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Abstract

We give quantitative results for variation—diminishing splines, focusing on the
case of equidistant knots. New direct inequalities are obtained, both in terms of
the classical second modulus of continuity and in terms of the second Ditzian—Totik
modulus. These new results are based upon a detailed analysis of the second mo-
ments and very recent theorems for positive linear operator approximation. The
potential for simultaneous approximation is described by means of an estimate in-
volving both the first and the second classical modulus of continuity. The topic
of global smoothness preservation is also addressed. Furthermore, we discuss the
degree of simultaneous approximation in the multivariate case, namely for Boolean

sums and tensor products of Schoenberg splines.
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1. Introduction
Consider the knot sequence A,, = {z;}"t* (n > 0, k > 0), with

Ty =T pp1=...=00=0<1 <...<xp=...=Tpyp = 1.

*Dedicated to Prof. D.D. Stancu (* February 11, 1927) on the occasion of his 75th birthday



For a function f € RI®Y the variation-diminishing spline of degree k w.r.t. A, is

given by

n—1
Sanef(x) = Z f(&x) - Njg(x) for 0 <z <1 and

j=—Fk

Sanrf(1) = lm Sa, x f(y),

y<1

Tjt1 + '--+$j+k

k

with the nodes (Greville abscissas) & = , —k < j <n—1, and the

normalized B—splines as fundamental functions

Nik(2) = (@jnr1 — 25) @5, Ty, - T (- — $)i

This method of approximation was introduced by Schoenberg [72] in 1965 as a "natu-
ral” extension of the classical Bernstein polynomial approximation; an important prede-
cessor is a paper by Curry and Schoenberg [18] written in 1945 and completed by 1947,
but ”for no good reason” not published until 1966. One further key article on the method
is one by Marsden and Schoenberg [58] which appeared in Romania, Schoenberg’s native
country, in 1966. Due to the early work of Marsden [55], [56] on the subject, Schoenberg’s
variation—diminishing splines (colloquially just denoted as ”Schoenberg splines”) became
known to the mathematical community in the early 1970’s and immediately attracted
considerable interest. Before continuing these short historical remarks, we list some of

their most important properties:

P1) Sa, .k is a positive linear operator which reproduces linear functions, i.e.,

n—1
Y Niglx)=1, 0<z<1,

i=Fk

n—1
Z Eip - Njg(x) =z, 0<z<1L

j=—k
P2) Theorem 1 (see [55, Theorem 3]) A necessary and sufficient condition that
lim Sa, v f(x) = f(x), uniformly in [0,1]
for every f € C[0,1], is that

1Al
k

lim =0.

P3) Sa, . is a discretely defined operator, which maps R into that subspace of
C*=10,1] containing all functions which are on each interval [z;, z;11] a polyno-

mial of degree at most k;
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P4) Besides of the Bernstein operators, Sa, r also generalizes piecewise linear interpo-
lation at the knots of A,;

P5) Sa, r has the convex hull property and interpolates at the endpoints;

P6) Sa,r has the variation-diminishing property, ie., V(Sa,xf —1) < V(f —1) on
[0, 1], for all linear functions [, where V' (g) denotes the number of sign changes of

the function g.

We said before that this method attracted interest in the mathematical community
already in the early 1970’s. The reader ought to consult the book of DeVore [21], and
papers by Leviatan [53], Meyer and Thomas [60], Scherer [71] (for an L, modification),
and by Coman and Frentiu [14], [15] (for multivariate approaches) in order to confirm our
statement. An important contribution from the period 1970-1975 is due to Munteanu
and Schumaker [62]. We will cite their article on several occasions in the sequel.

During the late 1970’s, the 80’s and the 90’s further contributions concerning mod-
ifications and generalizations of Schoenberg’s original method were given, both for the
univariate and multivariate cases. With a few exceptions the results given there were of a
positive nature. It should not be overlooked, though, that the behaviour in the vicinities
of the endpoints 0 and 1 is somewhat poor due to the coalescence of the knots there. We
will also discuss this below. Since the present note is not intended to be a survey paper,
we have chosen to add several references to the bibliography which are not explicitely
cited in the text, but should provide the reader with an idea of the continuing interest
among approximation theorists. We make no claim for completeness.

However, this introduction is not yet finished. Schoenberg’s variation—diminishing
spline operator is in much use in Computer—Aided Geometric Design and has become an
indispensible tool there. In CAGD the method has an early history of its own. In his
most interesting thesis Riesenfeld [69] introduced Schoenberg splines to the field, having
Gordon as his principal advisor. See [46] and [4] in order to confirm that Gordon was
always the driving force behind introducing B—spline methods into CAGD at a very early
stage of its development. These historical facts seem to be frequently overlooked (or
neglected). For more details in regard to their use in CAGD see the books by Farin [26]
and by Hoschek and Lasser [47] where more references can be found.

In the present note we will supplement the quantitative information available on
Schoenberg’s method. In doing so we will in part follow the organization of the Munteanu
and Schumaker paper, but also cover further aspects. We will consequently use second
order moduli of various types in our assertions. In the late 1960’s and early 70’s, that
is, at the time of writing of the fundamental papers on the subject, these were quantities

not too well understood and hardly ever used. The estimates given here are to the most
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part based upon very recent general results for positive linear and, more generally, con-
vex operators of various orders. This will enable us to also provide new statements on
the degree of simultaneous approximation for first and second order derivatives in both
the univariate and certain bivariate cases. There will be an emphasis on small explicit
constants.

In the foreground of our considerations will mostly be the mesh gauge (rather than
the degree) of the splines. Sometimes we will restrict ourselves to the case of equidistant
knots z; = %, 0 < j < n, because we have not found corresponding statements for the
general case which reduce to the ”equidistant ones” we are able to give. Throughout this
paper we will always denote the k—th degree Schoenberg splines with equidistant knots
xj:%, 0<j<n,by S,

2. The second moments

As for any positive linear operator, the second moments (Sa, x(e1—x)?)(z), = € [0,1], e;(t)
t* for i > 0, play an important role for the quantitative behaviour of Sa, . It is thus

instructive to have an idea of where the graph of the function
[0,1] 2 2+ (Sa, x(e1 —2)%)(z) € R

is located. For &, < x < &j41 we have

0 < (2= &) (Eup =) < (Sanrler —2)°)(2) < (Beler —2)) (@) = =———=, (1)

n,k > 1, where By, is the k—th Bernstein operator given by
(0N (R
B =31 () ()0 -0 e c o
The second inequality in (1) follows from the fact that, for x fixed, the graph of Sa, (e —
x)? lies in the convex hull of its convex control polygon. The third inequality is a conse-

quence of an observation made by Goodman and Sharma [43, Theorem 1], namely that,

for a convex function f, one has
Saef(t) < Brf(t), t €[0,1].
One further exact representation is
(Saniler —2)*) (@) = (x — 2)(wj1 — @), 2 € [25,251], 0Sj<n— L (2)

In the equidistant case this reduces to

_ {na}(1 - {na})

n2

(Sna(er — 2)*)(x)

, ¢ € [0,1],
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where y = [y] + {y}, i.e.,{y} is the fractional part of y (see [54]).

We continue to discuss the general case. As shown by DeVore [21]

0 < (SAn,k(el_x)Z)(x)

n—1 1 1

— K k-1 (@j4r = Tj4)° - Njp(2)
j=—k 1<r<s<k

< o2 = 1 max (1,4 — ;)

I A= A

The above equation is not very instructive. It was shown by Marsden [56] that one

has
1 (kE+1D)]A,?
0 < (Sa, x(er — 2)*)(x) < min —,w ,0<x <1, (3)
' 2k 12
where ||A,|| := max;(x;41 — ;) is the mesh gauge.

However, the upper bound is not a pointwise one. Such pointwise bound is, for exam-
ple, needed for expressing the fact that one has interpolation at the endpoints.

For the case of equidistant knots we will give such inequalities in this section. We
will restrict ourselves first to a discussion of the cases k € {1,2,3}, n > 2 and present in

detail the case k = 3. )
(Snaler —x)%) ()
z(l —x) '

To this end, we have to estimate the quantity

For the case k = 3 and equidistant knots we get the Greville abscissas

1 1
§33=0, {o3= 3 E13=—,

n n
+2
fj,3=$j+2:j—,j:0,...,n—4,

n
n—1 1

§nsz=—, &3 =1——, &3 =1
n 3n

0
For 0 < 2 < % we have S,3f(z) = Z f(&3) - Njs(z). The divided differences which
j=-3
we are interested in are equal to

1 1 3
0,0,0,0,—| (-—t)3 = n* (= —t
|:7aa7n( )+ n (TL > ’




For x € |0, %], the first four B—splines of the basis have the form

1 3 32
Nase) = b (- 25+ 20 08),

n3  n? n
3r 9x? T’
N_ = 3= o= 4=
23(7) " <n2 2n + 4 )’
32 1123
N_.. = nd. [ = =
(z) = n ( n 12 )
3
Noyg(l’) = TL3 . %

For0 <z < % it follows that

3

() = L
(Sualer = 02)(a) = o= —
whence
'rw:2 7L332
(Sn,?)(el - x)Q)(m) — 3% — 18 SLn 18 — 6 — TL2JZ2 < 1 (4)
z(l — ) l—z — 1-1 18(n—1) ~— 3(n—1)
Analogously, for 0 < z < %, one can prove that
— )2 1l _z
(Snaler —2)%)(z) S TR W 1 and (5)
z(1l—x) l—x = 2n
(Sualer o)) _ =atd L ©
z(1—x) 1—x n

Because of the symmetry of the B—spline basis and the symmetry of the function
(e1 — x)?, we also get the above inequalities for 1 — 2 < z < 1. Furthermore, using (3),
for arbitrary k and % <zr<l1l- % there holds:

—_ )2 . 2
(Spr(er —x)?)(x) < (k+1) ]| Al < k+1 1 i 1 _ kE+1 '
z(l —x) 122(1 — x) 12 n? 1ga-tax(l-z) 12(n—1)
For k € {1,2} and n > 2, one has 12123:711) < k—ln, thus
2
(Sn,k(el x) )('T> < L’ for r € [0, 1]
z(1—x) kn

For k£ = 3 and n > 2, one can only get

(Snaler — 2)%)(x) 1
z(l —x) = 3(n—1)

We will consider next the case of general k and n and recall that Sy, f(z) = By f(x),

where By f is the Bernstein polynomial of f of degree k. In this case we have

(Br(er — )?)(x) = :U(lk— ) _ ;S} k_f)1 _ % _ min{nzgjr(;__?’ ;}.
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So it is natural to ask whether it is possible to find a constant A > 0 as small as possible

such that

A-min{2z(1 — z), £}
n+k—1

(Sni(er — 2)*)(z) < (7)

holds for all natural n and k. We give a positive answer to this question but do not assert
to find the optimal value of A in (7). Moreover, we show that it is not possible to find a
positive constant B such that

(Sprler —2)*) (@) B
=2 S Emn=1)

(8)
holds for all k& and n, although this is fulfilled for k € {1,2,3} as it was proved above.

To show (7) we rely on the technique in [57]. In principle, the results presented there for
the second moments are correct, but the main tool — Marsden’s function fa(x,y) in [57,
p. 1089] — is not uniquely defined in certain cases. The corrections have recently been
made by us together with a new proof which will be presented elsewhere. Here we will
restrict ourselves to state the correct definitions. Following [57] we denote

-1

Ey(z) = (Spile; — x)? Z f; Njr(z), k > 2, (9)

3

where
2
o) = & — ik
B\ L
ik = \g) DL T
j<in <ig<j+k+1

(see [57, p. 1084], where to our notations &;x, 1% and fo(&;x) correspond there &;, &
and fo(z, &), respectively; the function f; does not actually depend on ).

The crucial representation is

oly) = fZ(if ye 1], k> 2, (10)

where the corrected form of go (not to be confused with Marsden’s g¢5) is

(
ﬁ.<_y2+%-y,/8%-y+#>, for 0 <y < min {EL 221y

Y
o (y y—ffnkl) for 24 <y < 4,
92(y) = ﬁ%’ fork2—:1§y§%>
a1 —y), for 1 <y <1

\

The function go is continuous on [0, 1].

15



In order to compute a constant A in (7) we have to consider in the sequel the following
three cases (for n > 2, because for n = 1 we get the Bernstein operator, which was already

discussed):

Case 1: k=n—1

Case 2: k<n—1

P (e by sty ), for0<y< B

k+1)(k—1 k
92(y) = ﬁ'( 12)7(12 4, for H <y_2,
g2(1 — ), for % <y<l1

Case 3: E>n—1

ﬁ(_y2+%y\/m>7 f0r0<y_ 2k’

2 n2—1 n—1 1
92(9): m(y_y_Gnk>; forﬂgygz,

92(1 = y), for 3 <y <1.

We have now the necessary ingredients in order to prove the following

Theorem 2 Forn >1, k> 1, x € [0,1] we have

min{2z(1 — z), £}
n+k—1 '

(Sn(er —2)*)(z) <1

Proof:
For brevity we write again Fy(z) = (S,x(e1 — z)?)(x).

a) n =1, k > 1. This is the Bernstein operator case in which we have

1 min{2z(1 — z), £}
E2(x):§‘ n+k—1 ’

b) n > 2, k = 1. This is piecewise linear interpolation at %, 0 <1 < n. Here (see

o INAVIES RS
E2(x)_(x n)( - x) forxe[n, - }

For [ = 0 one has

Ey(r) =2 (l —x) < B, (%) — % < % min{2z(1 - ), , } for x € {0, l} .

n n




For1<i<n-—2ie,x€ [%,"T’l],we have

1 min{2z(1 — 2), %}.

1 1
E < <
2(w) < 4n? — 2n2 2 n

The case [ = n — 1 is symmetric to [ = 0.

c)n>2, ke {23}. First we observe that

( 2¢(1—x), for0<az<i
1 2¢(1 — x), for%ﬁxﬁ%andZﬁnﬁZ/ﬁ,
min{2x(1_$>’_}: 2e(l—z), forl<ao< & dn>2%+1
n x(l—x or - <x<—"——andn
’ n = _n<1+@) = ’
%, formgxgéananQK—l-l
K n
Casel:()ga:g%
From (4) and (5) it follows
1 1 1 1
E < %(l—g) — — <2%(l—n) — ——
o(v) < 2e(l—2) kn 2(1—2z) — (1 -2 kno 2(1-1)

20(l—2z) n+k—1
n+k—1 2k(n—1)

We need now a constant a such that for all n > 2 and k € {2, 3} there holds

R —— th—1 <a
2k(n—1) —
which is equivalent to
k—1+4 2ak
n —_—
—  2ak—1
We impose
k—1+2ak
L ]
2ak — 1

which implies a = % Thus we get a = % for k=2, and a = g-) for k = 3, respectively.

(L 1 1 ___k
Case 2: (> <z < jand2<n<2k)or (ngxgn(lﬂ/@) and n > 2k + 1).
Under these assumptions we can always write
2, (1=3) _ 2e(1—2)
n+k—1 " n+k—-1

From Marsden’s paper [57] we know that

k+1
Er(z) < 155 (11)
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We need now to find again a constant a such that the inequality

k+1<a- 2(n—1)
12n2 = n?’(n+k-1)

2 . .
holds for all n > 2 and k € {2,3}. We thus get a = %, which gives a = % for k = 2,

andaz%fork:&

) k
Case 3: n(H@) <z<
11) hold

Inequality (

%ananQk—i—l.

s also in this case. We require

kE+1 k

. i <ge—

12n2 = nn+k—-1)
for n > 2, which leads to a = (k;;z)Z. Whence we get a = % for k = 2, and a = % for
k= 3.

Taking the maximum over all the constants a which have been computed, we find that
for n > 2 and k € {2,3}

min{2z(1 — z), £}
n+k—1

IN

d) n > 2, k > 4. Here we proceed differently using the function go from above. It is
our aim to show that in this case we have

min{2y(1 —y), £}
n+k—1

92(y) < ha(y) == , y €10,1]. (12)

Since hs(y) is a concave function, one has

Snk(h2(-);y) < hao(y), ye0,1].

Due to the positivity of S, we also have

Snk(92();y) < Snr(ha(-);y), or

S P8 ) < oty for sy € fo.1) )
p—"

Setting y = x and combining (9), (12) and (13) then shows that for n > 2 and k > 4

min{2z(1 — z), £}
E <1- -,
2(r) < n+k—1

Hence it remains to prove (12).

Case k=n—1:
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We may consider n > 5, because n < 5 (that is k < 3) was considered already. Since

we obtain

| = T e

where

Finally it follows

(14)

for all y € [0, 1].

Case k <n —1:

We may consider n > 6, because k > 4.

For 0 <y < % we obtain successively
n

1 y\/k k+1 1 1 y 2k+1
< — | 2 =, — | = — [ 2 2.
92y) = k—l( SV o +n2) k—l( vy, )

y(l—y) 2k+1  2y(1—y) [( n +1>'2k+1}

= k-1 3n  n+k—1 |\k—1 6n
2y(1 —y) {1 1 2n—1}

- <29 2yl —y)
n+k—1

—3 n+k—1

37 2k—1) " on
For 0 <y < % we also have

y(l—y) 2k+1<35 k

< : S
ely) = k—1 3n 64 nn+k—1)

We conclude now that for 0 <y < % one has

() < 29 35) min{2y(1—y),%} 29 min{2y(1 —y), £} (15)
max<q -, 7 (" =" .
92 = 36’ 64 n+k—1 36 ntk—1

Further we consider y € [kzinl, %] and observe that for the continuous function g, we

can write

B E+1\ . .29 min{2y(1 —y), £}
9(y) = 92< )— hrkrigz(z)gzg%%. T —

Y

for all y € [5tL, 1],
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Hence (15) holds for y € [0, 1].

Case k >n —1:
It follows immediately that min{2y(1 — y), %} =2y(1 —y).

For 0 <y < ”2—761 we obtain successively

1 y%k:n—l 1
< —— [ 4242 =, _
(y) < k—1<y+ﬁ n 2k +M>

R CIRE= TS

2y(1—y) 1 1 n
= l2-=) (1

n+k—1 6 n +k—l

7 2y(1—y)

9 n+k—-1

We have to show that

kE—1
the latter being equivalent to

n—k+1 n?—1
T iy < .
n+k—1 y( y) < onk

For y € [%4, 1] the left hand side does not exceed

n—=k+1 n®—1

forn>2and k >n— 1.
Wntk—1) = 6k T camdiem

Thus

2y(1 —y)

1
n+k—1 (16)

g2(y) < 1-

for all y € [0, 1], and the proof of Theorem 2 is complete. O

Remark 3 We prove here that (8) is not possible. Suppose (8) holds for some B > 0.
From [57, Theorem 2] we get

1
li 1 —2)H(z) = — 1
oolim (4 b D)(Sua(en = 2)%) (@) = 5+ 1),

k
fort .= lim —,Ogtﬁlandggxgl—%.
(n+k+1)—oc0 N
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For k =n we obtaint =1 and x = % In this case one gets

— lim

n+k+1] B . [2041]_ 1 1
4 (ntk+1)—oo ) o

TrrMT o2 Y
k(n—1) e lntn— 1)) < 12 6

4 nooco

The latter inequality is not true. 0O

3. New direct inequalities

In this section we prove direct inequalities for arbitrary functions in C[0, 1].

3.1 Uniform estimates in terms of the classical second order modulus of smoothness

While there are many estimates in terms of the first order modulus of smoothness available
in the literature — starting with the ones by Marsden and Schoenberg ([72], [58], [55], [56])
and by Munteanu and Schumaker [62] — the first estimates with wy were given by Esser
in [25] and later further improved by Gonska [31]. One advantage of the use of wy is the
fact that this quantity annihilates linear functions. The desirability to have estimates in
terms of such a quantity was already observed at the end of the paper by Marsden and
Schoenberg [58] where

wWi(f;0) == infwi(f — cer;9)

was used. As was noted by one of the present authors in [33, p. 17| there is no constant
¢ > 0 such that

Wi(f;0) < c-ws(f;0) for all f e C[0,1] and all 6 > 0.

The following elegant general result of Paltanea is the key for our subsequent applications

to Schoenberg splines.

Lemma 4 (see [68, Corollary 3.1]) Let K = [a,b] be a compact interval of the real axis
and K" a compact subinterval of K. If L : C(K) — C(K') is a positive linear operator,
then for f € C(K), v € K, and each 0 < h < Jlength(K), the following holds:

(L) (@) = f()] < \(Leo)(&?)—ll-\f(w)H%'I(L(el—x))(x)!-wl(f;h) (17)

1

s (Ller —2))(@) | - walfih).

+ | (Leo)(a) + 5

Remark 5 Condition h < %-Zength(K ) in the above can be eliminated for operators which

preserve linear functions.

Thus we can state
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Theorem 6 For all f € C[0,1], x € [0,1] and h > 0, there holds
1 (1 (k+1)]A,)?
— < . S S A b 11 . “h).
S8,00(0) = £@)] < (14 g min {5 E) w(fih. (1
Proof:
Applying (17) and taking into account that Sa, x reproduces linear functions yields
1
S8,4(0) = F0) < |14 g1+ (Sa.ler = 2)(o)| ().

Since

(Sa,x(e1 — 2)?)(x) < min {i W} ,

the statement of our theorem follows. O

To achieve the goal of this subsection there are two meaningful choices for the param-
eter h in (18), namely in terms of the degree k and in terms of the mesh gauge ||A,[|. A

direct application of Theorem 6 yields in these cases:

Corollary 7 For all f € C[0,1], z € [0,1], one has the following uniform estimates

198k f = fllo < Z ) <f§ %) , and (19)
k
58,08 = e < (14557 ) - (s8I, (20)

Remark 8 From (19) and (20), using the properties of the moduli, one gets for f €
Co0,1], x € [0,1], that

58,08 = flloe < i (172 ) and (21)
k+1
58,08 = Tl = (145570 ) I8 - (180D, (22)

respectively.

We listed inequalities (21) and (22) here, because they improve the corresponding ones
by Munteanu and Schumaker [62, (2.19) and (2.18), respectively] (the second one, how-
ever, only for k > 2).

The inequality

(Saneler - 2)2)(x) < min {i %}

is not quite satisfactory because it does not reflect the fact that
(Sa, x(e1 — z)?)(x) = 0 for z € {0,1}.

For the case of equidistant knots the situation is different as we showed in Section 2. The

pointwise inequalities from there will be employed in Sections 3.2 and 3.3.
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3.2 Uniform estimates in terms of the Ditzian—Totik modulus of smoothness

In the sequel we use the following particular case of a very recent result by Gonska and

Paltanea:

Lemma 9 (see [37]) If L : C[0,1] — C[0,1] is a linear positive operator reproducing

linear functions, then we have

|L(f,2) = fo)l < [T+ wy (f3 h), (23)

for all f € C[0,1], x € (0,1) and h € (0, 1].
Here

Wi (fih) = sup{| A0y f(2)], @ £ pp(z) €[0,1], 0<p<h}

is the second order Ditzian—Totik modulus, with p(z) = \/z(1 — ) and A%f(y) = fly —
) —2f(y)+ fly+n), ifn>0,y+tnel0,1], f e RO

Applying Lemma 9 we first consider the three cases in which we have an exact repre-

sentation of (S, x(e1 — z)?)(z) close to the endpoints.

Theorem 10 For all f € C[0,1], x € [0,1], h € (0,1] and n > 2, one has

7 1 1
— < R I o
Suaf(o) = S0 < 147 g gt wtsn). and
1 1] L,
|Sn,kf($)_f(x)| < 1+1ﬁ% w?(f7h>7 fOrk€{172}'
Thus it follows immediately
Corollary 11
19 1
_ < 2.2 ¢
8.7 = Al < 35-F (o= )
15 1
HSn,2f - f”oo < g ‘W;p <f, ﬁ) , and
11 1
— S P
18,08 = floe < 7 -f (51 2)

In the general case we apply again Lemma 9 and use Theorem 2.
Theorem 12 For all f € C[0,1], x € [0,1], h € (0,1] and n,k > 1 one has:
i) [f% > %, then

7 1
S f(x) = fl2)] < 1+§'m -wi (fih).
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it) If £ < 1, then

S0af (o)~ @) < |14 1 | s,

In particular we get

Corollary 13 i) If% > 1. then

7 n 1
— < _ . P .
||Sn,kf f“OO — |:1 + 2 n 4+ k? . 1:| w2 (f7 TL) )
7 k 1
_ < |1+4:= o f—
9 1
_ < 2.2 ¢
”Sn,kf f”oo = 9 Wy (f7 ot L — 1)

it) If £ < 1, then

7

4

7 k2 o1
[Snpf — fllo < {1+Z'm}'w2 (f’ﬁ)’

11 k
[Snif = flloo < Z'@O(ﬂ\/m)

Remark 14 We recall here that Schoenberg’s original intention was to introduce a natural
“spline extension” of the Bernstein polynomials. This was definitely achieved. Since then
impressive progress was made in the investigation of Bernstein operators. One particular
highlight is the result of Knoop and Zhou [51]. They showed that for the second order

’ \/E 7

The authors are not aware of any corresponding result for the Sa, ’s which generalizes
the assertion of Knoop and Zhou. We feel that the proof of a strong converse inequal-
ity (in what form soever) would be a significant and most valuable contribution to both

Approzimation Theory and CAGD.

3.8  Pointwise inequalities

For the case of equidistant knots Lemma 4 can also be used to give pointwise inequalities.

We have
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Theorem 15 For all f € C[0,1], z € [0,1], h € (0,1] and n,k > 1 one has:

min{2x(1 — z); &
Sucd () ~ £(x) < [1 + oy - T2~ P ] L (f2h). 24

In particular, one has
S (1) = F()] < 2o [ £/ 2L (25)
ok 2 P\ Vntk-1)°
Proof:

The first inequality is an immediate consequence of Theorem 2 and Lemma 4; for the

second one we consider two cases:

Case 1: £ > 1. In this case we have for z € [0,1]

min {23;(1 — 2); E} = 2z(1 — ).

n

Putting h = {/220=2 < 1 yields

S (2) — f(2)] < 5 - (f; M%) . (26)

Depending on the position of x we have two possibilities.

Forae 0,4 (1= /1= 2Z) Ul (14 /1= 2) 1] it follows min {22(1 - 2); £} =

2x(1 — x), thus (26) also holds in this case.

For x € (% (1—@/1—%»%(14—@/1—%)) it follows min {2z(1 —z); £} = £ In

this case Theorem 15 implies

Case 2: £ < %
n

1 k
S f () = f2)] < [1+W'm} ~wa ([ h). (27)
Setting h = m we obtain
3 ‘ k 3 - [22(1 —2x)
|Sn,kf($)—f($)|§§'w2<f, m)éé'u&(ﬁ m) (28)

This concludes the proof. O

Remark 16 (i) Case 1 in the proof of Theorem 15, namely % > %, 1s the one similar

to that of the Bernstein operators By. For these we obtain

3 - [22(1 - =)
Buf () = (2)] < 5 - o <f, T) .
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(ii) The case % < % (where the piecewise polynomial degree k is small in comparison to

the number n — 1 of interior knots) is more similar to "true spline interpolation”.

In the middle of the interval [0,1] we used the inequality % < 2z(1 — x) in order

to arrive at (25), thus loosing one power of% under the square root in the special
situation £ =t = O(1) n — occ.

There is a second possibility to prove pointwise inequalities. This bridges the gap

between pointwise ones in terms of the classical second modulus and uniform estimates

using the Ditzian—Totik modulus. In order to indicate what can be done in this direction,

we give without proof the following

Theorem 17 Under the conditions of Theorem 15 one has

Susf() — f)] <2 ¢ (A, (;)) o (1 %) |

Here, p(z) = \/x(1 —x), 0 < X < 1, the constant c(\, ty) is chosen such that KfA(f; t?) <
e(\to) - wf (ft) for 0 <t < to; K (f34%) s= nf{|[f = glloo + £+ 0™ - g"ll}, £ 20,
where the infimum is taken over all g such that ¢ € ACi,c[0,1] and ||p* - ¢"]|e0 < 00, and

A ‘
wy (f;t) == sup ||A,2wxf||C>O with
0<h<t

fl@—ho (@) = 2f () + f@ + he(),  if [v = h*(2), 2 + hoM()] C

A}QLQO)‘ f (I) =
0, otherwise.

For details on the technique employed here see [38, Theorem 4.1] or [22, 27, 28].

Refinements of Theorem 17 are possible.

4. Approximation of derivatives

While, for functions f € C7[0,1], the rth derivatives of the corresponding Bernstein
polynomials converge uniformly to the rth derivative of the function f on [0, 1], this fact
does not hold for variation—diminishing spline approximations in general, except for r = 1
(see, for example, [55, Theorem 9]).

For the special case of equidistant knots,
n>1andxj:l, 0<7<n,
n

Marsden [55, Section 10] noted that the pth derivative (1 < p <) of the spline approxi-

mation of degree k to f(z) converges to f®)(z) as

1Al
k

— 0 or, equivalently k+n — oo
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if and only if 0 < 2 < 1. The convergence is uniform on compact subintervals of (0, 1).
Of course, the latter statement assumes that all quantities in question are defined. For
example, one needs k£ — 1 > p here in order to have sufficiently many derivatives of the

splines available.

In the sequel we present quantitative estimates concerning the degree of simultaneous
approximation for the first and second derivative. In order to do so, we need some general
settings.

Again K = [a,b] is a compact interval of the real axis and K’ C K. We consider the
Banach space X = C"(K) endowed with the norm ||g||x := Orgjasxr(HD]gHK) Here || - ||x
denotes the Chebyshev norm in C'(K) := C°(K) and D is the j—th differential operator.

Let K¢ == {f € C(K) : [vo,...,2z;;f] = Oforany zyp < ... < x; € K}, where
[zo, ..., 2 f] is an i—th order divided difference of f. Note that K% is the set of all
positive functions on K, Kl is the set of non—decreasing functions, and K% represents
the usual convex functions on the same interval.

Knoop and Pottinger [50] generalized the convexity notion for operators as follows:

an operator L : V — C(K’) is called almost convex of order r — 1 (r > 0) if there exist

p > 0 integers 7;, 1 < j < p, satisfying 0 < ¢y < ... <1, < such that

p
fe (ﬂl@é) N NV implies Lf € K.

J=1

Here, the empty intersection (ﬂ?zl .

) is taken by definition to be the entire subspace V.
The main result that we use in the sequel is the following quantitative Korovkin—type
theorem on simultaneous approximation given by Kacsé (see [48], [49]), improving an

earlier similar result of Gonska [32]:

Theorem 18 Let r € Ny and the operator L : C"(K) — C"(K') be almost convex of
order r — 1. If L(II,_y) C II,_y, then for all f € C"(K), v € K" and 0 < h < llength(K)
there holds:

|D"Lf(x) = D" f(z)] <

LD Lo, ) - 1‘ DR 3 @) (D7)

4 {DTL <%e> (2) + # -ﬁL(@} (D" f1 1),

where
vo(z) == D"L (ﬁ €ri1 — % T - €r> (x), (29)
Br(z) == D"L <(7“+L2)' €ri2 — (70%1)' T epp1 + % z” - €r) (7). (30)
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In regard to the representation and the behaviour of the spline functions, Marsden

proved the following results:

Lemma 19 (see [55, Lemmas 1,2])
(i) Let f € CY0,1] and k > 1. Then

— f(Ex) = f(& 1)

DS xr) = “Nik_1(x 31
i f (@) Z e N (@) (31)
n—1
= Z Df(0ix) - Njp—1(2), §-1.6 < Ojx < &
j=1-k

(ii) Let f € C?[0,1] and k > 1. Then

—_

n—

Eik — &j—2k
D’ = Y D) - gm—
i f (@) Py U T

“Njp—2(x), Eon < Mik < &x(32)

Il
N

Lemma 20 (see [55, Theorem 10]) Let f € C3[0,1] and k > 2. Then
(i) If Df(z) >0 on [0,1], then DSa, 1 f(xz) >0 on [0, 1].
(i) If D*f(z) >0 on [0,1], then D*Sa, xf(x) >0 on [0,1].
However,

(iii) If D3f(x) >0 on [0,1], D3SA, 1.f(x) need not be nonnegative.

Lemma 21 (see [55, Theorem 11]) Let f € C?[0,1], and let z; = L, 0 < j < n, be the
interior knots of A,. Let k+n — oo, liminfn > 1, and liminfk > 1. If

) k—1
hm<T) =R

exists, then

3R

limD2Sn7kf(0) = 7D2f(0),
1imD2Sn7kf(1) = ?sz(l)?

lim DS, . f(x) = D*f(z), for0<z<1.
The convergence is uniform on compact subsets of (0,1).

The most elegant case in the above is attained for % = 1, that is for £ = 3. This is

why for the second derivative cubic splines with equidistant knots play a special role.

For the first order derivatives we can prove the following
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Theorem 22 Let f € C'0,1], = € [0,1] and h > 0. Then, forn > 1, k > 2, the

following estimate holds:

[ DS,k f(x) = Df(2)] (33)

k

2
—) A ARN* | wa(DF; R).

1 1
< —-|lA, Df;h 1 1
<518l -n(D; ) + +2h(+ 5

Proof:

The above statement will be derived using the result in Theorem 18; to that end we
need upper bounds for the quantities appearing there (with r = 1).

Using (31) we get immediately

H
i
L

n—

DS, re1(z) = Dei(0jk) - Njp—1(x) = Z Nip-1(x) =1, §1p < < Ejn,s

j=1—k Jj=1-k

Il
—

thus
|DSn, ke1(z) — 1| = | DS, kei(z) — 1| = 0.

For s, , () we obtain successively

€2

1
WSAmk(x)] = ’DSAmk (5 — xel) (x)‘ = IﬁDSAmkeQ(I) —xDSp, re1(x)

n—1
%'QZNJI@I jk_ZN,kl &Gkt

j=1—k j=1—k
n—1
= | Y Njea(@) (0 — &)
j=1—k
n—1
< Y Njgea(@)0ju — &l
j=1—k

Since
fjfl,k < fj}kfl < fng, —k < j <nand
Ei—1k < Uik <&k

it follows that

LTivk — X4
105 — Ein1l < &k — &1k = % < [|1Aq]-

Substituting this in the above yields

Va5 ()] < [[An] Z = [[Ax]l-

j=1-k
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In order to obtain an upper bound for 3g, , () we apply formula (31) for the function

=9 —zea+ r?e; and write successively

65An,k<x) = DSAn,k (Z—S — Treg + I261> (5(;)
n—1 n—1
- (054 = 2205+ 2%) - Njja () = (05 — 2)* - Njjpa(2)
J=1-k j=1—k
n—1
= Ok — Ep1 +Epr — )% Njpoa(2)
j=1—k
n—1 n—1
<D0 Bin = Gan) Nipa@) + D7 (Gamr = )P Ny (2)
j=1-k j=1—k

+2 Z 1056 — &1 - [§j-1 — @ - Njg—1(2)

j=1-k

< A2 + Sapoi((er — 2% 2) + 20 An] - Sa,pr(fes — s )

< AR + Saneoi(les — 2)50) + 2180 - /Sania((er — 2% )
kA 2

< e+ Ao LR e

k
= (1+4/= ] -1a>

In the above we used the Cauchy inequality and (3).
Replacing the above quantities into the general estimate of Theorem 18, we obtain the

statement of our theorem. O

Taking h = ||A,|| in Theorem 22 yields
Corollary 23 Let f € C*0,1], z € [0,1]. Then, forn > 1, k> 2, one has

DS, 1f(x) = DF()| < w1 (DF5 | Al + 3(1+ 1‘;) s (D3 A - (34)

Remark 24 For the Schoenberg splines S, i (with equidistant knots), inequality (33) can
E—1 k— 1]

be given only in terms of the second order modulus of smoothness if x € , 1=
n n

instead of x € [0,1] since, on this smaller interval, s, , (x) = 0. Thus we get

2
| DS,k f(x) — Df(x)] < 1+2Lh2-%<1+ %) wo(Df;h), (35)

30



for 2 <k <4 +1 (the latter inequality following from the requirement % <1-%1)

n

1
In particular, for h = —, the latter estimate becomes
n

DS, f(2) ~ DI ()| < 2 (1 ¥ \/% ) -y (Df; %) | (36)

Jor2 <k <35 +1

For splines with x; = %, 0 < 7 < n, and second order derivatives one has uniform

convergence on compact subsets of (0,1) only. In this case we can state the following

k—1 k—1
Theorem 25 Let f € C?[0,1], z € [ 1 — } and h > 0. Then there holds:
n n
|D?S, 1. f (x) — D f ()| (37)
1 1 1 1 k—1 ’
< .2 . (D?f: 14 ——.—1[1 T cwo (D2 F:
=75 'n Wl( f’h)+ +2h2 n2 ( + 12 > w?( f?h)7

Jor3<k <3 +1

Proof:
Putting

§ik — &2k
Bjy = ’ .

B 2(6]',19—1 - fj—l,k—ly (38)

formula (32) becomes

n—1
DS f(x) = Y D*f(mjx) - Big - Niga(®), &ak <mjx < n- (39)

j=2—k
One has
By = l.k_l.(url’ﬂk—l’j—l)
> 2 Tjyrk—1 — T
1 k-1 1+k‘—|—1
2 k k—1
1, for1<j<n-—k.

),forlgjgn—k

k—1 k—1
Thus, for x € [ 1= ] , we obtain
n n
1 1 n—k n—k
‘iDQSn’k(BQ(l’) — 1’ = 5 Z 2. Bj,k: . Nj’k,Q(.’ﬁ) —1| = Z Nj’k,Q(I) — 1| =
i=1 =1
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Here we have taken into account that on [ , ] the splines N o, 2—k < j <0, are

—1
zero, and the same is true for N;;_o on [ } forn—k+1<j3<n-—1.
Furthermore,
€3 €2
s, @) = | D2 (5 =22 ) @) = ‘S'D Sppes(r) —a
n—k
= Gka Njk-2(x) = ) &k Njp—2(2)| (§-2k <Mk < &ik)
j=1
n—k
= D Njsoa(@)mjs - Big — &jrz)
j=1
n—k n—k 1 1
< Njg—2() ik — §jr—2| < Z Njg—a(z) - =
7j=1 7j=1
In the above we used the fact that
&k — Ejh-2 = =, if 9k > &r—2,

ik — &ip—z| < L
Sie—2—E&ok =, i <Ero

k—1 kE—1
For B . (x), © € [ ,1— ], we use formula (32) for the function f = Zes —
’ n n

2 res + %1’262 and write successively

3!
2 2 1
0% Biule) = DS (Gea— goeat gt ) (@

n—k

= Y Njo(@) (), = 2em +2%) - Big (&0 <k < &)
=1
n—Fk

= > Niwa(@)(nn —)°
j=1
n—k

= Y Njsoa(@) ik — Groz + Gtz — 2)°
=1
n—k n—k

Ny o () (Mjk — &jr2)” + Z Njp-o(2)(&j 2 — 7)?

Jj=1 Jj=1

(]

n—k
42 ik — &rmal - 1€jnm2 — x| - Njpoa(z)
j=1

1 k—1+2 1 k—1
12n2 n 12n2

IA
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2
1 kE—1
= — |1 _ .
n2<+ 12)

In the above we used the Cauchy inequality and (3). An application of Theorem 18 yields

the statement of our theorem. O

1
In particular, for h = —, we get
n

k—1 k—1
Corollary 26 Let f € C*0,1], z € [ ,1— } and 3 <k < 5+ 1. Then there

n n
holds:

2
1 3 E—1 1
D? — D? < D*f;— ) +- |1 —— | cwe (D*f;—) 4
D800 - D)) < e f,n>+2( e ) o (D217 ) ()
As was mentioned earlier in this note, close to the endpoints there are problems with

second order derivatives. We illustrate this for a simple case in the following

Example 27 Consider S, 3(ea; x) for0 < x < % From the representations for N; 3(z), —3 <

j <0, given above it can be derived that on [0, %] one has

that is
D2Sn,3(62; O) =2 = D2€2(O),

1 5 1
D25n73 (62; —> =-<2= D2€2 (—) .
n 3 n

This is why it is impossible to prove uniform convergence for the second derivatives

on the whole interval [0,1] as =

At the left endpoint % = % of the interval on which we proved uniform convergence

2 2
DzSn,3 (62; —) =2 = D?e, (—) , 4 <n,
n n

again due to the general statement. In fact,

but, independent of n,

— 0.

we have

D?8S, 3(ez; 1) = D%ey()

even for allz € [2,1 — 2],

It is also interesting to note that, while D3es(x) = 0 for all x € [0,1], the second

derivative of S, zeq strictly decreases on [0, 1].

‘n
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5. Global smoothness preservation

Over the recent years there has been considerable interest in the preservation of global
smoothness in various contexts. This intensive research culminated in the recent book by
Anastassiou and Gal [3]. Already in the very first article [2] treating this phenomenon
under a systematic point of view, global smoothness preservation by Schoenberg operators
Sa,.k With respect to the first order modulus w; was investigated. It was shown there,

among other things, that
w1<SAn,kf;t) S 2. wl(f;t)> f € C[Oa 1]7 t 2 0.

In this section we present an analogous result for a certain ”second” K — functional and
the classical second order modulus. To that end we use the following tool given earlier by
Cottin and Gonska.

Lemma 28 (see Theorem 2.2 in [17]) Let r > 0 and s > 1 be integers, and let K and
K’ be given as above. Furthermore, let L : C"(K) — C"(K') be a linear operator having
the following properties:

(i) L is almost convex of ordersr —1 and r +s — 1,
(i1) L maps C"™"*(K) into C"5(K'),
(ii1) L(IL,—y) C I,y and L(I4s-1) CIlyg

(i) L(C"(K)) ¢ 1.

Then for all f € C™(K) and all 6 > 0 we have

Ky (D'Lf;8)r < — - ||D"Le,| - K, <f(7"); (41)

1 1 | D™ "5 Le, ||
rl K

(r+s)s | D7 Le, ||
In the above, K, is the Peetre K—functional of order s, s > 1, given by
K (f:6) = K(f;0;C[0,1], C°[0,1]) == inf{|| f — g]| + - [|¢"]| - g € C°[0, 1]},

(a)p denotes the Pochhammer symbol defined by

b—1
(a)o:=1, (a),:=]J(a—k), a€R, beN,

k=0

and I1_; :={0}.

Now we can state
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Theorem 29 For all f € C[0,1] and all § > 0, the variation—diminishing splines Sa,, k
of degree k > 3 with n > 2 satisfy the following estimates:

kE—1 1
Kalsa,atio) < Ko (55 (G4 0 and (42
E—1
lSa,nfi0) < 3 [1+ 20D a2 )]l (43
where p(A,) = ‘ H(AnH ] is the mesh ratio.
min (Tijy1 — &5

0<i<n—1

Proof:

It can be easily verified that, for » = 0 and s = 2, the assumptions of Lemma 28 are
satisfied by Sa, x with £ > 3. Hence (41) reads now as follows:

1.”1725A—m€2||.5)

— 44
2 [Sa.seol (4

Ka(Sanfi8) < [1Sa.xcoll - o (f;

1
= (fig 1D%Ssel0)),

since ||Sa, xeol = 1.

Furthermore, for k& > 3,

1 k-1 Tyl — Tj
By = 5'7'(1+%)
j+k—1 — Tj
< Lkt 1+ max kTt
2k —k42<j<n—1 Ty k_1 — T,
1 k-1 E+1
< - — (1 2, —— - p(A,
1 k-1
= —-—(14+2-p(A))).
St (12 p(A)
E+1

The 2 appearing in max {2 } in the above is due to certain special cases when con-

k=1
sidering equidistant knots.

Thus
2 1 1 k_l —
D250, f@)] < IF1 T (02 p(A) S Nyps(a)
j=2—k
= P e )
- 2 Tk P\En))

and, in particular, L
-1
1D*Sanpeall < —— - (142 p(An)).

Substituting this upper bound into (44) yields (42).
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For the second statement of our theorem we employ the function Zs(f) from Zuk’s

paper [81] (see Lemma 1 there), also observing the fact that

Here,
W5 5[0,1] ;= {f € C[0,1] : f" absolutely continuous, ||f”||... < oo},

where

1f |20 = vrai sup |f"(z)].
z€[0,1]

Let now f € C[0,1], 0 < § <  be arbitrarily given, and let |2| < §. Then for a typical

difference figuring in the definition of wy(Sa, 1 f;d) we have

|Sankf(@—h) —2Sa, kf(x) + Sa, kf(x + D)
= {Sa,k(f =gz —h) = 2Sa, k(f — g;2) + Sa, x(f —g;z + h)}

{Sn, k(g5 2 = h) =254, 1(9;2) + Sa, k(g2 + h)},

where g € W5 [0, 1] may be arbitrarily chosen.

The absolute value of the first term in curly parentheses can be estimated from above
by
NS,k (f = D lloo < 4lf = glloo-

For the modulus of the second expression in curly brackets we have

IS, k(g3 2 —h) — 25, k(g; ) + Sa, k(g; 2 + h)|

= |D?Sa, x(g;€)| - h* (for some & between x — h and x + h)

1 k-1
< DS, ugll B2 < 5 (L2 p(A) g

We now substitute the function g € W [0, 1] by Z4(f) from Zuk’s paper [81], satis-
fying for 0 < h < % the inequalities

3
17 = 2Dl < 3 -wn(fih), and
" 3 1 _
1Z(Nlleee < 5055 - w2(f5h).
Combining these estimates leads to
kE—1

e~ o

wa(Sa,kfi0) < 3-we(f;d)+ 'T'(1+2-p(An))'W2(f;5)

k_
= 314 T (142 p(A)| -l f:0),
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which completes the proof. O

Since, for equidistant knots z; = 1 0 < j < n, one has p(A,) = 1, it follows

immediately
Corollary 30 For all f € C[0,1] and all § > 0, the variation-diminishing splines Sy, i, of
degree k > 3 with n > 2 satisfy the following estimates:

kE—1

KaSunfid) < Ko (fig- 20 0), and

w2 (S f;0) < (3‘1‘2'&)'&)200%5)‘

6. Multivariate approaches

In the sequel we present statements on the degrees of approximation and simultaneous
approximation for first and second derivatives in certain bivariate cases. We restrict
ourselves to state inheritance principles (Theorems 31, 37) in terms of the classical second
order modulus of smoothness, but similar statements can be formulated also for wy and
w8 (see, e.g., [24, 16)).

All our results below should be compared with corresponding ones by Munteanu and
Schumaker [62]. Due to the consequent use of wy all our estimates will be of at least the
orders given by Munteanu and Schumaker or improve them. Furthermore, again thanks
to we, we are able to better exploit smoothness properties of a given function f than they
were able to do. This is true in particular in those cases in which f has two continuous
partials in either x, y, or both. Note that we are also able to give quantitative information

for more partials than they did.

Several results of this section will be given in terms of so—called partial moduli of
smoothness of order r, given for the compact intervals I, J C R, for f € C(I x J), r € Ny
and 6 € Ry by

wr(f33,0) := sup {

>o(-1 (Z) e+ vhy)

v=0

(z,y), (v +rhyy) € I x J, |h] §5}

and symmetrically by

i(—l)r_” (Z) - f(x,y +vh)

v=0

550.8) 5

t(z,y), (z,y+rh) € I x J, |h] §5}.

Occasionally we will use total moduli of smoothness of order r, defined by

T

> (=1 (Z) - f(@ + vhy,y + vhy)

v=0

wy(f;01,02) := sup {

(I,y),(l’+Th1,y+Th2) €l x J7 ’hl‘ < 517 |h2| < 52}7
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for the compact intervals I, J C R, for f € C(I x J), r € INy and 01,02 € R,
The third type of moduli figuring in this section will be the mixed moduli of smooth-

ness, given for r, s € INy by

§§I§§:<—1wﬂ*—”—“(2) (;) f(@+ v,y + o)

v=0 pu=0

wr,s(f§ 01, 52) ‘= sup {

(x,y),(m+rh1,y+sh2) GIX J, |hz| S(EZ, 7= 1,2}

Several properties of these moduli can be found in Schumaker’s book [73] and in [34].

6.1 Boolean sums

In order to cover Boolean sums of Schoenberg spline operators we will use the inheritance
principle in the theorem below. The theorem is in analogy to two previous versions given
in [35], [36], but it is adapted here to the situation we are dealing with.

In particular the operators L and M will be discretely defined, i.e., for finitely many,
mutually distinct points z., e € E (E a suitable index set) of the compact interval I and

fundamental functions A, the operator L will be of the form

L(g,l’) = Zg<xe) ' Ae<x>‘
ecE
If A, e CP(I'), p>0, I' C I, then L: CP(I) — CP(I').
Likewise M will be of the form

M(h;y) = hlys) - By(y)
fer
and under analogous assumptions will map C?(.J) into C?(.J").
If L is of the form given above, then its parametric extension to CP%(I x J) is given
by
L(Fs2,y) = L(Fya) = Y By Adz) = 3 Flae, ) - Adw)

eckE ecE

If we apply the partial differential operator g—;q = D9 to this function we get

(DO 0, L) (Fia) = 50> Fla A
= 3 g Fleay) ) = X (FO9), () Aa)

that is, D(®? and ,L commute on CP4(I x J).
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Analogously
D@ o M = ,MoDP,

These commutativities will be crucial for the proof of the inheritance principle given in
the theorem below.

One additional difference in comparison to earlier statements consists in our introduc-
ing certain intervals I', J', with I’ C [, J' C J. This is due to the fact that, already for
the second derivative, Schoenberg splines show a certain deficiency close to the endpoints.
This was also observed by Marsden [55].

In other words, we will thus be able to give better estimates on I’ x J' in the particular

case where I' C [ and J' C J. Details will become clear in the applications.

Theorem 31 Let I, I', J, J' be non—trivial compact intervals of the real axis R, such
that I' C I and J C J. For (0,0) < (p',q) < (p,q) let discretely defined operators
L:CP(I)— CY(I') and M : C9(J) — C7(J") be given such that for fized r,s € INy

(g = Lo)P ()] D Tppr(@) - wp(gPs Appilx), z el geC?(), (45)
p=0
and
(h = MDD ()] < 3 Tognr W) - wo(hD: Apgus (). y € T heCUT).  (46)
o=0

Here, I' and A are positive, bounded functions.
Then we have for any (x,y) € I' x J' and for all f € CPI(I x J)

(F = (L& M) (2,)

< Z Z Lppr(@) - Togum(y) - wpe (f(p’q)§ App.r(), Aa,q,M(y))) :

p=0 o=0

Proof:

We want to estimate
‘D(pﬂ) ol[ld— (;L & M) (f,:v,y)\
= |D#% o DOV o [Id — (,L & ,M)] (f;2,y)]
= [D®O [DOD((Id — ,M)(f) = »L o (Id — ,M)([))] (x,y)]

= |D®O [(D®9 o (Id — ,M)) (f) — (D®? o ,Lo (Id — ,M)) (f)] (z,y)| -
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Using now the commutativity D9 o ,L = ;L o D09 z € I’, for the discretely defined

operator L we get
|IDPO (DD o (1d — ,M)) (f) — (D 0 ,Lo (Id — ,M)) (f)] (z,9)]
— |DP [(DOD o (Id — ,M)) (f) = wL o (DO o (1d — ,M)) (f)] (,y)] .

Now the assumption on the quantitative behaviour of the univariate operator L may be
used since the function in [...] can also be written as a univariate function of x with

parameter y, namely as

I'S2is [(D(O,q) o (Id — M) (f)], (z) — L ([(D(O,q) o (Id — ,M)) (f)]y;x) eR.

Yy

Applying D®0 to the function in [...] is the same as differentiating the latter univari-
ate function with respect to x. Hence, by assumption (45), the quantity which we are

interested in is bounded from above by

Zrm o (42 100 0 (1= 20) (1], Anns0))

The p—th modulus of smoothness can be replaced by

8| (4) (o= ) (1), )

for some 2* € I" and [6*| < A, ().

Next we investigate the latter quantity by using the information available on M. The

absolute value of the p—th order difference is equal to

i(—l)Z(f) K%)p (D9 o (Id — ,M)) (f)]y} (" +i6%)] .

=0

As in the above for L, we use now the commutativity for A/, namely D®9 o oM =
y Mo DPO gy e J'. Since

(di) (DO o (1d— ,M)) ()], () = (PP o DOD o (Id—,M)) (f;7,y)
(D9 o D®Y o (Id — ,M)) (f;2,y)
= (D9 o (Id— ,M) o DPO) (f;x,y),

it follows that the p-th order difference can be written as

fj(—l)f (p) (DD o (Id— ,M)) (DPO f; 2" +id", y)

- 1
=0

SO (D () @)= (1) G20 000, .y, <y>}|
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B - () (0.

G- @) (e

This difference may now be evaluated using assumption (46) on M. Hence, its absolute

value is less than or equal to
o : DNy (P) (peo (A
Z U,q,M(y) Wo dy Z( ) i ( f>x*+i6* y Lxo,q,M (y) :
o=0 =0
The o—th order modulus can be written as

A, [(%)qi(—w@) (D@’O)f)x*ﬂg*] (")

=0

for some y* € J" and a suitable n* such that |n*| < A, ;. (y). More explicitly, the latter

quantity is equal to

250 (0) (8) 0000, )

1=0

= |4y i(—l)i (p) (DPO) o ()

]

- e (§) S () o

=0

— Zp:(—w*i (") (p) (D@D f) (z* +id*, y* + jn")
= ‘ j ; Yy TN
< Wpo (f(p’q)E App.(@), Aa,q,M(y)) :

Combining the latter inequality with the observations made earlier in this proof shows

the validity of the statement of Theorem 31. O

We will now give a number of applications for Boolean sums of Schoenberg splines.
In doing so we will not strive to be as general as possible, but restrict ourselves to some
cases of special interest, namely to estimates involving only the mesh gauge of the splines,
but other direct inequalities from Section 3 can be used as well. The results given here

should be also compared to the early paper [14] by Coman.
Theorem 32 We consider the operators Sa, . : C[0,1] — C*710,1] and Sa,,; : C[0,1] —
C'=10,1] for n,m > 1 and k,l > 1. For their Boolean sums we have

kE+1 [+1

_ < AL I R I .
I = GSan@ySanfle < (14500 ) (14 50 ) ana (1AL D),
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The proof is immediate: put r = s =2and 'y, =1, = Logm =Tigm =0 1in

the general theorem for Boolean sums and use (20) twice.

We now turn to statements concerning also the approximation of derivatives. However,
the upper bounds which are derived from Theorem 31 are quite complex. We thus focus in
the following results on certain smooth functions to derive more instructive upper bounds.
Nonetheless the following proof will provide the reader with an idea of what can be stated

for less smooth functions.

Theorem 33 For the operators Sa, r : C'0,1] — C*7'0,1] and Sa,,; : C*[0,1] —
C'=Y0,1] for n,m > 1 and k,1 > 2 the following inequalities hold for any function f €
C?*200,1)%:

@) Nf = (@Sank @ ySan))flloe = O (1817 - 1AR]I7) ;

(i) (f = @Sann @ yS2,0).)) o = O (Al - [|A0]1%) ;
(@) NI(f = (25800 ® 488, )) *Vlloe = O (A1 - 1Aw]l) 5
(@) (f = (288, @ S, /)P lloo = O (1A4]] - 1Am])).

In all four cases O depends on k and .

Proof:

(i) is an immediate consequence of Theorem 32. It is only necessary to observe that
wa2 (£ 1Al AR < IAN - 1 Aw I - 1F -

(ii) We apply Theorem 31 (for p =1, ¢ = 0) withr = s =2, T'o0,5,, , = [0,1,50,, =0

and collect the others I'’s and the A’s from the univariate case, that is

L1054, () =0,
F27075An,k (.T) =1+ %7 A27073An,k (ZC) = HAHH7
Li1sa, (@) = 1, Av1sa, (@) = [[An]];

2
Porsans (@ =3 (14 /5 ) + Aarsa,(@) = A4,

The I'"s and the A’s with respect to Sa,,; are to be chosen analogously.
For brevity we write in the sequel I'; ; () instead of I'y 1 5, , (%), etc. The upper bound

which is derived from Theorem 31 is then as follows:
1(f = (2Sank ® ySa,0 )"l
<Tia(z) [Pro() - wia (Y A (@), Ao(y) + oo(y) - w2 (Y Av(2), Aso(y))]
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+T21(2) - [T10(y) - wo i (F505 Aoi (), Aro()) + Tao(y) - woa(F1V5 Agi(2), Azo(y))]

[+1
_ <1 . 7) e (FOO AL 1A

2
3 [k [+1 (1,0).
+§ <1—|— ﬁ) . (1—1——24 ) c W22 (f >||An||7||Am||)

= O (i (Y5 NAML AR + was (S5O AL [AR]))

O (I Aull - Al 1F**|c)

O (I8l 1Aml?) for £ € C22[0, 11
(iii) This is analogous to case (ii).

(iv) The functions I' and A are the same as in case (ii); they just appear in different

combinations now:
I(f = (25ank ® ySan) ) [l
<Tia(@) - Tia) - win(FOY5A0(@), A (y) + Toa(y) - wie(f5Y5 A (2), A (y))]

+T21(2) - [T (y) - wo i (FOV5 Aoa (@), Ara () + o1 (y) - won(FUV5 Ai (2), Aoa ()]

2
3 [
= o (FO; 2l 1Al + 5 (1 y/ ﬁ> wra (PO 1A, 1 Am])

2
3 k
—{—5 (1 + E) wan (f(1’1)§ 1AL, HAmH)

2
3 /1
—{—5 (1—|— E) T W22 (f(1’1)5||An||v||Am”)]

= O (wia (fYY5 1200 1200 +wiz (FEV5 AL AR
+wz1 (fOV AL AR +waz (FEV5 AL 1A]))

= O (Al - l1Amll - 11F52l0)

= O ([Anll - [|AR]l) for f € C*2[0,1]%. 0

Remark 34 If in Theorem 33 we take the sup norms over [%, 1-— %] X [1—717 1-— I_Tl}

only and f € C33[0,1]%, we get O (||A)|% - |Anl?) as an upper bound for all the quantities
from (i) to (iv) there.

In order to give inequalities for the partial derivatives of orders up to (2,2) which
are not covered by the previous theorem we restrict our attention to [%, 1-— %] X
[I’Tl, 1-— I’Tl] and to the case of equidistant knots.
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Theorem 35 For S, : C?[0,1] — C*71[0,1] and S,,; : C?[0,1] — C710,1], 3 < k <
41,3 <1< 241, the following inequalities are true for f e C*?[0,1]%:

@) 10 = (50s @800 =0 (7 5.

m2

m2

@)1 = 65 @80 =0 (55

() 16 = 6Sha @S * = 0 (1))

n o m
Analogous statements hold for the partial derivatives of orders (0,2) and (1,2). The O’s
-1

depend on k and | and the sup norms are to be taken over [kn;l, 1-— ﬂ} X [l—,l — li}

Proof:

The functions needed now are I'gyg = I'g; = I'g2 = 0 and
I'1o(x) =0,
Fop(x) =1+ %, Aop(z) = %;
I'1a(x) =0,

2
Ioq(z) = % (1 + 1%) . Nog(z) = %?
F1,2($) =1, A1,2($) = %?

Laa(e) = 2 (14 /5 ) + Anale) =

Again, the I'’s and the A’s with respect to S, are analogous.

(i) From the general theorem we obtain

I(f = oSk @ ySma) ) BVl

1 1 1 1
<T'ys(z) - {Fl,o(y) CwW11 (f(2’0)§ —, —> +To0(y) - wig (f(Q’O); —, —)]

n-m n-m

1 1 1 1
+190(x) - {Fl,o(y) “Wa 1 <f(2’0); e E) +Too(y) - wao (f(2,0); -, —)]

n’'m
I+1 1 1
—(1+—=. (20). = —
(jL 24> w1’2(f "n'm
2

I
©
N\
| =
| =

) for f € C*30,1)%.

n m2
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1 1 1 1
< F1,2($) . |:F1,1(y) TWi11 (f(2’1)§ -, E) + F2,1(y) “ W12 <f(2’1)§ — —)}

2
z 11
]_ R . (2’1)~__
<+ 12) w1,2(f "n’'m
3 o1\ 3 T\ 11
° 11 A e 1 . 2. - —
+2< Vo ) 2( i 12) “’2’2<f ' m

1 1
=0 (— : —2) for f € C*?[0,1)%.
nom
(iii) In this case
1(f = (2:Snk ® ySm,l)f)(2’2)||oo

11
< o) - {Flﬂ(?/) TWi1 (f(Q’Z); ) E) +Tap(y) - wig (f(2’2)§

3=

Y

1
n

)

+T22() {Fm(m-wz,l (f@”;l,%) +Daaly) - m(ﬂm ! 1)}

n’'m
11 3 -1 ’ 11
=wig ([P =)+ ST+ = | wie [ F®Y5=
’ n om 2 12 ’ n’m

1 1 1 1 1 1 1 1 1 1
= (—~—+—~—+—-—+—.—>:O(—'—> for f € C*?0,1]*.0
n m n m n m n m n m

Remark 36 The fact that the partials of orders (2,0) and (2,1) are approzimated with

1

the same order O (% . W) is due to the fact that on the small interval [ ,1— l—l} for the

univariate operator S,,; both a function f € C3|0,1] and its derivative are approximated

with the same order. When it comes to the second derivative a power of one is lost in the

unwariate case.
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6.2 Tensor products

For the tensor product case the situation is the same as for Boolean sums: the reader
should compare our results with those of Munteanu and Schumaker in order to confirm
that the consequent use of wy provides more insight. Further papers on tensor products
were provided by Coman and Frentiu [15] and Felicia Stancu [77], for example.

Also in the tensor product case we will use an inheritance principle. It is stated in a
form which exactly suits our purposes and makes the same assumptions concerning the

univariate building blocks as in the Boolean sum case.

Theorem 37 Let I' C I,J C J be non—trivial compact intervals of the real axis R. For
p,q € INg let L : CP(I) — CP(I") and M : CU(J) — CUJ') be discretely defined operators

as given above and such that for fixed r,s € INy
(9 — L) (x ZFM,L (9PN, pr(z), el geCr(I),
and
|(h — Mh) ZFMM we (W5 Ay yri(y)), y € J,h€CU).

Here, I' and A are bounded functions.

(i) Then for (z,y) € I' x J' and f € CP(I x J) the following hold:
= GLoy MAPY ()| < S Tppnla) - wp(F7; Ay (2),0)
p=0

+ D70 LI Toqar () - o (FP950, Mgy (9):
o=0

Here

ID? o L|* := inf{c : [|(D” 0 L)gllow,rr < ¢+ gP]lowrs ¥ g € CP(1)}.

(ii) A symmetric upper bound is given by

Z Pa,q,M<y) ’ wg(f(p,q); 0, Aa,q,M(y)) + ||Dq © M”* ) Z Fp,p,L (l‘) ) wp(f(p’q); Ap,p,L(x)7 0)-
o=0

p=0

Proof:
Recall first that

DD o [ = LoDO®D on CPD(I x J).
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Then
|[f = Loy M) f]7(z,y)|
— }D(p,O) o D) 4 (Id — L oyM)(f;x,y)|
= |[D®? o DD o (Id — ,L) + D*? o DO o Lo (Id— ,M)|(f;z,y)|
=|[DPV o (Id — ,L) 0 DD + DD o [ o DD o (Id — ,M)|(f;2,y)|
< [DPY o (Id — L) o DO (f;2,y)| + |DP) 0 ,L o DOV o (Id — ,M)(f;z,y)|
=: Ey(x,y) + Es(z,vy).

Now, for x € I,

Ei(z,y) = [DPo (Id~L)((fO), ZFP,,L o((FPD) s Ay ()

<) Topi(@)  wo(fPV A, (@), 0).
p=0

Furthermore, with I := D9 o (Id — ,M)f, we have

Ey(x,y) = [(DP? 0 ,L) (F; l’)| = [(D" o L)(Fy; )] < [[(D” o L)(F,)]|

oo, *

Here again F,, € C?(I) for all y € J'. By our assumption on L we have for any g € C?(I)
that

I(D? o L)gll o < (1 +y 20 HFp,p,Llloo,I'> (19 lloo.r

p=0

Hence
|ID? o L||* :=inf{c: [|D” o L)glleoyr < ¢ |g¥||cor ¥V g € CP(I)} < o0.

In our present situation we have

IFPs = | g [P 0 = 0)f], @) =009 D00 (fa = M) fp)
— DO o (1d — M) FPO )|, = deq (Id— M)(fmm)x(y)HooJ
< grgqmg) o (5 (1), Aaaa)) I
< iFJqM(y) Sup s (% (re), JqM(y))



Hence

Ei(z,y) + Esy(z,y) ZPPPL w, (fP9; A, 1(2),0)

+ D" o L3 Togar(y) - wo (FP950, Aggar(y)) -

o=0

The second upper bound can be obtained in an analogous fashion. O
For the tensor product of two Schoenberg spline operators we first state
Theorem 38 Forn,m > 1 and k,l > 1 we have
“f - (J:SAn,k o ySAm,k)fHOOJXJ

L {
(1 ) %1) (5 1A 0) + <1 . ;—41> (30, A

k+142
< (24 2552) -t 1A 1D

Proof:

This is the case p = ¢ = 0, = s = 2. With I'gp(x) = I'o(z) = 0, I'ep(z) =

k41
1+ 5,
at the above upper bound, also observing that [[D%0 Sa,||* = 1.0

Asp(x) = ||An]| and analogous choices with respect to the variable y we arrive

For the partial derivatives up to order (1,1) we arrive at

Theorem 39 Forn,m > 1 and k,l > 2 we have the following inequalities for any f €
C?20,1]2.

(i) I1f = (52,4 © ySan) flloe = OU AL + [ Am]?);
(i) 11(f = (258, © yS8,.) "Vl = O AL + [ Am]?):
(iii) |(f = (258, © 588,) "V lloc = OU ARl + | Am]1);
(1) [(f = (2S804 © 4S8,.) " Plloc = OU AL + [ A])).

In all four cases O depends in k and 1, and the sup norms are those over [0, 1]%.

Proof:
The I''s and the A’s are again the same as in the Boolean sum case (see the proof of

Theorem 33).

(i) This is an immediate consequence from Theorem 38.
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(ii)) With r =s =2, p=1, ¢ =0, in the general theorem we have

1 = (@Sans © 4S8 ) ) lloc,rxs

2
3 k
SlwdﬂmHMMﬁ%+§G+Vfﬁ wp (F10511A4,0)

. I+1
+H[ D' o Sa, I - (1 + T) cwy (fO050, 1 A]) -

From the representation of (D' oSy, ,)g for g € C*[0, 1] it follows that ||D'o Sa,  [I* < 1.

Thus we obtain an upper bound of order
O (@1 (ST Au],0) + wa(FTO5 [ Au],0) + wa(F150, [[Aw]))
=0 (HAnH + HAmHQ) for f € C**0,1]%

(iii) The proof for the partial of order (0, 1) is 'symmetric’ to that for (1,0).

(iv) Again with r = s =2, p=¢ = 1, we have

H (f — (52, © ySAm,l)f)(l’l)

oo, IxJ

k

2
3
s1wquﬂﬁwAmn)+§<“% E)'“ﬂﬂ“ﬁw%wm

2
3 l
1 wdﬂMMMmmD+§<L*VE>'wﬂﬂ“HHMMD

= O (|Aull + [|Aw]) for f e C*?[0,1]%. O

For the remaining partials up to order (2, 2) again we consider only the case of equidis-

tant knots and the smaller intervals [%, 1-— %} X [%, 1-— %} We now have

Theorem 40 For3 <k <2+1, 3<1<Z+1 the following are true for f € C*3[0,1]%:

(i) |(f = oSk 0 ySm) V)| =0 (2 +5);

(i1) |[(f = @Sup 0y Sm) PV =0 (2 +-L5);

(iii) || (f = (eSuk 0 ySmt) )PP =0 (2 +2).

Analogous statements hold for the partials of orders (0,2) and (1,2); O depends on k and

[ in all cases and the sup norms are those over the smaller subinterval given abowve.
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Proof:
The I'’s and the A’s are again the same as in the Boolean sum case (see the proof of
Theorem 35).

(i) From the general statement we obtain with p =2,¢=0,r = s = 2,

0 = Sk uSma ™|
<Tia(x) -wi (f(Q’O); A15(2),0) + Too(z) - wo (f(Q’O); Ass(2),0)

e [o0(y) - wo (f(270); 0, A2,0<y>)

2
1 kE—1 1
<o (£29:0) 42 (14 Bt (4295 1o
n 2 12 n

3 k-1 [+1 1
i I B (2,0).0 —
+s = ( + 24) wz(f 10, —

11
=0 (— + —2) for f € C*?[0,1)%.
m

+[|D?0 S,

n

Note that ||[D? o S, .]|* < % : kk;l was shown in the section on global smoothness preserva-

tion.

(ii) Forp=2, ¢ =1, r = s = 2 we have

| (F = S0 S V]|
<Tig(x) - wr (f( b s A1 o(2), )+F22( ) - wa (f(2’1)§/\2,2($),0)

+ ||D2 oS , i {F1,1 %1 (f @1 0 Al 1 )) + F2,1(y) T W2 (f(2’1)307A2,1(y))}

(iii) Now p=q¢ =2, r = s = 2. Thus

H(f — (28 © ySmi) f)*?

‘ o0

2
1 3 k—1 1
<w (f(2’2); 5,0) +t3 (1 + T) "W (f(2’2)7570)



7.

1 1 1 1
=0 <w1 (f‘“’, - 0> + Wy <f‘2’2’; -, 0) +wp [ f32;0, —) + wy (f(”); 0, —))
n n m m

1 1 .
=0 (— + E) for f € C*30,1)%. O

n

Concluding remarks and open problems

1. For the case of equidistant knots we were able to show

min {2z(1 — z), £}
. n+k—1

(Spr(er —2)H)(z) <1

Forn=1, k> 1and n > 2, k =1 the constant 1 can be replaced by % It should
be clearified if 1 is globally optimal.

It would likewise be desirable to have an analogous inequality for general knot

sequences.

Instructive exact representations (and thus lower bounds) for (S, x(e; — x)?)(x) are
only known in a few exceptional cases. It would thus be of interest to find such

representations or lower bounds for more general combinations of n and k.

. Strong converse inequalities also seem to be known only in very special cases. For

piecewise linear interpolation at equidistant knots see Ditzian and Ivanov [23], for
Bernstein and related operators consult the papers by Zhou, Totik, Knoop, Ivanov
and Ditzian [51, 79, 23]. It seems as if there is no strong converse inequality even
for the case of quadratic Schoenberg splines, rather a popular tool (cf. their use in

packages such as MacDraw, for example).

. Likewise it would be desirable to prove at least inverse and saturation results in-

cluding such for derivatives.

. We have only given estimates for the approximation of derivatives up to order 2.

We are not aware of corresponding estimates for derivatives of order [ > 3.

. The preservation of global smoothness is well understood for Bernstein operators and

their derivatives (see [17]). For the Schoenberg operator this appears to be much
more difficult since derivatives of order [ > 3 would have to be also represented

appropriately in order to come up with inequalities such as

WQ(DISn,kf; 5)
wo(D*Sypfi6) < . oowa(f";. ).
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