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Abstract

This paper deals with the Gevrey regularity of pseudo-differential operators in

C*°. We prove that a result of Taylor [12], remains true in the Gevrey case.
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1 Introduction

Many authors have been interested in the generalisation of the fundamental theorems
on the L? and H* continuity of pseudo-differential operators in C* and analytic classes.
We can quote, Beals [1], Calderon and Vaillancourt [4], Coifman and Meyer [5], Hwang
[8] and Rodino [11]. Boulkhemair [2] gave a survey of these results and improved several
of them. To our knowledge, the Gevrey regularity of these operators is relatively slightly
explored. Boutet de Monvel and Krée [3]|, Hazi [7] and Matsuzawa [10] have tackled it.
The starting-point of this study is a result mentionned in Taylor [12]. More precisely, we

have reconsidered it in the Gevrey case and see if it remains true. The answer is positive.

In the sequel, we will use the following conventions:

- R™ is the n-dimensional vector space in which every point x is defined by its n
coordinates 1, T, ..., Tp.

- ) denote, unless expressed otherwise, an open set of R".

- x + y is the point of coordinates x1 + y1, 22 + Y, ..., Tp, + Yn.

- dx refers to the element of hypercube dx dz;...dx,

- The order of a system of integers p = {p1, pa, ..., Pn} IS |[p| = p1 +p2 + ... + Dn
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Dy = R et

-pl = pilpa!.py!

- u stands for the Fourier transform of w.

- A* is the adjoint of the operator A.

- £(R™) is the space of indefinitely differentiable functions on R™.

- D(Q) is the space of indefinitely differentiable functions on R™, with compact support
in .

We set in ([7], [6]):

Definition 1 Let s a real number greater than or equal to 1. A real function f in C*°(Q)

1s said of Gevrey class with order s if, for any compact subset K C ), there exists a
constant C > 0 such that Yo € N* [|[Df|| < CloFL (|af!)*.

Definition 2 Let m € R and p,d two real numbers such that 0 < 6 < p < 1. We say
that a real function a = a(x,&) in C°(Q x R™), is a Gevrey symbol with order s of type
(m, p,0) on Q if, for any compact subset K C €, there exist positive constants Cy, Cy, B
such that

o a s s %(m— la|+318])
sup  |DEDa(x,€)| < CoO T (lally (18]1)° (1 + [¢)* 7 (1)
(z,£)€(R™ xXR™)

for any & € R™ with |(| > B |a|® and any o, 5 € N".

The vector space of such symbols, somtimes called usual or classical symbols, is refered
to as ;5905 o (€2 X R™).

We are concerned with the class of symbols (m,1,1). Let us to point out here that
the function a(z,£) = a is taken of Gevrey class with order s in = and § whereas, often
in the literature (see in particular [3]), it is taken of Gevrey class with order s in x and

analytic (s = 1) in & (which amounts to take s = 1 in the factor (|a|!)’).

The following theorem gives the asymptotic extension of a symbol.

Theorem 1 Let a; a symbol ofpﬁS(mGj;s)(QxR”), where (m;); is a real sequence decreasing
to —oo. Then, there exists a symbol a ofp,(;S("éo’s)(Q x R™) such that, for any N > 0, there
holds

N-1

a— Y aj €p5 Sig (X RY).
0

oo
We also write in this case a ~ ) a;.
0
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A pseudo-differential operator of class s, A = a(z, D), associated to a symbol a of the

space 6.9 S)(Q x R™) is defined, relatively to the standard quantization, by the formula

a(z, DYu(z) = (27)" / ¢"a(z, )A(E)ds,  u e D(RY).

n

We write A = opa and say that A belongs to OppﬁS(%’s)(Q x R™).
The distribution-kernel T" of a(x, D) is defined by

T(x,y) = (QW)_”/ ei(x_y)ga(x,ﬁ)df.

n

2 Chronological recall of some results.

Among the considerable results devoted to the L? continuity of pseudo-differential

operators in the case of C'>°—quantizations, (see [2] in particular), we recall
Theorem 2 A = a(x, D) sends continuously L*(R™) in itself whenever
|2 Dgale, )] < Cas (2)

for all multi-indices o, B such that ||, || < 3n+4 (C,p being a positive constant).

In addition, if we set

[Allg=sup Caug
|, 8| <3n+4

where Cyg are given by (2), then
la@, D)ull r2@ny < CllAllg Ul 2ggn)
where C' is a positive constant depending only on n.
Theorem 3 a(z, D) defines a bounded operator on L*(R"™) whenever
DiDga(x,£) € L™(R™ x R")

for all multi-indices a, B such that |a|, |8 < [2] ora, 8 € {0,1}". ([u] denotes the integer
part of the real u.)

In 1972, Calderén and Vaillancourt, [4], proved the following result :
Theorem 4 a(z, D) is bounded in L*(R™) if there exists § such that 0 < § <1 and
6% 6 — |
|D]Dga(, &) < Clgf P

for
5%0)

4(1-9)

|a|§n+2[g} and |B| <2N, with N >
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In 1978, Coifman and Meyer, [5], improved this result:

Theorem 5 an opa is bounded in L*(R™) if there exists § such that 0 < § <1 and

_la n
|D{Dga(w, )| < C gD forfal |8 < [ 5] +1.

In 1987, Hwang, [8], proved that:
Theorem 6 an opa is bounded in L*(R") if there exists & such that 0 < § <1 and
a 6(|18]—|e
}DfDéa(x,f){ < C¢] (181=lel)

fora;=0o0rland 3;=0o0rlifn=1andB; =0,1 or2 in general.

3 Our problem

In what follows, we will prove
Theorem 7 Assume a(z,§) €55 Sig (2 X R"), m <0,0<6 <1, and
o « s s m—45(|al—[8])
sup | D7 Dga(, )] < GoCl™ (Jalt)” (1811 (1+ 1¢P) 3)

for any & € R™ with |§| > Bla|® and |al,|f] < 3n+4 = N.
(B is the constant in the relation (1)).
Then, the operator A = a(z, D) acts continuously from L*(Q) in itself.

Moreover, if
[Als = sup CoCy™ (Jalt)* (I8IY°

|, BI<N

we get
la(z, D)ull 2 gny < C1Al5 ull p2 gy

where C' is a positive constant depending only on 9.

Proof. It is sufficient to prove this theorem for a €55 Sg. (2 x R™). We make use of two
results. The first of which is due to M. Cotlar and E. Stein, on sums of almost orthogonal

operators.

Definition 3 (Almost orthogonal operators) We will call a familly of continuous

operators {A; : i € Z} almost orthogonal, if they satisfy the following conditions:

AT ANl < aliyg), [ Aid4]

S b(27 j)?
where a(i, ) and b(i, j) are non negative symmetric functions on Z X Z which satisfy

lall %), = sup Y~ a*?(i,j) < oo, YL, = sup D B2(6, ) < oo
i€z o i€z S
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Lemma 1 Let Ay, A, ..., Ay be bounded operators from a Hilbert space Hy to another

H, such that
Sovlasad < YT\ lIAAl < M, (4)
k k

where M is a positive constant. Then, there folows that || Y A;|| < M.
k

Proof If A =3 A;, we have || A||> = ||A*A||, and more generaly, by the spectral theorem,
|P||*™ = ||(A*A)™| . We expand in a sum and use the fact that

AL A A A<

min (I!Ajl 145 I 1145, 11114;

A4, A, A, )

Taking the geometric mean of the two estimates and noting that ||A;|| < M. y hypothesis,

J2 H Jom—1 ]2m

we obtain
AP < A Y7 145, A I 1AL A3 e 145, A
The sum is taken over ji, jo, ..., jom. If we use (4) to estimate successivley the sum
OVer Jom, J2, -+, j2,then only the sum over j; is left over and we see that
HAHQm — NMQm.
Taking 2m-th roots and, letting m tends to oo, we get ||A|| < M, as expected. O

We also need the following

Lemma 2 Let X be a measurable space. Assume K(x,y) to be a kernel-distribution
satisfying
[iKGala<cn  [iK@yles<a,

with Cy and Cl being two positive constants.

Then Pu(z) = [ K(z,y)u(y)dy defines a continuous operator on L*(X); moreover

| Pl < VCoCh
Proof We have

[(Pu, o)l < [IE @, ) [ul@)[[o(y)lldedy

J (VIEG @) (VK@ )lllo)] ) dedy

< JTIE @ o)lllu)[2dydey/ | 115, y) o) [2dedy
< VGl VT o] 2,
and the claim follows. ]

Let us turn back to the proof of our main theorem. We shall put the operator A under

the form of a sum of quasi-orthogonal operators A = ) A; . To this end, we shoose a
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partition of the unity ¢; on [0,00[ ,—1,0,1,2,... such that ¢_; has support in [0, 1], ¢;
has support in ]2771, 271 5 > 0, and that

, N i o
p;(t) =1, if |t—23|§12]; j >0, and cp;»)(t)ngQ]k, j=>0.

Such partition exists. Set

(0.9 = (€ 1+ 1)) atw.),

for a certain constant C' > 0.
We aim to apply lemma 1. Firstly, we estimate the norm of the operator a;(z, D). On

the support of a;(z, &), we have
. s .
2L <O (14 1¢7) <2

As a consequence, Eq. (3) yields

a ~|lo s s (18] —lex
sup | Dz DJas ()| < CoCl™ M () (I51)* (1+ Py, )

where C is a positive constant depending on j. Now, let us consider U ; the unit operator
on L*(R™), defined by

Upi(x) = 2% §(2'a).
There follows that B; = UrA;U; is a pseudo-differential operator of Gevrey symbol
type bj(z, &) = a;(277x,29¢), of class s, and (2.3) implies

Sup 1Dg Db, (z, )| < CoCL* N (flal))* (11811Y° (6)

Theorem 2 yields [|A;]] < CH, where

H= sup GOl (o] (18]1)° .

laf,|B|I<N

Now, we give estimates of the norms of the operators A;A; and A;A;, with ||k—j| > 4.
In each case, the symbols A; and Aj; have disjoint supports, and A;A; and A;A; admit
regular kernels. Hence, we may expect to obtain convenient bounds for their norms by
elementary tools.

For k — j > 4, if ax(x,n) a;(y,&) # 0, then

g
2

(L nlP)? ~ 2 and (14 [¢?)? ~ 2

and simultaneously, this implies

. 2 1—-9
_ > J kY14 — nl2)2 ; —
1€ =nll = C@ + 2577 1+ € —nl")*,  with 517 0) (7)
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Now, AfAju(z) = [ F(z,y)u(y)dy, where

Fla,y) = / an(@, &)y (=, ) EE I g e,

An integration by parts gives

Fla,y) = / bi(, g, 2, €, ) g de .

(5)
with
by €)= (4 o —2) (=g
(1= AN (1 = AYHE — nll?*(~ An) Farz E)a (=,m).
Then
low(ey. 2.l < O [+l — =125 (Lt =) E el @+ 2] (9)

Hence, in Supp (by), if ||k — j|| > 4 , the relation (7) is plausible. Substituting into
(9), yields

[br(@, 92 &) < €[ (14l — 2)2) 3

L v ) 2L
(L+ 2= yl?) 75 (1 llg = nl?) 2 (@7 + 297

(10)
If
n 3 n
L o2 2
>max<2,27,27>,

we may make an integration in (10), and with (8), we deduce

IF(z, )| < C 1+ |z —y|?) " 72 (2 + 257,

from which there folows

14z Al < C(27 + 27
provided ||k — j|| > 4. Now, for ||k — j|| < 4, we have

1ARA; | < AR 14,1 < B,

Then, in all cases, we obtain

14345 < c27 1A (11)
Estimating A;Aj is easier. Indeed, mu(f) = [ x(& n)u(n)dn, where

\(w,m) = / a;(z, O)an(y, Q) drdc dy,

Now, ||k — j|| > 4 implies x(x,n) = 0, then A;A; = 0 for ||k — j|| > 4. When
Ik — j|l <4, we make use the inequality

1ARA; | < AR 1A < B
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to get

1445 < c277 AL (12)

Combining (11) and (12) together with Cotlar-Knapp-Stein lemma, we deduce that

the operator A = a(x, D) =Y A; is bounded in L?(R™).
The second statement of the theorem is straightforward. O
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