence
(@n)n is strongly A-summable if for every M € M, the series > a,(x,) converges for all
(an)n € A*[EY,]. The space of all such sequences will be denoted by A (E) .

Following [3], A(E) will be equipped with the topology exs generated by the family

(€s.a1)ses.mmem of seminorms, where

esv(x) =sup {Z lana(x,)|,a € M, = (y)nen € S} , Ve = (xn)n € A(F).
n=1

These seminorms turn out to be defined also on A[E] so that A(E) is a closed topological
subspace of A[E]. Both spaces will henceforth be equipped with this topology. Notice
that, if £ and (A, 7s) happen to be metrizable, then so is also A[E]. Hence, if E and
(A, 7s) are Fréchet spaces, then so are also A[E], A(F) and their closed subspaces A[E],
and A(E),.

We refer the reader to Section 30 of [6] and Chapter 2 of [13] for details concerning Kothe
theory of sequence spaces and to [5] for the terminology and notations concerning the

general theory of locally convex spaces.

In order to define a locally convex topology on A (E), we need the following

Proposition 2.1. For all S € S and M € M, og defined by

os.m(z) = sup {Z lan(xn)|,a = (an)n € AS[EY] €500 (a) < 1} :

n=1

for x = (x,), € A(E), is a seminorm on A(E).

Proof: It is enough to show that, for all x € A (E) , 0g () is finite. Define the linear
mapping T, from A% [E},] to ¢1 by Tp((an)n) = (an(z))n. Suppose that (f*); C A% [E),]
is a sequence which converges to f := (f,), and (T,(f")); converges in ¢ to (av,),,.

By the continuity of the projections, (f!); converges to f, for all n € N and then

(fL (zn));ey converges to f,(z,) as well. Indeed, for every n € N, if
Jn + By — K 2 — 2'(z,),

then |7, (2")| < Py(xn) ||27|,, , wherby 7, is continuous on E,. It follows that (f,,(z,)), =
(a,),, - This shows that the graph of T} is closed. So, T} is continuous and bounbed on

the unit ball of A§ [E},] endowed with the norm ego pre. So, og () is finite. 0.

In the sequel A(FE) will be equipped with the locally convex topology generated by the
seminorms (og ar)ses.mem, while (See e.g. [12]) the topology of A {E} will be defined by
the seminorms 7g , S € S, M € M, where

n=1

mwsm(z) = sup {Z Pry(anxy,),a = (ap)nen € S} , Vo = (z,)n € A{E}.
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Proposition 2.2. The spaces A and E are closed subspaces of A[E] and A(FE).

Proof: 1. Let k € N. The mapping [ : E — A[E],t — tey,, where ¢ is at k™ place. It is
clear that I is linear and injective. Let S € S and M € M. Since g s (ter) = Ps(ex)Pu(t),
I is continuous. In other hand, if we choose S with e, € S we get Py(t) = egar(ter). So
I is an isomorphism from F to the subspace I(E) = {tex,t € E} of A(E).

Let us prove that this subspace is closed in A[E]. Let (t;er); is a net in [(F) which
converges in A[E] to © = (z,),. For all n € N, n # k, the net (1,,(t;ex)); converges to x,,
so x, =0 and x = xxey, € I(E).

2. Now, fix g € E, xg # 0 and consider the mapping

J: A — A[E], a = (an), — azg = (anZ)n-

Then eg p((anzo)n) = Ps(a)Pa(xg), which proves the continuity of J. Let M € M
such that Py(zg) # 0, then Ps(a) = mss,M((anzo)n). So, J is un isomorphism from
A to J(A). To prove that it is closed, let (a’xg); = ((a,xo)n)i is a net in J(A) which
converge in A[E] to x = (x,),. For all n € N, the net (a!zg); converges to x,, by the
continuity of the projections. There exists a,, € K, such that (a’zg); converges to a,g.
Then, z,, = a,zo. Let a € E’ such that a(zg) = 1, then (ay,), = (a(z,))n € A. O

Proposition 2.3. Let B C A(E). The following conditions are equivalent:

1. B is bounded in A(E).

2. For all M € M, Ay = {(a(xn))n, (Tn)n € B, a € M} is bounded in A.

3. Forall S € 8, As ={> ", antn, (xp)n € B, () € S} is bounded in E.

Proof: The result follows from the equalities

6S,M(x) = sup {Z ‘ana(xn)‘ , @ € M, a = (an>n€N € S}
n=1

= sup{Ps((a(zn))n),a € M}

= sup {PM(Z ana(xy)),a = (an)n € S} :

which hold for all S € S, M € M and = = (z,,),, € B. O

Proposition 2.4. Every sequence in E which is strongly A-summable in E is absolutely

A-summable. Moreover, the inclusion A(E) C A{E} is continuous.

Proof: Let z = (x,), € A(E), M € M and a = (a,), € A*. Let us prove that the series
> an Py (xy,) is absolutely convergent.

Let € > 0 and n € N. Since Py(a,z,) = sup {|a(ayz,)|, a € M}, there exists a, € M
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such that Py (anzn) < 57 4 |an(nsy)| . So, (anan)n, € A*[E),]. Indeed, if f € (E},)’, we
get
| fan)| < lan] |f(an)] < lanl 1F ] anlly < IS o]

By the normality of A*, (|| f]l |an])n € A* and

(f(anan))n = (O‘nf(@n))n e A",

The series > a, Py(x,,) is absolutely convergent since x = (z,,), € A(F) and

k 00
> | Pu(wn) < e+ lanf(an)|, for all k €N,
n=1 n=1

This last inequality shows that for all « € A*,z = (x,), € A(E) and M € M,

D lanPu(an)| < osu(x).

n=1

So, the inclusion of A(F) in A {E} is continuous. O

Proposition 2.5. Every sequence in E which is absolutely A-summable in E is A-

summable. Moreover, the inclusion A{E} C A(E) is continuous.

Proof: Let z = (x,), € A{E} , M € M, a = (), € A* and € > 0. Since the series
> anPy(x,) is absolutely convergent, there exists N € N such that for all p € N,

p
p>q>N= Y |an|Pu(z,) <e
n=q+1

So,
p p
Pu( D anan) < Y o] Pulz,) <.

n=q+1 n=q+1
Since E is sequentially complete, the series Y a,,x,, is convergent. Moreover, for all S € S

and M € M, esn((2n)n) < msm((2n)n), which gives the continuity. O

3 Nuclearity of A(F)

The following lemma will be needed to prove Theorem 3.2:

Lemma 3.1. For every M € M and (a,), € N [E},], the set S = {(an(t))n,t € M°} is
bounded in A.

Proof: For (a,), € A, define the linear mapping ¢ : (E,)" — €1 by o(f) = (an f(an))n.
It is not hard to show that the graph of ¢ is closed and then ¢ is continuous. So,
Youlanf(an)] < el fll, for all f e (E},). If t € M°, then the mapping f; defined on

By by fi(a) = a(t) satisfies D o fi(an)| < [[oll[|fill, that is 3, [anan ()] < [l¢l|. So, S
is bounded in A*.

85



Theorem 3.2. For every nuclear locally convex space E and a perfect sequence space A,
ME} = A(E) = A[E], algebraically and topologically and A{E} = A(FE), algebraically.
Moreover, if S is the family of all bounded sets of A*, then this equality is topological.

Proof: 1. Let us prove the equality A(E) = A{E}. By Proposition 2.5, we only have to
show that A(F) C A{E} with continuous injection. Since FE is nuclear then, by 21.2.1 of

[5], we have

LAE} = G(E) = LIE] (1)

Let © = (z,)n, € A(F). For all a = (ay), € A, (anzy)n € (1(E) = (1 {E}. Whereby,
x € AM{E} and A{E} = A(F) algebraically. Now, let M € M. By (1), there exists K > 0
such that for all z = (z,), € ¢1(E),

> Pulwn) < KPy(> x).

If Se€8 and a=(a,), €S then, (a,x,), € ¢1(F), whereby

Z || Py () < KPM(Z AnTy).

n=1 n=1

We then have, for all x = (x,,), € A(F),

msm(z) = sup {Z lan| Prr(xy), o= (an)n € S}

n=1

n

< Ksup {Z lana(zy,)|, o= (ay)n €5, a€ M}
).

= K€S7M($

2. To prove the equality A(E) = A{E}, it is enough, by Proposition 2.4, to show that
A{E} Cc A(FE) with continuous injection. Let x = (z,), € A{E}, M € M and a =
(an)n € A*[E},]. Since E is nuclear there exists N € M such that N D M and the
canonical injection from Ej, to E); is nuclear. Let A = (\;); € ¢, with [|Al|, < 1, an
equicontinuous sequence (f;); in the topological dual of F}, and a bounded sequence
(«}); C EY such that

Vi' e By, 2 = Z)\ifi(:)s')x;.

n=1

We may and do assume that (z}); C N and that >".° |\;| || fill = 1. We have

an(z,) = Z i fi(an)xl(zy,), for all n € N,
n=1
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Whereby, for all £ € N,

S ) = (z Aifi<an>x;<xn>) Y (z x;<xn>an) ,

n=1 n=1 n=1 n=1 n=1
and

k k o) k

n=1 =1 n=1 n=1 n=1
o) k

< > A i(n)
n=1 M
But,

k
Z an ()
n=1

Zl’ Tp)an(t tEMO}
Z\x Tp)an(t tEMO}
< sup{ZPM Tp) |an(t)], teMo}

< eso e

IN

sup

-
:

for all S € S, such that (Py(z,)), € S°.

So,
k

Z an(xn)

n=1

< (Z Al ||fz||> ese.nre((an)n)-

If (en)n is such that |a,(x,)| = ena,(x,), for all n € N, then

k [es)
Z |an ()| < (Z |l ||f2||> €50, M ((Entn)n) = €50 aro((@n)n)-

This shows that the series Y |a,(z,)| is convergent and that (z,), € A(F).

We also have,

> an(za)] < sup{ZPM(xn)\an(m, te M°}.

n=1

Let S = {(an(t))n, t € M°}. By lemma 3.1, S} is bounded in A*. If we choose S € S
such that S; C S, we will obtain > 7 | |a,(z,)] < ms ().
SO, O'S’M(SL’) < WS’M(LL’),VLL’ = (Sl?n)n €A <E> .

3. If E is nuclear then A(F) = A[E] algebraically and topologically by (1) and the very
definition of the topology of these spaces. .

We now give the main result:
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Theorem 3.3. Let E' be a complete locally convex space and A be a perfect sequence space.

Then A(E) is nuclear if, and only if, A and E are nuclear.

Proof: If A(F) is nuclear, so are A and F by proposition 2.2. Inversely, suppose A and
E are nuclear. Since FE is nuclear, every weakly convergent sequence in E is convergent
to the same limit, by 3.2.6(a) of [14]. Now, an application of ([3], Teorema) gives the
equality

A(E) = A(E),.

But A(E), = A®.E, by ([3], Proposicién 2 ), so
AE), = AR.E = A®,E,
which is nuclear by 4.6.4 of [14]. O
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