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Abstract

In this note, we deal with the space of Λ-summable sequences from a locally

convex space E, where Λ is a perfect sequence space. We make use of a result of

M. Florencio and Pedro J. Paúl in [4] to give a characterization of the nuclearity of

Λ(E) in terms of that of Λ and E and the AK property.

2000 MS Classification: 46A17, 46B35, 46A45.

Key Words: sequence spaces, locally convex sequence spaces, AK-spaces, nu-

clearity, summability.

1 Introduction

A. Pietsch [10] in connection with the nuclearity of a locally convex space E introduced,

for the first time, the spaces ℓp[E] and ℓp{E} respectively of weakly ℓp-summable and

absolutely ℓp-summable sequences in E. This allowed him also to introduce and study

the absolutely p-summing operators. Later, in case E is a normed space, J. S. Cohen

[2] introduced the space ℓp〈E〉 of strongly p-summable sequences. He used this space

together with the spaces ℓp[E] and ℓp{E} to define the strongly and the nuclear p-summing

operators. The definition of ℓp〈E〉 was generalized to an arbitrary locally convex space E

by H. Apiola [1] in order to get new conditions for nuclearity of E. H. Apiola studied the

duality relations between the three spaces, namely ℓp[E], ℓp{E} and ℓp〈E〉. He also gave a

characterization of nuclearity of E using these spaces. In [10], A. Pietsch introduced and

studied also the space Λ(E) of Λ-summable sequences in E, Λ being a perfect sequence

space in the sense of Köthe endowed with its normal topology. Later M. Florencio and

P. J. Paúl [3] considered the general case where Λ is no longer equipped with the normal

topology, but with a general polar one. They obtained results on Λ(E) such as the

characterization of the AK property and then the relationship with the completion Λ⊗̃ǫE

of the injective tensor product Λ ⊗ǫ E. In [7] and [8], L. Oubbi and M. A. Ould Sidaty
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gave a definition of strongly Λ-summable sequences. They then reconsidered the space

Λ(E) and obtained some of its properties. In [7], they mainly describe the continuous dual

space of Λ(E) in terms of strongly Λ∗-summable sequences in E ′; Λ∗ being the α-dual of

Λ and E ′ the dual of E. While in [8], they gave a characterization of the reflexivity of

Λ(E) in terms of that of Λ and E and the AK property, extending so the result stated in

[9] for the normed case. In this note, we are concerned with the nuclearity of the locally

convex space Λ(E).

In section 1, we endow the space Λ〈E〉 of all strongly Λ-summable sequences in E with a

naturel topology in the spirit of [1] for ℓp〈E〉. We also show that the injections Λ 〈E〉 ⊂

Λ {E} ⊂ Λ(E) ⊂ Λ[E] are continuous. The section 2 is devoted to the nuclearity of Λ(E).

We show that if E is nuclear then all these spaces coincide, and that Λ(E)r = Λ(E),

where Λ(E)r is the subspace of Λ(E) consisting of the sequences which are the limit of

their finite sections. Using a result of [3], we establish the theorem 3.3.

2 Preliminaries

Throughout this paper, Λ will be a perfect sequence space and E a sequentially complete

Hausdorff locally convex space. The Köthe dual space of Λ will be denoted by Λ∗, while E ′

will stand for the topological dual of E. The collection of all absolutely convex, σ(E ′, E)-

closed and equicontinuous subsets of E ′ will be denoted by M, while S will denote a

collection of closed, absolutely convex, normal and σ(Λ∗, Λ)-bounded subsets of Λ∗ such

that Λ∗ is the union of the members of S and the latter is stable by homothety. We will

then consider on Λ the polar topology τS associated with the collection S. This topology

is generated by the seminorms

PS(α) := sup{
∑

n

|αnβn|, β = (βn)n ∈ S}, S ∈ S.

For an absolutely convex bounded subset A of a Hausdorff topological vector space F , let

us denote by FA the subspace of F generated by A. When no topology is specified on FA,

it will be endowed with the gauge || · ||A of A as a norm. We will then consider without

any further mention the spaces EB, E ′
M , ΛR and Λ∗

S, where B is a bounded subset of E,

M ∈ M, S ∈ S and R is a bounded absolutely convex subset of Λ. For every M ∈ M,

consider on E the seminorm PM defined by

PM(x) = sup{|a(x)|, a ∈ M}.

A sequence (xn)n ⊂ E is said to be Λ-summable (absolutely Λ-summable) if the se-

ries
∑

αnxn converges (absolutely) in E for all (αn)n in Λ∗. It is weakly Λ-summable

if (a(x)n)n ∈ Λ, for all a ∈ E ′. The space of all Λ-summable (absolutely Λ-summable)

sequences from E will be denoted by Λ(E) (Λ{E}), while that of the weakly Λ-summable
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ones will be designated by Λ[E]. Similarly, Λ∗
S[E ′

M ] will stand for the weakly Λ∗
S-summable

sequences from E ′
M , S ∈ S and M ∈ M. Following [7], we will then say that the sequence

(xn)n is strongly Λ-summable if for every M ∈ M, the series
∑

an(xn) converges for all

(an)n ∈ Λ∗[E ′
M ]. The space of all such sequences will be denoted by Λ 〈E〉 .

Following [3], Λ(E) will be equipped with the topology ǫM,S generated by the family

(ǫS,M)S∈S,M∈M of seminorms, where

ǫS,M(x) = sup

{
∞∑

n=1

|αna(xn)| , a ∈ M, α = (αn)n∈N ∈ S

}
, ∀x = (xn)n ∈ Λ(E).

These seminorms turn out to be defined also on Λ[E] so that Λ(E) is a closed topological

subspace of Λ[E]. Both spaces will henceforth be equipped with this topology. Notice

that, if E and (Λ, τS) happen to be metrizable, then so is also Λ[E]. Hence, if E and

(Λ, τS) are Fréchet spaces, then so are also Λ[E], Λ(E) and their closed subspaces Λ[E]r

and Λ(E)r.

We refer the reader to Section 30 of [6] and Chapter 2 of [13] for details concerning Köthe

theory of sequence spaces and to [5] for the terminology and notations concerning the

general theory of locally convex spaces.

In order to define a locally convex topology on Λ 〈E〉 , we need the following

Proposition 2.1. For all S ∈ S and M ∈ M, σS,M defined by

σS,M(x) = sup

{
∞∑

n=1

|an(xn)| , a = (an)n ∈ Λ∗

S [E ′

M ] , εS◦,M◦(a) ≤ 1

}
,

for x = (xn)n ∈ Λ〈E〉, is a seminorm on Λ〈E〉.

Proof: It is enough to show that, for all x ∈ Λ 〈E〉 , σS,M(x) is finite. Define the linear

mapping Tx from Λ∗
S [E ′

M ] to ℓ1 by Tx((an)n) = (an(xn))n. Suppose that (f i)i ⊂ Λ∗
S [E ′

M ]

is a sequence which converges to f := (fn)n and (Tx(f
i))i converges in ℓ1 to (αn)n.

By the continuity of the projections, (f i
n)i converges to fn for all n ∈ N and then

(f i
n (xn))i∈N

converges to fn(xn) as well. Indeed, for every n ∈ N, if

jn : E ′

M −→ K, x′ −→ x′(xn),

then |jn(x′)| ≤ PM(xn) ‖x′‖M , wherby jn is continuous on E ′
M . It follows that (fn(xn))n =

(αn)n . This shows that the graph of Tx is closed. So, Tx is continuous and bounbed on

the unit ball of Λ∗
S [E ′

M ] endowed with the norm εS◦,M◦. So, σS,M(x) is finite. �.

In the sequel Λ〈E〉 will be equipped with the locally convex topology generated by the

seminorms (σS,M)S∈S,M∈M, while (See e.g. [12]) the topology of Λ {E} will be defined by

the seminorms πS,M , S ∈ S, M ∈ M, where

πS,M(x) = sup

{
∞∑

n=1

PM(αnxn), α = (αn)n∈N ∈ S

}
, ∀x = (xn)n ∈ Λ {E} .

83



Proposition 2.2. The spaces Λ and E are closed subspaces of Λ[E] and Λ(E).

Proof: 1. Let k ∈ N. The mapping I : E −→ Λ[E], t −→ tek, where t is at kth place. It is

clear that I is linear and injective. Let S ∈ S and M ∈ M. Since εS,M(tek) = PS(ek)PM(t),

I is continuous. In other hand, if we choose S with ek ∈ S we get PM(t) = εS,M(tek). So

I is an isomorphism from E to the subspace I(E) = {tek, t ∈ E} of Λ(E).

Let us prove that this subspace is closed in Λ[E]. Let (tiek)i is a net in I(E) which

converges in Λ[E] to x = (xn)n. For all n ∈ N, n 6= k, the net (In(tiek))i converges to xn,

so xn = 0 and x = xkek ∈ I(E).

2. Now, fix x0 ∈ E, x0 6= 0 and consider the mapping

J : Λ −→ Λ[E], α = (αn)n −→ αx0 = (αnx0)n.

Then εS,M((αnx0)n) = PS(α)PM(x0), which proves the continuity of J. Let M ∈ M

such that PM(x0) 6= 0, then PS(α) = 1
PM (x0)

εS,M((αnx0)n). So, J is un isomorphism from

Λ to J(Λ). To prove that it is closed, let (αix0)i = ((αi
nx0)n)i is a net in J(Λ) which

converge in Λ[E] to x = (xn)n. For all n ∈ N, the net (αi
nx0)i converges to xn, by the

continuity of the projections. There exists αn ∈ K, such that (αi
nx0)i converges to αnx0.

Then, xn = αnx0. Let a ∈ E ′ such that a(x0) = 1, then (αn)n = (a(xn))n ∈ Λ. �

Proposition 2.3. Let B ⊂ Λ(E). The following conditions are equivalent:

1. B is bounded in Λ(E).

2. For all M ∈ M, AM = {(a(xn))n, (xn)n ∈ B, a ∈ M} is bounded in Λ.

3. For all S ∈ S, AS = {
∑

∞

n=1 αnxn, (xn)n ∈ B, (αn)n ∈ S} is bounded in E.

Proof: The result follows from the equalities

ǫS,M(x) = sup

{
∞∑

n=1

|αna(xn)| , a ∈ M, α = (αn)n∈N ∈ S

}

= sup {PS((a(xn))n), a ∈ M}

= sup

{
PM(

∑

n

αna(xn)), α = (αn)n ∈ S

}
.

which hold for all S ∈ S, M ∈ M and x = (xn)n ∈ B. �

Proposition 2.4. Every sequence in E which is strongly Λ-summable in E is absolutely

Λ-summable. Moreover, the inclusion Λ〈E〉 ⊂ Λ {E} is continuous.

Proof: Let x = (xn)n ∈ Λ〈E〉, M ∈ M and α = (αn)n ∈ Λ∗. Let us prove that the series
∑

αnPM(xn) is absolutely convergent.

Let ε > 0 and n ∈ N. Since PM(αnxn) = sup {|a(αnxn)| , a ∈ M} , there exists an ∈ M
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such that PM(αnxn) ≤ ε
2n + |an(αnxn)| . So, (αnan)n ∈ Λ∗[E ′

M ]. Indeed, if f ∈ (E ′
M)′, we

get

|αnf(an)| ≤ |αn| |f(an)| ≤ |αn| ‖f‖ ‖an‖M ≤ ‖f‖ |αn|

By the normality of Λ∗, (‖f‖ |αn|)n ∈ Λ∗ and

(f(αnan))n = (αnf(an))n ∈ Λ∗.

The series
∑

αnPM(xn) is absolutely convergent since x = (xn)n ∈ Λ〈E〉 and

k∑

n=1

|αn|PM(xn) ≤ ε +
∞∑

n=1

|αnf(an)| , for all k ∈ N,

This last inequality shows that for all α ∈ Λ∗, x = (xn)n ∈ Λ〈E〉 and M ∈ M,

∞∑

n=1

|αnPM(xn)‖ ≤ σS,M(x).

So, the inclusion of Λ〈E〉 in Λ {E} is continuous. �

Proposition 2.5. Every sequence in E which is absolutely Λ-summable in E is Λ-

summable. Moreover, the inclusion Λ {E} ⊂ Λ(E) is continuous.

Proof: Let x = (xn)n ∈ Λ {E} , M ∈ M, α = (αn)n ∈ Λ∗ and ε > 0. Since the series
∑

αnPM(xn) is absolutely convergent, there exists N ∈ N such that for all p ∈ N,

p ≥ q ≥ N ⇒

p∑

n=q+1

|αn|PM(xn) ≤ ε.

So,

PM(

p∑

n=q+1

αnxn) ≤

p∑

n=q+1

|αn|PM(xn) ≤ ε.

Since E is sequentially complete, the series
∑

αnxn is convergent. Moreover, for all S ∈ S

and M ∈ M, εS,M((xn)n) ≤ πS,M((xn)n), which gives the continuity. �

3 Nuclearity of Λ(E)

The following lemma will be needed to prove Theorem 3.2:

Lemma 3.1. For every M ∈ M and (an)n ∈ Λ∗[E ′
M ], the set S = {(an(t))n, t ∈ M◦} is

bounded in Λ.

Proof: For (αn)n ∈ Λ, define the linear mapping ϕ : (E ′
M)′ → ℓ1 by ϕ(f) = (αnf(an))n.

It is not hard to show that the graph of ϕ is closed and then ϕ is continuous. So,
∑

n |αnf(an)| ≤ ‖ϕ‖‖f‖, for all f ∈ (E ′
M)′. If t ∈ M◦, then the mapping ft defined on

E ′
M by ft(a) = a(t) satisfies

∑
n |αnft(an)| ≤ ‖ϕ‖‖ft‖, that is

∑
n |αnan(t)| ≤ ‖ϕ‖. So, S

is bounded in Λ∗.
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Theorem 3.2. For every nuclear locally convex space E and a perfect sequence space Λ,

Λ{E} = Λ(E) = Λ[E], algebraically and topologically and Λ{E} = Λ〈E〉, algebraically.

Moreover, if S is the family of all bounded sets of Λ∗, then this equality is topological.

Proof: 1. Let us prove the equality Λ(E) = Λ{E}. By Proposition 2.5, we only have to

show that Λ(E) ⊂ Λ{E} with continuous injection. Since E is nuclear then, by 21.2.1 of

[5], we have

ℓ1 {E} = ℓ1(E) = ℓ1[E]. (1)

Let x = (xn)n ∈ Λ (E) . For all α = (αn)n ∈ Λ∗, (αnxn)n ∈ ℓ1(E) = ℓ1 {E} . Whereby,

x ∈ Λ {E} and Λ{E} = Λ(E) algebraically. Now, let M ∈ M. By (1), there exists K > 0

such that for all x = (xn)n ∈ ℓ1(E),

∞∑

n=1

PM(xn) ≤ KPM(

∞∑

n=1

xn).

If S ∈ S and α = (αn)n ∈ S then, (αnxn)n ∈ ℓ1(E), whereby

∞∑

n=1

|αn|PM(xn) ≤ KPM(

∞∑

n=1

αnxn).

We then have, for all x = (xn)n ∈ Λ(E),

πS,M(x) = sup

{
∞∑

n=1

|αn|PM(xn), α = (αn)n ∈ S

}

≤ K sup

{
∞∑

n=1

|αna(xn)| , α = (αn)n ∈ S, a ∈ M

}

= KεS,M(x).

2. To prove the equality Λ〈E〉 = Λ{E}, it is enough, by Proposition 2.4, to show that

Λ{E} ⊂ Λ〈E〉 with continuous injection. Let x = (xn)n ∈ Λ{E}, M ∈ M and a =

(an)n ∈ Λ∗[E ′
M ]. Since E is nuclear there exists N ∈ M such that N ⊃ M and the

canonical injection from E ′
M to E ′

N is nuclear. Let λ = (λi)i ∈ ℓ1 with ‖λ‖ℓ1
≤ 1, an

equicontinuous sequence (fi)i in the topological dual of E ′
M and a bounded sequence

(x′
i)i ⊂ E ′

N such that

∀x′ ∈ E ′

M , x′ =

∞∑

n=1

λifi(x
′)x′

i.

We may and do assume that (x′
i)i ⊂ N and that

∑
∞

i=1 |λi| ‖fi‖ = 1. We have

an(xn) =

∞∑

n=1

λifi(an)x′

i(xn), for all n ∈ N.
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Whereby, for all k ∈ N,

k∑

n=1

an(xn) =
k∑

n=1

(
∞∑

n=1

λifi(an)x′

i(xn)

)
=

∞∑

n=1

λifi

(
k∑

n=1

x′

i(xn)an

)
,

and
∣∣∣∣∣

k∑

n=1

an(xn)

∣∣∣∣∣ =

∣∣∣∣∣

∞∑

n=1

λifi

(
k∑

n=1

x′

i(xn)an

)∣∣∣∣∣ ≤
∞∑

n=1

|λi|

∣∣∣∣∣fi(
k∑

n=1

anx′

i(xn))

∣∣∣∣∣

≤

∞∑

n=1

|λi| ‖fi‖

∥∥∥∥∥

k∑

n=1

anx′

i(xn)

∥∥∥∥∥
M

.

But,
∥∥∥∥∥

k∑

n=1

anx′

i(xn)

∥∥∥∥∥
M

= sup

{∣∣∣∣∣

k∑

n=1

x′

i(xn)an(t)

∣∣∣∣∣ , t ∈ M◦

}

≤ sup

{
k∑

n=1

|x′

i(xn)an(t)| , t ∈ M◦

}

≤ sup

{
k∑

n=1

PM(xn) |an(t)| , t ∈ M◦

}

≤ εS◦,M◦((an)n),

for all S ∈ S, such that (PM(xn))n ∈ S◦.

So, ∣∣∣∣∣

k∑

n=1

an(xn)

∣∣∣∣∣ ≤
(

∞∑

i=1

|λi| ‖fi‖

)
εS◦,M◦((an)n).

If (εn)n is such that |an(xn)| = εnan(xn), for all n ∈ N, then

k∑

n=1

|an(xn)| ≤

(
∞∑

i=1

|λi| ‖fi‖

)
εS◦,M◦((εnan)n) = εS◦,M◦((an)n).

This shows that the series
∑

|an(xn)| is convergent and that (xn)n ∈ Λ〈E〉.

We also have,

∞∑

n=1

|an(xn)| ≤ sup

{
∞∑

n=1

PM(xn)|an(t)|, t ∈ M◦

}
.

Let S1 = {(an(t))n, t ∈ M◦} . By lemma 3.1, S1 is bounded in Λ∗. If we choose S ∈ S

such that S1 ⊂ S, we will obtain
∑

∞

n=1 |an(xn)| ≤ πS,M(x).

So, σS,M(x) ≤ πS,M(x), ∀x = (xn)n ∈ Λ 〈E〉 .

3. If E is nuclear then Λ(E) = Λ[E] algebraically and topologically by (1) and the very

definition of the topology of these spaces. �.

We now give the main result:
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Theorem 3.3. Let E be a complete locally convex space and Λ be a perfect sequence space.

Then Λ(E) is nuclear if, and only if, Λ and E are nuclear.

Proof: If Λ(E) is nuclear, so are Λ and E by proposition 2.2. Inversely, suppose Λ and

E are nuclear. Since E is nuclear, every weakly convergent sequence in E is convergent

to the same limit, by 3.2.6(a) of [14]. Now, an application of ([3], Teorema) gives the

equality

Λ(E) = Λ(E)r.

But Λ(E)r = Λ⊗̃εE, by ([3], Proposición 2 ), so

Λ(E)r = Λ⊗̃εE = Λ⊗̃πE,

which is nuclear by 4.6.4 of [14]. �
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