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On the well-posedness for the coupling of multidimensional

quasilinear diffusion-transport equations
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This paper is dedicated to Prof. Monique Madaune Tort.

Abstract

This paper deals with the coupling of a quasilinear parabolic problem with a
first order hyperbolic one in a multidimensional bounded domain (2. In a region €2,
a diffusion-advection-reaction type equation is set while in the complementary ), =
O\Q,, only advection-reaction terms are taken into account. Suitable transmission
conditions along the interface 9€), N 0€;, are required. We select a weak solution
characterized by an entropy inequality on the whole domain. This solution is given
by a vanishing viscosity method.

Keywords: Coupling problem; degenerate parabolic-hyperbolic equation; entropy

solution.

1 Introduction

We are interested in a coupling of a quasilinear parabolic equation with an hyperbolic first-
order one in a bounded domain  of R”; n > 1. The main motivation for considering this
problem is the study of infiltration processes in an heterogeneous porous media. For instance,
in a stratified subsoil made up of layers with different geological characteristics, the effects
of diffusivity may be negligible in some layers. Such a coupled problem occurs also in fluid-
dynamical theory for viscous-compressible flows around a rigid profile so that near this profile
the viscosity effects have to be taken into account while at a distance they can be neglected.

Another example arises in heat transfer studies as mentioned in [8].
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We consider the case of two layers, that is sufficient. Then, the geometrical configuration is

such that:

Q= Q_hUQ_p; 2, and Q,, are two disjoint bounded domains with Lipschitz boundaries denoted
by T; = 9, | € {h,p} and Ty, = T, N T}, is such that H" (T}, N (T)\T},)) = 0 where for
q in [0,n + 1], H? is the g-dimensional Hausdorff measure over R™*!. For [ in {h,p}, v; is the
outward normal unit vector defined H" !-a.e. on I'j.

The interface is denoted by X5, =|0,T[xI',. At last, @ =]0,T[xQ and for [ in {h,p},
Q; =]0,T[x8y, ¥; =]0, T[xT.

Now, due to a combination of conservation laws and Darcy’s law, the physical model is
described as follows:

For any positive and finite real T', find a measurable and bounded function u on @ such that,

Ot — 32 00 (f ()00, P) + glt, z,0) = 0 n Q.
i=1
O — 21 O, (f ()0, P) + g(t,z,u) = A¢p(u) in Qy, (1)
u = 0 on ]0,T[x09Q,
u(O, ) = U on ().

Then, suitable conditions on u across the interface X, must be added. As for the linear problem
studied by F. Gastaldi and al. in [8] or for the one dimensional nonlinear problem studied by
G. Aguilar and al. in [3], these transmission conditions include the continuity property of the

flux through the interface formally written here as:
—f(w)VPuv, = (Vé(u) + f(u)VP).v, on T, (2)

Moreover, the transmission conditions involve a property on the (dis)continuity of the function
u via an entropy condition.
Let us mention that this problem has already been studied by the authors for a nondecreasing

flux function f when VP, < 0, H" '-a.e. on I'yp in [1] and when VP.y, has a constant sign

H" ! a.e. on Iy, in [2).

1.1 Assumptions and notations

e The datum P is a known stationary function that belongs to W*°(Q) and such that

AP = 0 which is not restrictive as soon as (1) includes some reaction terms.
e The reaction function g belongs to W1°°(]0, T[x €2 x R) and we set

M, = €ss sup |Oug(t, z,u)| and My = esssup|g(t, z,0)|.
(t,z,u)€]0,T[x QxR 10,T[xQ
e The initial data wy belong to L*°(€2). Thus we can define the nondecreasing time-
depending function
Ml/]t -1

’ e e
Mt €[0,T) — M(t) = [uo|| g (e’ + Mo—57—
g
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1.2

To simplify we write M = M(T).

Now, we assume local hypotheses on f and ¢.

— The flux function f is a Lipschitzian function on [—M, M] with constant M} and such
that f(0) = 0. To express the boundary conditions on the frontier of the hyperbolic
area, we introduce as in [9, 10] the function F defined on [—M, M]3 by:

Fla;b,c) = %{Sgn(a—b)(f(a)—f(b))—sgn(c—b)(f(C)—f(b))+sgn(a—0)(f(a)—f(C))}-

— ¢ is an increasing Lipschitz-continuous function on [—M, M] such that ¢(0) = 0.

e For any positive real y, sgn,, is the Lipschitz-approximation of the function ”sgn” defined

by:
V7 € [0, 400, sgn,(7) = min (I, 1> and sgn,,(—7) = —sgn,, (7).
W

Throughout this work, o (resp. &) denotes the variable on ¥; (resp. 1Y), [ € {h, hp,p}.
This way, for any ¢ of [0,7], o = (t,0).

For any real a and b, Z(a,b) = [min(a, b); mazx(a,b)].

Functional spaces

In the sequel, W(0,T) is the Hilbert space
W(0,T) = {ve L*0,T; H}(Q)); 0w € L*(0,T; H1(Q))}

. . 1/ .
equipped with the norm ||wl[ywo,7) = <||8tw‘|%2(0,T;H—1(Q)) + ||Vw||%2(Q)n> and V is
the Hilbert space

V={veH(Q),v=0 ae onT,\['y,}

equipped with the norm |[v|lv = [|[Vv| 2(q,)». We denote (.,.) the pairing between V" and
|48

BV (0O) with O =, or O = @y, is the space of summable functions v with bounded total

variation on O where the total variation is given by

TVo(v) = sup {/ v(z)div®(z)dz, ® € D(O), [P 00y < 1}
@]

where ¢ is the dimension of the open set O. Moreover, we denote by yv the trace on I'y,,

or X, of a function v belonging to BV (0).

This work is organized as follows: the concept of a weak entropy solution to (1)-(2) is

defined in Section 2, 2.1 through an entropy inequality in the whole domain, the boundary

conditions on the outer frontier of the hyperbolic area being expressed by referring to [9, 10].
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This global formulation contains two local formulations: one on the hyperbolic area, stated
in the paragraph 2.2, and one in the parabolic domain, stated in the paragraph 2.3. We also
highlight some interface conditions along X5, in Section 3, 3.1, proper to ensure the uniqueness
of a weak entropy solution to (1)-(2), in the paragraph 3.2. The section 4 is devoted to the
existence property to (1)-(2) through the vanishing viscosity method.

2 The Entropy Formulation

2.1 Weak entropy solution

The definition of a weak entropy solution to (1)-(2) has to include an entropy criterion in Qp
where the quasilinear first-order hyperbolic operator is set. This way, the problem (1)-(2) can be
viewed as an evolutional problem for a quasilinear parabolic equation that strongly degenerates
in a fixed subdomain @, of Q. Asin [1, 2, 3], we propose a weak formulation through a global
entropy inequality in the whole @, the latter giving rise to a variational equality in the parabolic
domain, to an entropy inequality in the hyperbolic one and to interface conditions along 35,;,. To
establish these ones, it will be convenient to start by introducing a global entropy formulation
using mollified entropy pairs. For this purpose, we set for any convex function 7 in I/Vlifo(R)
and any (w, k) in [—-M, M]?

w o(x)
T (0. K) = [ (60— 60 dr and ) = [ = gtk (0677

Definition 1 A function u is a weak entropy solution to the coupling problem (1)-(2) if

e u € L>®(Q) with values in [~M, M|, M being defined Section 1.1, ¢(u) € L*(0,T;V) and

o Vo eD(Q), ¢ >0,Vke|[-M M), V¥neWrr(R),

loc

/QI(n)(u, k)0 pdxdt —/ 7' (p(u) — ¢(k))Vp(u). Vo dz dt

P

- /Q (fw)r (¢(u) = ¢(k)) = g (u, k) VPV dz dt — /Q (o) — ¢(k))g(t, z,u)pdz dt > 0.
(3)

o V(€ LY (XZ)\Zhp), ¢ >0, Vk € [—M, M),

ess lim F(u(o + tv4),0,k)VP(5).v,(dH™ <0, (4)
70T IR\
[ ]
ess lim/ lu(t, z) — up(z)|dz = 0. (5)
t—0t Jo
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Remark 1 For any u in L*(Q) with values in [—M,M], any ¢ in D(Q), ¢ > 0, and k in
[—M, M], the assertion : 7(3) is true for any n in T/Vlifo(R) 7 is equivalent to the entropy

wnequality written with the standard Kruzhkov entropy pairs:
/ |u — k|Opp dz dt — / Vip(u) — ¢(k)|.Vedrdt — / sgn(u — k)(f(u) — f(k))VP.Npdzdt
Q Qp Q

- /Q sgn(u — k)g(t,z,u)pdrdt > 0.
(6)

2.2 An entropy inequality on the hyperbolic zone

We first derive from (3) and (4) an entropy inequality in the hyperbolic domain. Indeed,

Proposition 1 Let u be a weak entropy solution to (1)-(2). Then for any real k in [—M, M]
and any @ of DO, T[XR™), ¢ >0,

/Q (Iu— K|oup — sgu(u — K)(f(w) — F(k) VPV — sgn (u — k) g(t,z, u)p) dadt

> —esslim sgn(u(o + 7vp) — k) (f(u(o + mvp)) — f(k))VP(G).vpp(o)dH™

T—0~ Shp

- / sen(k) £ (K)V P(5) vy p(0)dH”
i\ Zhp

+ ess lim sgn(u(o + 7vp)) f(u(o + TvR))VP(a).vpe(o)dH™.
707 S\

Proof - In (3) choose, for any positive p and for any real 7:

7 (1) = sgn,, (7).

By taking the limit when p goes to 07 thanks to the Dominated Convergence Theorem, it comes
that for ¢ in D(Qp), ¢ >0,

/ (lu — k|Orp — sgn(u — k)(f(u) — f(k))VP.NVyp —sgn(u — k)g(t, z,u)p) dedt > 0. (8)
Qn

By referring to F.Otto’s works in [9, 10], we deduce from (8) that for any real k in [—M, M| and
B in L'(Zy),

esslim [ sgn(u(o + 7vp) — k) (f(w(o + 1vp)) — f(k))VP(G).vpB(0)dH™ exists. 9)

0" Jx,
Then, it results from (8) (see [9, 10]) that, for any real k in [—M, M] and ¢ in D(]0, T[xR"),
¢ =0,

/Q (Iu— K|owp — sgn(u— K)(f(w) — F(k)VP.Vp — sen(u — k)g(t,z, u)p) da dt
> —esstim [ sgalulo + rin) ~ R)(f(ulo + 7)) = FE)VP(@)plo)dI

To conclude we split the frontier of Q, into I'y, and I',\I'y, and we use the boundary condition
(4) on Eh\Ehp. |
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2.3 A wariational equality on the parabolic zone

We give now some information on the regularity for dyu in @, and we derive from (3) a

variational equality satisfied by any weak entropy solution u to the coupling problem (1)-(2).

Proposition 2 Let u be a weak entropy solution to the coupling problem (1)-(2). Then Ou
belongs to L?(0,T;V'). Furthermore, for any ¢ in L*(0,T;V),

T
/ (Opu, p)dt +
0 Qp

+ ess lim/ f(u(o + 1vp,))VP(5).vppdH" = 0.

T—0~ Shp

Vo(u).Vodrdt + f(w)VPNpdxdt +/ g(t,z,u)pdrdt
Qv Qv (10)

Proof. This proposition is proved in [1] (Proposition 3.4) by starting with (3). [

3 The Uniqueness Property

We prove the uniqueness property in the class of weak entropy solutions satisfying the strong

trace property:

P € LY(%y,), esslim lu(o + Tv3) — u(0)|dH"™ = 0. (11)

T—0" Shp
In this framework for any weak entropy solution u satisfying (11), we can establish that
along the interface u satisfies two transmission conditions; the first one corresponds to (2) and

the second one is an entropy-type inequality. Indeed :

3.1 About the transmission conditions along X,

Proposition 3 Let u be a weak entropy solution to (1)-(2) satisfying (11). Then, for H"-a.e.

o 1n Ypp,

Yk € T(u(o), u(0)), sen(u(o) — u(0))(f(u?(0)) — F(K)VP@)m(e) >0,  (12)
where u(o) = ¢~ Hp(u)(0)) and ¢(u)(o) is the trace on Sp, of qﬁ(u)‘Qp.
Proof. Let (ps)s=o be a sequence of C1(€2), such that

Vo > 0, 0§p5§1,p5($)=1if$érhp
V6 >0, ps(z) =0if x € Q, dist(z,T';,) > 0 and ||0Vp, ||« is bounded,
Vo € Q\I'yy, ps(z) — 0 when § — 0.

This way, from (10) and (11) it comes that: Vo € L2(0,T,V),

T
/0 (v opy) i + /Q (Vé(u) + F()VP).Vp + +g(t,z, u)p} pp du dt

+ Vo(u).Vpspdr dt + (w)VP.Vpspdx dt (13)
Qp Qp

- b f(u(0))VP(5).04(5)p(0)dH"™ = 0.
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Now, we take ¢ = sgn , (¢(u) — ¢(k))|q, where ¢ belongs to H(Q), ¥ > 0. In order to take
the limit with respect to d for the first term in the left-hand side, we use an integration by parts

formula based on a convexity inequality (see e.g. [7], the Mignot-Bamberger Lemma). This way,

T
| @uepsyat / / (u, k)psdut de dt,
0

where .
Tu.k) = [ semy (0(r) = o) ar. (14)
So clearly,
T
6l—i>%l+ ; (Opu, ppg)dt = 0.

Then, for the second term in the second line of (13), as f o ¢! is continuous, thanks to the

properties of the sequence (ps)s-(, We can assert that for any positive p,

tw [ VPV pspdudt =~ [ f(u(0))TP(0)n(@)sen, (6lu)(e) — (o),

§—0t Q Shp

and therefore it results from (13) that hm sgn,, (¢(u) — ¢(k))YVé(u).Vps dz dt exists and
5—0 Qp

Jim | san, (60u) GOV p d

(15)
- / (f(u™(0)) — f(u(0)))V P(@).vn(0)sem, (6(u)(0) — d(k))p(o)dH".

The equality (15) means in a sense that the flux through the interface is continuous.

Now, let us come back to (3), written with n = sgn,, p > 0, and ¢ = ¢ps, Y > 0, ¥ in

H&(Q) - which is always possible thanks to a density argument. It comes that for any real k in
[_M ’ M ]7

/Q I yps0tdzdr — [ s, (9(u) = 6(0)ps Vo).V dde

P

- /Q s, (6(u) — G(k)V(u).Vps da dt
/Q {(f (w)sgn,,(d(u) — p(k)) — qu(u, k))VP.V + sgn,,(¢p(u) — ¢(k))g(t, z,u)} ps da dt

~ [ s, 000 = 609) = 0,0, )V PT i} > 0.
(16)

where I, is given by (14) and

o) B
Gl k) = /¢ o SO0 ) dr

In order to pass to the limit when & goes to 0T in (16), we use (15) for the second line and we

split the fourth one into an integral over @, and an integral over @)p; then we refer to (11). It
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comes that:

Vk € [-M, M],¥ € Hy(Q),v > 0, > 0,

So, for any positive 4 and any real k in [—M, M], and H™ a.c. on Spy,
(sgn,,(d(u(0)) — ¢(k))(f(u"P(0)) = f(u(0)))VP(5).v4(5)
+{f(u(0)sgn,(¢(u(o)) — ¢(k)) — qu(u(o), k) } VP(&).v3(5)

— {f(u"(0))sgn,, (¢(u"?(0)) — ¢(k)) — qu(u"?(0),k)} VP(5).04(5) = 0.

And when p goes to 01, g, (w, k) goes to f(k)sgn(w—k) for all reals w and k in [— M, M], ¢ being

increasing. So the p-limit provides that for H"-a.e. o on X, and for any real k in [—M, M]:
(f("P(0)) = f(u(0)))sgn(u(o) — k)VP(7).v4(5)
+ (sgn(u(o) = k) (f(u(0)) = f(k)) = sgn(u? (o) — k)(f (u"? (o)) = f(k))) VP(&).p(7) = 0.

The desired relation is obtained by taking k in the interval Z(u(o), u(o)). |

3.2 The uniqueness theorem

The uniqueness property of a weak entropy solution to the coupling problem (1)-(2) is proved

under local Holder continuity assumption for fo¢~! and is provided by the following statement:
Theorem 1 Assume that there exists a positive constant C and a real 6 in ]%, 1] such that

(v, w) € [=M, M]%,|(f o ¢71)(v) = (f o ™) (w)| < Clo —w|”. (17)

Let uy, up be two weak entropy solutions to (1)-(2) for initial data upy and ug 2 respectively and
such that (11) holds. Then, for a.e. t of [0,T1,

/ ]ul — UQ ‘dl‘ < e / ‘UO 1 — U 2’d.%'

3.2.1 PRELIMINARIES

In order to use the method of doubling variables, we introduce a sequence of mollifiers (Ws)s=o
on R™! defined by

Vo >0, Vr = (t,x) € R Ws(r Hw(g (),

where (w;s)s0 is a standard sequence of mollifiers on R. We use classical results on the Lebesgue

set of a summable function on @ and a similar property on the whole boundary proved in [11]:
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Lemma 1 Let v and w be in L>=(Q},) such that (8) and (11) hold. Then for any continuous

function ¢ on Qp,

. _ _, ,O+T - n
51—1>%1+ /Qh /Eh\zhp sgn(v(r)) f(v(r))VP(a).vp(a)e( 5 YWs(6 —r)dHzdr
1 ess lim sgn(v(o + Tup)) f(v(o + Tvp))VP(a)vy(a)e(o)dH",

707 U\

61i%1 ess lim sgn(v(o + Tvp)) f(v(o + Tuh))VP(ﬁ).yh@)cp(U ;_ 7:)I/V(;(U — ) dHLdr
=07 JQ, =07 n\ny,
= % ess lgEn sgn(v(o + 7uvp)) f(v(o + Tvy))VP(a).vp(0)e(o)dH",
i Zp\Enp
and
Jim [ [ (o0~ w0 ~ @ ENTPE) (@5 Walo ~ P
5 [ (@)~ @) (0) - F(0) V(@) (a)elo)ar
Shp

where v (resp.w"™ ) is defined by (11) for v (resp. w).

3.2.2 PROOF OF THEOREM 1

(i) We first compare the two solutions u; and wus in the parabolic zone. The lack of regularity
of the time partial derivative of any weak entropy solution to (1)-(2) requires a doubling of the
time variable.

Therefore, let x be a nonnegative element of D(0,7"). We consider positive reals § small
enough in order that as : (£,t) — as(t,t) = x((t+1)/2)ws ((t — t)/2) belongs to D(]0, T[x]0, T]).
Then, for x> 0, in (10) written in variables (¢, z) for u; we consider
o(t,x) = sgn,(p(ur)(t, =) — d(uz)(t, z))as(t,t) and in (10) written in variables (¢, z) for ug, we
consider o(t,x) = —sgn,(¢p(u1)(t,z) — ¢(ua)(t,x))as(t,t) . To simplify the writing, we add a
"tilde” superscript to any function in the  variable. Moreover, thanks to (11) we observe that
n (10), for i = 1,2,

ess lim f(ui(o + Tvp,))VP(7).vp(0)p(o)dH" = f(u?p(a))VP(&).I/h(ﬁ)gp(J)d'H".

T—0~ Shp Shp

Then we integrate with respect to the corresponding time variable so that, by adding up, it
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comes:

/ / (Byuy — Oz, sgn, (é(ua) — B(iiz)))as dt dF

se, (9(ur) — 0(2)) |V ((ur) — ¢(@2))? g da dt i

10,7[xQp
+/}0T[ 0 sgn), (B(u1) — B(i2))(f(ur) — f(ii2)) VL.V (p(ur) — p(ita)) s da dt di
o - 18
+ (g(t, 2, u1) — g(F,x, 2))sgn,, (p(ur) — @liin)) ag da dt df (18)
10,7 ><Qp
/ 5 flu VP(5).v(5)sgn,, (¢p(ur)(0) — ¢p(u)(d))as dH di
/ 5 J(u VP().vp(0)sgn, (¢(ur)(o) — ¢(u)(0))as dHz dt.

We want to pass to the limit first when p goes to 07 in (18). For the second and third terms
in the left-hand side, we argue by using the Cauchy-Scharwz inequality in the third term

/ sen!, (6(u) — $(iia)) [V (&) — B(ia)) 2ovs dv dt

P

4 /Q sen!, (6(u1) — $(@2))(F(ur) — £(72)) VPV (6(u) — B(in) )arg dv

Z_

N =

[ om0t = 0(@))( 0 676 (w) — £ 007 (0@ IV PPas dods

P

43 [ senom) ~ 6(@) [V(0(u) - o(a)Pas do

P

where the second term in the right-hand side is nonnegative. This way, due to (17) and as

belongs to W1>°(Q), we establish that there exists a positive constant C such that

/ sen($(ur) — B(iin)) [V(S(ur) — Bliin))Pacs der dit

P

| sanlo(m) —632)(F ) ~ £(5a)) VPV (o) — gl d
> ¢ /Q 9ur) — 9(i)| sgn,(6(ur) — (@) )as dar dt,

and the term in the right-hand side goes to 0 with p as 6 > 1/2.
For the first term in the left-hand side of (

18), we use the Mignot-Bamberger Lemma (see
[7]) to obtain, for a fixed ¢

/(]T<atu1,sgnu(¢(ul) — ¢(ug)))agdt = —/ </{:1 sgn ,(o(1) — qﬁ(&g))dT) Oras dx dt,

P

while for a fixed t,

N /OT@@Q,SgnM(m)—¢(a2))>a5d£: - / ( /u jl sgn ,(d(us) —¢(7))d7)at~a5 da df,

Qp
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So, we are able to pass to the limit in (18) when p goes to 0" and it comes

- / luy — di2|(Orvs + Oras) da dt dt
}OvT[XQP

<[ ot i)~ glfn, )l dede di
}OvT[XQP
T

[ ] G0 = Fa @) TP @ s o) = Suale))os i

hp

Now, we come back to the definition of as to express the sum ;a5 + 9;as. Then we can take
the limit with respect to § through the notion of the Lebesgue’s set of a summable function on

10, T'[. Therefore, as g is Lipschitz-continuous, for any y in D(0,T'), x > 0,

_/ lup — uo|X/ () dz dt < Mé/ luy — ua|x (t)dzdt

P P

jé(ﬂﬂﬁ—ﬂ@ﬂWP%%Mm—mnwﬂW, (19)

where we remind that u;(c) = ¢~ (¢(u;)(0)) and ¢(u;)(o) is the trace on ¥y, of P(ui) g, -

(ii) Now we work in the hyperbolic domain. We use a doubling method for all the variables.
Let v be such that ¢ = x¢ where y is a function in D(0,7T), x > 0, as in Part (i) and ¢
is in D(R™) such that: ¢ > 0, ¢ = 1 on Q. We consider positive reals § small enough in
order that the mapping (f,t) — x((t +1)/2)ws ((t —1)/2) belongs to D(]0, T[x]0,T[). Then, for
such any positive 0, we define the function ¥s in ]0,7[xR"x]0, T[xR™ by Ys(r,7) = x((t +
£)/2)¢((z +2) [2)Ws(r — 7).

Due to the proposition 1, the inequality (7) holds for u; and us. We choose in (7) written

for uy in variables (t,z),

uy(f, ) and o(t,x) = Us(t, z,1, T)

k = s
and in (7) written for us in variables (¢, %),

k= ul(taw) and (,O(:i’) - \I/(;(t,l',f,i')-

75



By integrating over (), and adding up, it comes:

_ /Q (s — @02 (BT + Dy g) — sen(ur — o) (f(ur) — f(iin)) (VP o Ws + VP.V3Ws) dr di

rXQp
+ sgn(uy — a2)(g(t, ,u1) — g(t, &, 12)) Vs dr dF
rXQp
< j sgn(ug) f(a2)VP(d).vp(0)Vs(o, 7) dH dr
Qn JEp\Enp
i ho [ sn(un) ) VPGE) (5 Ws(r,5) dHE dr
Zh\zhp
— ess lim sgn(uy (o + 7vp)) f(ur(o + Tvp,))VP(G).vp(0)Vs(o, 7) dHL dF
Qn 70T JEp\E,
- ess lim sgn(ua (5 + 7)) f (ug (6 + Tv) )V P(5) .0, (5)Us(r, 6) dHE dr

Qn 7707 IS\,
+/Qh - sen(uy? (o) — ita) (f ()P (0)) = f(i12))V P(5).vn(0) U5 (0, 7) dH} dF
+ sgn(uy”(3) — un) (f (u3"(5)) = f (u1)) VL&) v (3) Vs (r,5) dHg dr.
Qn Y Xhp (20)
Then through a classical reasoning we pass to the limit with ¢ on the left-hand side of (20).
On right-hand side, we refer to Lemma 1. It comes:

—/ lup — uo|X (t)dzdt < —/ sgn(up — u2)(g(t,x,uy) — g(t,x,uz))x(t) dx dt
Qn Qn

+ /E sen(ul? (o) — ubP (o)) (f (WP (0)) — f(ub(0)))V P(0).vn(0)x(t) dH".
hp
The Lipschitz condition for g provides: Vx € D(0,T), x > 0,

- / ur — ug|X/ (t)dadt < / sgn(ul? — ulP)(f(u}P) — f(ubP))V Py x(t) dH"
Qn hp (21)
—i—Mé/ |ur — ue|x () dx dt.

h

By adding inequalities (19) and (21) we get:

—/ lup — uo|X'(t) dxdt < Mé/ |ur — ug|x(t) de dt
Q Q

+ [ sgn(uf? — ubP)(f(ul?) — f(ub?)V Pyx(t) dH™

Zhp

— | sen(ur — ug)(f(uh?) — f(us?))V Py (t) dH".

Zhp

We set for H™-a.e. o in Xy,

1= (sen(u’(0) — uf”()) = sen(u1(0) = u2(0) ) ((u1?(@)) = F(u") (@) VP(@)-vn(3),

and we develop a pointwize reasoning to establish that I < 0, H"-a.e. on Xj,. Indeed, for
H"-a.e. o in Xy, if sgn(ulfp(a) —ugp(a)) = sgn(uy (o) —uz(o)) or sgn(u?p(a) —ugp(a)) = 0 then
I = 0 while if sgn(u?p(a) - ugp(a)) # sgn(uy (o) — uz(o)) and sgn(ulfp(a) - ugp(a)) # 0 then
sgn(l) = sgn(J) where,

J = sgn(u}? (o) — ub?(0)) (f(ul? (o)) — f(ub?)(0))VP(@).4 (7).
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Assume for example that ulfp (o) < ugp (o), the study of the converse situation being similar. If
uz(0) belongs to ]u?p(a), ugp(a)[ then we may write (12) for u; and for ug and with k = us(0).
By adding and taking into account that sgn(u;(o) — u]fp(a)) = —sgn(ug(o) — ugp(a)) =1 we
obtain that J < 0. If ua(o) is not an element of ]u?p(a), ugp(a)[ then we take k = u?p(a) in (12)
for uy if ug(c) < ulP(0) and k = ulP (o) in (12) for u; if us(c) > ulP(5). In each case J < 0.

Therefore (22) becomes
_/ lur — ug|X' (t)dxdt < M;/ |uy — ua|x(t)dzdt,
Q Q

for any nonnegative x of D(0,7). The inequality of the Theorem 1 follows from the initial

condition (5) for u; and ug and thanks to the Gronwall Lemma. That completes the proof.

4 Existence through the vanishing viscosity method

In [2] we have obtained an existence result of a weak entropy solution to (1)-(2) satisfying
(11) when along the interface all the characteristics of the first-order operator set in @, have the
same behavior: either there are all leaving the hyperbolic domain, either there are all entering
in. However in the first situation, an existence property is also established in [1] by means of
the vanishing viscosity method and thanks to the notion of process solution (note that for this
special outwards characteristics framework, the uniqueness proof does not require (11), since
data are living the hyperbolic zone along the interface). In this section we use the latter tools
to provide an existence result whatever the behavior of characteristics along X, but we are not
able to ensure that the weak entropy solution obtained this way fulfills (11).

For any positive €, we introduce ¢. = ¢ + elg and we consider the next formal problem :

find a bounded and measurable function u. on () such that

atue - zn:la:vl (f(ue)amlp) + g(t,xaue) = EAQSe(ue) in Qha

815“5 - ; axz (f(u6)8$zp) + g(t7 z, ue) = A(be(ue) in Qp7 (22)
u. = 0 on X,
ue(0,.) = wo in €,

subject to the transmission conditions across the interface:

—(eVoe(ue) + f(ue)VP).vp, = (Voe(ue) + f(ue)VP).vp  on Xy,
Ueg, = Ueg, on Xpp.

4.1 The viscous problem

First of all, as stated in [1], we remind the next existence and uniqueness result:

Theorem 2 For any positive €, there exists a unique weak solution u. to (22)-(23) in W(0,T)N
L>®(Q) with dyu, in L} (0,T; L?(2)). This solution fulfills

loc

Opue — div( A (2)Ve(ue)) + f(ue)VP) + g(t, z,uc) =0 a.e. on Q, (24)

ue(0,.) = ug a.e. on €,
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where \e(z) = elg, (v) + I, ().

The lack of regularity of the initial data but also the fact that the diffusive term depends on

the space variable through A only allow us to establish in [1] the following a priori estimates:

Proposition 4 There exists a constant C' independent of € such that:

[uellLoe (@) < M, (25)

12V (1) 1320y + 1A 2 Ve 132 )0 < € (26)

HatueuLQ(O,T;H—l(Q)) <C,
where M is defined in paragraph 1.1 and gb / V&' (s)ds.

4.2 The e-limit

As a consequence of the proposition 4 and by using a reasoning highlighted in [7], chapter 2:

Proposition 5 Assume that
¢~ is Holder continuous with an exponent 6 in |0, 1]. (27)

Then there exists a measurable function u of L>(Q) with ¢(u) in L*(0,T; V) such that up to a
subsequence when € goes to 07, the sequence (ue)eso converges toward u in L*°(Q) weak *, in

L9(Qp) for any finite ¢ and a.e. on Q. Besides we also have
Ve (ue) — Vo(u) weakly in L*(Q,)", eVe(uc) — 0T strongly in L*(Qp,)".

To characterize the function u - that is formally to pass to the limit with respect to € in

(22)-(23) - on the hyperbolic zone we take advantage of (25) and we use that:

Claim 1 (see [6]) - Let O be an open bounded subset of R? (q > 1) and (un)n>0 a sequence of

measurable functions on O such that:
M > 0,91 > 0, [[un| oo (o) < M.

Then, there exist a subsequence (Uy(y))n>0 and a measurable function m in L>°(]0,1[xO) such

that for all continuous and bounded functions 1p on Ox] — M, M]|,

n—-+o00

Ve e LYO), lim /zp T, U () ){dx—/ml[ Oi/z(x,ﬂ(a,w))dafdm.

Such a result has first been applied to the approximation through the artificial viscosity
method of the Cauchy problem in RP for conservation laws, as one can establish a uniform
L*>-control of approximate solutions [5]. It has also been applied to the numerical analysis of
transport equations since ”Finite-Volume” schemes only give an L°°-estimate uniformly with
respect to the mesh length of the numerical solution (see [6]). Here the approximating sequence

is the sequence of solutions to viscous problems (22)-(23).
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Theorem 3 If (27) holds and if
fo¢tis Lipschitz continuous on [—M; M], (28)

then when € goes to 0T the sequence of solutions to viscous problems (22)-(23)e=o strongly con-

verges in L'(Q) toward a weak entropy solution to the coupled parabolic-hyperbolic problem (1)-

(2)-

Proof. We consider the function u highlighted in the proposition 5. Since (u€\ﬂh )e>0 is uniformly
bounded, there exist a subsequence - still labelled (Usmh)oo - and a measurable and bounded
function 7 - called a process - on ]0, 1[x @y, such that for any continuous bounded function ) on
Qnx] — M, M| and for any ¢ of L'(Qp,)
lim Y(t, x,ue)é dr dt = / Y(t,x, (o, t,x))€ dadx dt (29)
=0T JQ, 10,1[xQn
Our aim is first to establish that on the hyperbolic zone, the process 7 is reduced to uq,,
independently of « in |0, 1], and secondly to prove that w is a weak entropy solution to (1)-(2)
for initial data ug. To do so, for any positive p, we take first the scalar product in L?(Ju, T[x )
between (24) and the function 0y Hi(ue, k)(1, where ¢; belongs to D(] — oo, T[x2), (1 > 0, and

for any m in N* and any real k through
1/2
1)° 1
Him(ue, k) = | (ue — k) + [ = - —.
tm (e, ) <<u >+(m)> —

Qunluck) = [ OxHin(r.)f (1)
k
Gl,m(ueak) - g(t7x7ue)81H1,m(uE7k)7

By denoting

it comes after some integrations by parts
T

[ ] im0~ Qun e VPG = Grmlues )G di s

I Q
- / H17m(ue(ﬂax)7k)61(u7x) dx

Q

T
< —/ / )\ealHLm(ue,k)V(be(uE).VCl dx dt,
u JQ

the inequality resulting from the convexity of the function { — Hy (&, k) for any real k.

Let us take the limit when g tends to 01 - remember that u. is an element of L>(Q) N
C([0,7T]; L*(Q)) - and then the e-limit separately on the parabolic and hyperbolic zones by using
(29) and Proposition 5. We obtain:

—/ (Him(u, k)01 — Q1 m (u, k)VP.NV (L — Gy (u, k)C1) davdt

P

- /] o (Hy (7, k)0¢C1 — Q1m (7, k) VPNV — Gy (7, k)(1) da d dt (30)
0,1 Xh

< / Hi i (ug, k)1 (0, z)dx — O1H1 m(u, k)V(u). V(i dx dt.
Q Qp
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So for any (7 in D(] — oo, T[xQy), (1 > 0,
- / (H17m(7r,k)8tg“1 - QLm(w,k)VP.VCl - Gl,m(ﬂ',k‘)gl) dadz dt
10,1[xQn

< Hl,m(uo’k)gl(oax) dx
Qpn

where the limit with respect to m provides:

_ /]o o (|7 — k|0y¢1 — sgn(m — k) (f(m) — f(k))VP.NV( — sgn(m — k)g(m,t,2)¢1) doda dt

lug — k[¢1(0,.) da
Qp

(31)
Let us come back to (24) and consider the L?(Q},)-scalar product with 81H§(T;U) (P(ue), p(k))CeE

where for any m in N* and any real k£ and w in [—M, M]

N2 1/2 )
B0 (B0, () = <<dist(¢€(“€)’z(¢e(w)’"56(@)))2 () ) R

Lastly ¢. belongs to H} (), ¢ > 0, while £ is an element of D(]0,T[xQy), € > 0. By taking

into account the convexity of the function z — H; jflw)(z, oc(k)) it comes:
- [ e . entpania - g TP
h

— Oy (Be(ue). 6 (K)g(t,,u)CcS | do dt

< - Qg}’m(ue, kE)YNVPN(Ededt — e H¢€(w (De(te), Pe(k)) Ve (ue). V(L) dz dt,
Qn Qn

by denoting
Q¥ (e, k) / HH (6o(r), ¢ (k) £/ (7)dr.

Now we write:

e | OHE ) (Ge(ue), (k) Ve (u) V() ddt = e [ V(H (de(ue), de(k)))-V((E) dar dt

Qn Qn
=</, V(HS (e (ue), de(k))E). Ve da di
te [ VHT (Glue), de(k)C).VE da dt

Qn

—26/ Hy ") (he(ue), ¢ (k) V. VE da dt,
Qn
and through an integration by parts of the first line in the last right-hand side:

€ [ OHE (6clu). 6 Voc(u) V(€ dwdt = ¢ | V(Hy (6l). 6:())E). Ve da

—e / HE (6 (11e), (k) CAE dr

Hy: (") (e (ue), b (k) V(e VE da dt.
Qn
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Eventually,
-/ { [ o 071, 6,070 — @1 DT PTG,
- o H‘bf(‘”)we(ue) Oc(k))g(t 7. u)GcE } da i
< /Q Y (e, )VPVC@dwdt—e/ V(HY (de(uc), ¢e(k))E). Ve da dt
/ Hy5 1 (9c(ue), 0c(k))CAE dar i + 2e / Hy5 1 (90 (ue) 6e(k) V.. VE dar db.

Qn Qn
(32)
We consider now the particular choice for the function (g,
f op ! ||VP||<>0 + el
C(z) =1—exp s(z)],e>0, (33)
€

where for any positive parameter p small enough, s(x) = min(dist(x,T'y), x) for = in Qj, with

L= sup |As(z)|. That way (see [9, 10]), for any ¢ of W1(Qy), ¢ >0,
0<s(z)<p

ﬂ¢mvpmn/ WK$M$<6/ VG Vedr + (M _mvpmn+L@/'wnw4. (34)
Q Pe T
Therefore, considering that,

Q5 (e, k)| = < M, HY (6c(ue), 6c(k)) ae. on Q,

Pe(ue) oe( —1\/
/ L) (7, 6. (k))(f 0 67 (7)dr
de(k)

and using (34) with ¢ = Hi;gw)(¢e(ue), oc(k))E, we argue that the first line of the right-hand

side of (32) is less or equal than:
M}weluvzauoo/z Y (T, (), 6 (R))EAH" + ofe),

with lim,_,g+ o(€) = 0 and for H™-a.e. o in Xp,

. 0 on Eh\Ehp,
Teluelo)) = { de(ue(o)) on Xpp.

Hence (32) has became:

-/ {([7 0t 60, 0)anIones. - Qe Y PTEG
- 61H¢6<“’><¢6<u6>,@(k))g(t,x,uaceg} da dt

< M IVPlo [ HES T (00, o)A +0f0)

Hd’e (e (ue), de(k ));Agdxdwrze/ Hd’e (de(ue), de(k))VCe.VE da dt.
Qn

Let us look at the e-limit for this inequality: since fog~! is Lipschitz continuous, lim,_, o+ M gl =
M o451 and stated in [9, 10], (¢c)eso0 goes to 1 in LY(2) and (eV{.)es0 goes to 0 in L1(Q)™. For

the term over Y, we denote

_ ¢(w) U n
IE—/ZhH (T, (ue), p(k))EdH".
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As soon as H;gbv)(., ¢(k)) is nonlinear, the weak convergence of the traces of ¢(u.) on X, (ob-
serve that on X;\Xp, there is no difficulty to pass to the limit on €) is not sufficient. That
is why we consider the sequence (Hy i w)((be(ue) be(k))E)e=0. Thanks to the proposition 5 and
since H;jflw)(., ¢c(k)) is Lipschitz, up to a subsequence (Hd)6 (Pe(te), Pe(k))E)eso strongly con-
verges toward Hgigf)w(u),(b(k))g in L9(Qp), 1 < ¢ < 400. Besides, thanks to a chain rule
argument and estimate (26), we argue that (H;jgw)(gbe(ue), ®e(k))E)e>0 is uniformly bounded in
L%(0,T;V)NL>®(Q,) and so weakly converges (up to a subsequence) towards H¢(w)(¢(u), (k)€
in L?(0,T;V). The trace operator from L*(0,7;V) into L?(¥,) being linear and continuous,
(H;jgw)(gbe(ue),¢€(k))£)6>0 weakly converges towards H;%)(QS(U),QS(k))g in L?(¥,), and so in
Lz(th). It comes lim,_,o+ Ic = I where

1= [ Hy(T(u), o(k))EdH",

h

where for H"-a.e. o in ¥,

T(u(o)) = { 0 on 24\ Sy,

éd(u(o)) on Xpp.

In addition, thanks to (25) and Claim 1, we are able to pass to the e-limit in the left-hand side
of (32). To resume, it comes for any function & of D(]0,T[xQy), £ > 0:

/ , { / O1H W (4(7), ¢(k))drds€ — QY. (m,k)VP.VE — alH;fﬁj)w(w),¢(/<:))gh(t,m,7r)§} dadadt
0,1[xQp

> M}, [ VP / HYW (T (), (k)€™

Zn
When one refers to F.Otto’s reasoning in [9, 10], p. 115, lemma 7.34, this inequality implies
that for any ¢ of L>°(X},) and & of L1(X,), € >0,
esslim Q5. (m(a, 0+7), k)VP(5).vpfdadH" < Moy || VP / HYS)(T(u), $(k))edH™.
=07 Jj0,1[x%,

By taking for H"-a.e. o in Xp,

0 on Eh\Ehp,

u(o) on Xpp,

¢(0) = ¢~ (T(ul0))) = {

where u(o) is defined as ¢! (¢(u(c))) and belongs to L>(34,), and then the limit with respect
to m we get the boundary conditions for 7:

ess loim F(r(a,o +71v),6 (T (u(0))), k) VP(G).vpédadH™ < 0. (35)
=0~ J)0,1[x=

To conclude, the process 7 fulfills (31) and (35), that means 7 is an entropy process solution
to the quasilinear first-order hyperbolic problem set on )j: find a measurable and bounded
function w such that formally

dyw — Zn? Oy, (f(w)0y, P) + g(t,z,w) = 0 in Qp,

i=1
w = ur, on I'y,

w(O, ) = Up on Qh,
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where up, is the element of L>(I';) given, for H"-a.e. ¢ in Xj, by:

( ) 0 on Eh\Ehp,
ur, \o) =
" u(o) on Lpy,

the trace u(o) being defined as above. Due to [9, 10] we know that this problem has a unique
solution. Namely we may rewrite in the context of entropy process the proof provided in [9, 10].
It follows that if 71 and my are two process solutions for initial data ug; and ug 2 respectively,
then for a.e. ¢ in |0,77,
/ |m1(a, t,x) — m2(B,t, x)| da dfdx dt < / lup1 — uo2| dx eMat
10,1[x €2, Q

Classically we first deduce that when wug 1 = up2 on €2, there exists a measurable function uy,
on @y such that a.e. on Qp, up(.) = m(e,.) = m(F,.) for a.e. a and § of |0,1]. Another
consequence of the uniqueness property is that the whole sequence (uc).>o strongly converges to
up in L9(Qp), 1 < g < +00. Thus up, = ujg, a.e. on Q4 and in (30) the integrals over |0, 1[ are
performed. By taking the limit with respect to m, it follows that u fulfills (3) and (5). Boundary
conditions (4) are written in (35) due to the definition of ¢$~*(7'(u)) that completes the proof of
Theorem 3. [ |

4.3  Conclusions

As a conclusion, let us collect the existence result stated in section 3 and the existence
property of section 4. The key point of the uniqueness theorem 1 being the existence of a strong
trace of a weak entropy solution to (1)-(2), while the existence property just requires additional

assumptions on f and ¢. So we claim:

Corollary 1 Suppose that (27) and (28) hold. Then the coupling problem (1)-(2) has a weak
entropy solution that is the L'(Q)-limit of a sequence of solutions to viscous problems (22)-
(23)e=0 when € goes to 0T .

In addition if u fulfills (11) then u is the only weak entropy solution satisfying (11).

Observe that in [2], when the interface is included either in the set of outwards characteristics
for the first order operator set in Qy, either in set of inward characteristics for the first order
operator set in @p, we highlight in each situation a weak entropy solution to (1) that fulfills
(11). So that, in this special framework, the coupling problem (1) has a unique weak entropy

solution.
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