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PROLOGO

'La presente Monografía de 1a Academia de Ciencias de Zarago-
za sirve de complemento a la publicación efectuada por 1a Edito-
rial Springer-verlag (Berlin, Heidelberg, New York) en su colec-
ción "Lecture Notes in Mathematics", con el títu1o "Orthogonal
Polynomials and Applications" (Proceedings, xfII + 3Q4 pp.' Sego-
via 1986)

En dichas Actas figuran publicadas 9 conferencias plenarias,
13 comunicaciones y una colección de problemas abiertos. En esta
Monografía se Íncluyen 18 de 1as comunicaciones restantes.

Todas estas conferencias y comunicaciones fueron presentadas
en el "second International Symposium on orthogonal PolynomÍals
and their Applicationd", celebrado en Segovia (España) los dlas
22 a 27 de Septiembre de-1-986., aI que asistieron 102 congresistas
y de1 que fue Presidente .de Honor el Profesor Luis Vigil Yâzquez.

Se celebraron L2 sesiones plenarias de l-h 30m, impartidas
por 10 Profesores invitados, 1- sesÍón de problemas abiertos I
vari.as sesiones en las que se presentaron 50 comunicaciones. Las
19 comunicaciones restantes,. que ho figuran ên la publicación de

Spriñger-Verlag, ni en ésta, fueron rechazadas o sus autores no

1as entregaron para su publicación.

Entre las Instituciones que hicieron posible la celebración
'del Symposium o 1a publicación de sus resultados, debemos mencio-'
nar 1as siguientes ¿

Comisión Asesora d,e Investigación Cientffica y Técnica
Consejo Superior de Investigaciones Científicas
Confederación Española de Centros de Investigación Matemáti-

ca y Estadlstica
Universidad Politécnica de Madrid
IBM-España S.Ã'..
Junta de Castilla y Leon

Diputación Provincial de Segovia
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Ayuhtamiento de Segovia
Caja de Ahorros y Monte de Piedad de Segovia
Editorial Springer-Verlaq
Academ.ía de Ciencias de Zaragoza.

La publicaci6n de Las Actas de Snringer-Verlag y esta Mono.-
graffa han sÍdo dedicadas a Ia memoria de1 Profesor José Luis
Rubio de Francia (+).

El Comité organizador de1 Congreso estaba compuesto por los
siguientes Profesores:

Manuel Alfaro
Jesús Dehesa
Francisco Marcellán
José t. Rubio de Francia
Jaime Vinuesa.

La Academia de Ciencias de Zatagoza se congratula de haber
podido contribuir a la publicación de un cierto número de comuni-
caciones del Syrnposium.

Rafael Cid Palacios
nditor
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ON EXTEITSIO}ISOF FTNI1E SEQUENCES OF ORTHOGONAI, POLYNOMIALS

¡{". Pil". ALFARO and Luís VIGIL

Dpto. de Matemáticas
Facultad de Ciencias

UnÍversidad de Zaragoza
50009-zARAcozA (ESPAñA)

Abs tract
It is kno$rn that if -- 1

{r,n t zl }n_ j is a finÍte sequence of orthogonal
polynomials on the real- Iine or on the unit circle, then,thère exists a
unique (except for an arbitrary constant factor) polynomial P-(z)
having sone Þrescribed zeros and which Ís orthogonal- to the '^ above
sequence. Here, bre prove an extension of this theorêm.

O. INTRODUCTION

Let {r,rr{z) }'-o be a sequence of orthogonal polynomials on an

algebraic curve y in c rn Þarticular, \ ='I = {z : lzl = f} or
y = R will l-¡e consÍdered (in the.l-atter case, the notation
{f,.,(x) }l-o will )¡e used). For every n , nfi(z) = ,"q f}l and the
reprod-ucÍnq kernel function K' is defined l:y

n
Kn(z,y) =.-¿ entVlrntrl y e c-- h=o "

We \^ril-l denote by n' the linear subspace of Clr] (or n[x];
it depends on the case considered) of the polynomiaLs of deqree smaller
than n+l- ; *r, will be the matrix of. moments and 

^n 
= det mn .

For orthogonal polynornials on T it was proved in [Sl that given
a finite family {Ph(z)}i=å ancl q e c with l.rl . r, there exists a

unique (except for an arbitrary positive constant factor) polynomial
fr.,(z) such that {fnt"l }f;-o is an orthogonal system on T änd
Pn(d) = 0 vn ) 1 we wilJ- prove that this result can be extended to
the case l"l = r

For real orthogonal polynomials, if the inner product defined in
Tn_l is known, a similar resul-t will be furthermore proved; in this

casê, o may Ì:e any real number different from the zeros of the
(n-1) -th polynomial r this restriction is not surprisin<¡ because of
the separation of the zeros of consecutive orthogonaf polynomials on

R

Botll casês are re]"ated to a sÞeciaL kind of extensions which will-
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be callecì Stieltjes extensions (S-extensions, for short). We begin by
making a short summary about them.

I. ORTHOGONAL POLYNOMIALS ON A FINITE SET OF POINTS

Let {cr}!-, be complex numbers non-zero and different pairvrise,
provided of the respective posj.tive weiç¡hts {nr}!-, we define in
Tn-1 , vectorial subspace of al"1 , an inner product by means of the
Riemann-StÍelt jes sums

n
<P (2, ,Q(z) > = f

h=l-

In particular,
i

I'l

PnP (on) Q (on)

h=l-

PrQ e rr
!

n-1

.n
")r= t on'i%j (o I í,j 4 n-1)

and we have a positive definite hermitian matrix *r._t = ("ij)
from which r4'e can obtaín {Ph(z) }il=å in terms of determinants
polynomials are an orthogonal basis for rn_1 . It is sho\,rntha

.Krr-l(",ar),Krr-r(2,a.)>. = ri1ôij (t 1i,j a n)

n-1
i,j=o

this
Ë

and
rn- 

1

{xrr-r(z,or) }!=, turns out to be another orthoqonal basj-s for
Tlìe converse is true, so r^te have:

PRoPoSITfoN 1. Given n complex numbers {cr}f=, non zero ancl

different pairwise, and a positive definite hermitian matrix
mn-l = (.r¡)Tli=" , the syste* {*r,-L{z,ar)}!=1 is an orthoqonal-

basis for nr-l if, and only if ,

gj
c_. = ) p.a,.dJ rc1i,i1n-I)rt -:, 'h h rt

II- I

where

Ph = Kn-l(an,on)-" 0

If we define
n

" = f "."1 e] j=0,1,2,...,n-rnl i=1 'r- l

r4re can ôonstruct a ooJ-ynomiat with deqree n , Pn(z) , in'.the usual-

form, vrhose zeros turn out to be {or}f-, . If we define .r,. I-ry

means of the corresponding Riemann-stÍel-ties sum

nr
i=1"(onn

n-nD.Ct. rI.'a l- 1

14



there results a singuLar matrix [., ,

^hl0 
h=0,1,...,n-1 ì

By defining
(0

".,r = "ìi 
* tr, ' tr t o

it results Ar, =. r, Arr_1 t 0

Vfe have, so, an extension of
product defined on rn ; Besides,
forr. n

mn_l and, consequently, an inner
{err(z)}f;-o is an orthoqonal basis

(aon) = Ç)

that is to saY

A =0n

DEFINITION. lrle will- name S-extension to any extension of h--r
defined by the above form, htith e- ) 0 Such an extension wilf ber-nsaid terminal if e = 0

n
' It is easy to verjfy that

P (z)-n'-' v t- ^ \= Pi Kn-1(z,or) i = I,2,... 'n

and so,

PROPO9ITION 2. Given the matrix of moments mn-1 and n complex
ìnnumbers {a 1}'j=1 non-zero and different pairwise ' er., (z) =

,n
= Àrr_1 

,8, 
(z-or) is the nth-orthogonal polynomial in the

S-extension of mn-1 to mn , if, and only if, the functioirál
coefficients of the Lagrange interpolation formula of Pn(z)

constitute an orthogonal ):asis for tÍn-l $rith reqard to the inner
product defined in it by mn_l .

NOTE: A detailed study of the s-extensions can be seen in lZ]
For orthogonal polynomials on R and T , [1"] and l.z) -

II. STIELTJES-EXTITNSIONS FOR ORTHOGONAL POLYNOMIALS O!.'l ALGEBRAÏC

CURVNS

Let y be an algebraic curve of d.egree h and equation:
hf

,q=o
a zPzQ=opqp

i) À positive definite hermitian matrix *rr_1 = ("ij)
verifying the lÍnear conditions

n-1
i,i=o

l5



h
5- a c. = o

p iE:" Pq r-+P , I +q i,j = 0,1,...n-1

the zeros of p.(x) and in the

is said tD bìe amatrix of order n relative to y

ii) rhe polynomiafs {ph(z) }i=å defined from mn_1 in the
usual- form, are called orthoqonal on y

iii) Any extension of mn-1 that is itself relative to y is a
y-extensionof m -.n-1

One, nâturafly, wonders if there exist y-extenèions of Stieltjes
Concerninc¡ this, in [S.l it is proved that the zeros of the
pofynomial Pn(z) corresponding to a y-extension of Stieltjes are
sirnple and belonging to y - Conversely, qiven mr", , if its minor
mn_1 verifÍes the condition of PROpOSITÌON 1, pn(z) has simple
zeros on \ , - {crr}l-, , which provided of the respective weigths
tK- ,(o_.,o_.) -j.' . determine a S-extension m .n-I I a l=l n

If o. is a S-extension.and {or}Ï=, are the n zeros of
n.,(z) , the elements {.ho}il=å are sufficient to determine the
remaininq elements of mr., : in fact , t.he numbers {nr}l_, are
obtained. as the solutions of the svstem

n
n) Ð.ü. = c.--'Ì J- ho

h=0,1,...,n-1

. Consequentfy, not any matrix relative to a curve y corresponds
to a S-extension.

IIT. THE CASES Y=R A¡]D

and let
Y = T . EXTENSIO\IS V.TTTH A FTXED ZERO

{pn (x) }f;=o be orthogonal polynomials onT:ê+ w = P

the real line. If . ,n]CX.l. -- 1-I=1 are
Chris tof fe 1-Darboux formula

k-
t( - (x;vln-_L ' k

n

( lel p. 43 , form, 3.2.3)

wepul "=oi, y-(tj
l:ejnq K .(n.,o.) > 0 Vi.- n-a I I
rea I I i rro any y-e x L.ens lon is

"._, 
(" , o" ( 

") . "" 
(I), )

x-y

it resul-Ls Kr.,_l-(oi,a-) = 0 Ví I i,
Hence, in orthogonal polynomial_s on the
a S-extension.

Let l=T andlet {lntz)}f-o be orthogonaf pofynomi.als on
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the unit circle. If Pn(z) corresponds to a S-extension, it has n
zeros {"r}Ï=, different pairhrise, wirh l"il = 1 vi . So,

det nn = 0 . Conversely, if prr(z) has its zèros of modulus 1 , they
are just the n zeros of p*(z) and the ChrÍstoffel-Darboux formul-a

Þ;-til n¡ {z) -n,., {y) er, (z)
xrr-r(z'Y)

( [6] , p. 293 , form. 11".4.5),

byputting r.=oi , y=di ,yields Kr.r_r(or,c_)=0, íl- so
that, s¡e have a S-extension. In short, if y = T then,a y-extension
l:s a S-extension if and onLy if it is a terminal extension.

V'le wil-I Þrove nov, the results mentioned at the beclinning.

PBOPOSITION 3. .Let us consi<1er an inner product in rn_1 , defined
by a n x n Hankel matrix ; and its associated orthogonal polynomial
system {nntxl}i=j . For every o e R with Þrr_r(o) I 0, there exists
a polynonial of degree n , pn(x) , (unique except for an arbitrary
positive constant .factor) such that {nn (x) }f,=o is an orthogonal
system on R and p.r(o) = g .

Proof. Let mn-l- = ("r*¡)Trl=" the Hankel matrix. By usinçf the
expression in terms of determinant for pr.r(x) , the conciition pr.r(c)=0
can be irritten

o

1

=1

"2

n-l- n

s n sn+1

s-n- -L " 2n-2
n-lo

0

-s2rr-1Pr-t(o) =0 (1)

and. on
(1) implies

(2)

n

I noo

Because the above determinant depencis excLusively on ù

the moments in rn_l- , we represent. Ít by 
^(q) 

Rel_ation

"2.,-t = ^(ù) [pn-1{")]-1

and =2rr_' is rletermined providecl that prr_, (o) I 0 . So, the

t7



determinant p (x)-n is defíned

NevertheLess, to construct m we need to know S2n The

relation Á = 
^ 

(s^ ) = 0 "ur, ¡å interpreted. as an equation innn¿n
"2r, hrhose solution =in corresÞonds to a S-extension. Final-Lv,
positj-ve dêfinite êxtensions are obtained for values

"2.r="!rr*tr, ' en'o

we want to note that, accord-ino to PRoPosITIoll 3, the n-th
Þolvnomial p (x) is obtained before the character of the extonsion
has been decided." So, the zeros of nrr(z) are the same whatever this
chatacter is; this situation is very different from the one of
orthogonal oolynomials on T , and it iç, probabl-y, unicrue in the
theory of orthogonaf pol-ynonialson alqebraic curves.

#

the

NOTE: PROPOSITïON

polynomial-s on the
in tsl and [ro_J

3 completes the result about determination of
real line by some of their zeros that can be seen

-I

gS.oPosIqroN 4. Given the finite fanily {Ph(z) }i=å of orthosonal-
polynomials on T and ci e T , there exists a pofynomial of deqree
n , Pnlz) , (unique exceÞL for an arbitrary positive constant factor)
such that {nntz) }f-o is an orthogona} system on T ancl Prr(c) = 0

The extension of mr_1 to *r, so obtained is a S-extension.

Pïoof. In this case the matrix'of moments is a Toepfitz matrix,
ñ- 1

mn_1 = (cn)n=irr_, with ._h = .h .

Any ToeD1itz extension is deternirred b¡z cr. . The S-extensions
correspond to values 

"l 
such thât th€) asriociated matrix, m', , is

singullr. nvery .t u"Ïorrg" to the cir:cle h'ith centre c and radius
en-1 ( 12) , p. 43 , form. (6.3) ) . so, for every -..Jr" [o,zn) , wê

obtain a S-extension determined by '"J = "*".-a"tç , wÍth n-th
polynomial

itâ
n-I n--L

c^c-n-¿ n-l.

err(z; tg )

o

1

"r-

c-n+1 c-n+2 OI
n-l n

18



which, by a routine algebraic calculus (121

can be expressed

Pn (z; g ) = ".r*1 
zPn-r(zl-er.,-reÍ9n*-., {z)

Since there must be Pn(0,P) = 0 for
extension is completely determinecl. by being

- ia..rln_1(e )

P* . (era)
n-f,

p.45.-form. (6.9)),

aa0=e eT,the

"i9
aa

=e (3)

Explicitly

v=2

where {ß . }l

(n-2) a
n-1t
i=1-

arg (uit-ß.)
l

n- l- are the zeros of Pn_l(z)

Rel-ations (21 and (3) define both of them functions .2rr_i =

= "Zrr_f(ol 
and V= Q(a) . Their study furnish a simple geometric

interpretation of the knov¡n ÞroÞerty about separation of zeros of
n-th polynomial-s associated to S-extensionson R or T (I1] , .þl I

IV. THE GENERAL PROBTÊM OF EXISTE}TCE O]I S-EXTENSIONS

such as we have explained in I , the existence of S-extensions
can bê related to the problem of Lacrranqe interpol-ation. The

christoffel-Darboux formufae clarify compretefy the cruestion for
orthoqonal- pol!¡nomiafs on R or on T ft seems natural tb wonder
$that hapÞens in the remaining cases.

we have christoffef-Därboux for¡nulae for others algebraic curves,
specifically for harmonic hyperbolas l-Bl and for cassinian curves
and temniscates of Bernouilli, particul-arl-y' [¿] . rn this one, the
method employed in III, seems unuseful on accoìmt of the nature of
the formulae; in the former, the application of this methoC requires
some additional conditions; it is not surprision because, except for
the cases R and T , not any extension is a S-extension, but there
are S-extensions.

When one d.oes not have christoffef-Dârboux formulae, another
method must be used. Since the fol-lowinq relation hofds

n- l-ri''i=o

+

i_it. z v-'IlKrr-t(z'Y)

t9



where (uij)i;i=" = [,.rr,Ï;i=J 
t 

, one cou]d starÈ bv determinins

the values V,"for wnictr the corresponding equations Xrr-t(z'Y) = 0

have different pain"¡ise zeros,!r22,...,zn-I'

Then, one must choose the sets of different elements

(2r,2r,...,2r.,."1,Y) such that ever!¡ possible pair of el-ements of every

orrJ oi them iatisfies Kn-1(z,y) = 0 Finally, that a S-extension has

been really obtained must be shown'

This têchnique, sÍmp1e in theory, does not seem easy to put into

practice, at least, in general.
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INVERSE I.JROBLEMS,MOMENT THEORY AND T}ìE MAXIMUM ENTROPY FORMATISM

J.ANTOLIN
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' 5ooog-Zaraqoza.Spain.

/\bstract

. The reduced Hausdorff moment problem is approached as a special case
of a generalized underdetermined inverse problem.The t'lãxinw Entropy (¡4E) Formlism
for these sort of probÌens is used:!rle choose belween all the weight. functions comp-
atiLrle wiLh the constraints imposed by Èheir firs N+1 trloments,the one which maxj- -
mizes the entropy Functional of thê weiqht frjnction.

The proPerties of the approximations to the weight function obtained
by this method are studied andatheoreticaL.and numerical comparative study is also
done with the rcrc familiar methods as orthoqonal Polynomial expansions an¿l Stielt-
jes-Chetryshev approximations to the weight function.

1 ..Introduction

. The aim of this paper is not to apply Moment Theory or properties of
orEhoqonat Polynomials (op) to physical problems,but conversely,to use â verygeneral
physical principlc.the Maxinium Entropy lrinciple,iri order to obtain sequences of
solutions, XjNl*l ,to the reduced l.tausdorff rcment problem.

In section 2.rde briefly review the reduced rcment.problen and some of
the nethods to solve it..In section 3. wê introduce the ME method and finally in sect-
ion 4.some numerical results and.bonclusions are presented and discussed.

2.The reduced Monent Ptoblem.Methods

Many phy.sical quantities of grcat interest are related to integral
transforms of nonnegative functions.

.a
< r>= l¡ n(x) ¡{x)dx , x(x)) o, x ( [a,u] e-1)

rameters is an old md rerl knæn probrem. rn its ùsual form the known parameters
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consist of the rcmênts of the wej"ght X(x)
ä

p 
m =(x5 =f b xm X(x) dx, n=0,1,2,... (2.2)

Moment theoïy provides rigorous bounds on the average of F,<F),by using
the properties of the OP system associated to the weight. ft] .Someti'rnes this is not

sufficienÈ but infornation on the actual weight,X(x).,is wanted-

Even in the theoretical case where rcments of all orders exist and are

known,the complete set does not necessarily miquely determine the weight fZ,:] .tfr.
practical(physical) si¡¡¿¡ion is one where only a few moments are available,either
from experinentaL measurements or from theoreticat calcuLations,so a unique reconstruc-

tion of ¡(x) is inpossible in view of this limited infomation.

Nevertheless there are approximation procedures constructing sequences of
functions lNl*l =r"f, that their moments are the known ones

a

I x(xl
mx dx - Um ,¡=Q,1,2.. (2.3)b

and which eventually converge to the true weighL when N tends to infinity or such

that we have average convergence,

( F)= Iin
N+é

j'"t*r {l}i dx (2.4)

'(2.s)

(¿.b)

Thén we also have

b

Perhaps the trc best known methôds for this sort of inverse problems are

the Orthogonal expansion method and the Stieltjes-Chebyshev technique related to Pade

Approximants (PA) and continued fractions.

In thê OP expansion method or the Reference weight nethod, Ial ,we expand

the unknown'weight in this form :

¡(x)=w(x) f, arPr(x)
n=o

and we l-ook for sequences of approxímations
(N} N

X rxt=¡41*,, ap (x)
oP ,=o n-n ""

x(äi") such that

are OP with respect to w(x)where l.l (x) is a known wej"ght and P, (x)

the usual orthogonality property:
a

I P (x) P (x) w(x),b n m

l"re can calculate the coefficients an

a

"rr= /. 
Pn {x) x (x) dx ,n=o , 1 ,2 , " "N

D

solving a (N+1)x{N+1) system of línear equations.

dx= ðm (2.7)

))

(2.8)



The main advantage of the method is that it is easy to solve and also

that the approximations are continuous functions.On the other hand some of the dif-

ficulties are that we have to choose Properfy W(x) and to study the convergence of

equation (2.5),which depends on the abive choice.It is usual to have many oscj-llating

approximations ans sometimes we loose positivity in the interations.

In the stieltjes-Chebyshev method we âttempt to aPproximate the nonnega-

tive function X(x) by finite sums of delta funcÈions
.n

*jNì*) a* = avjNl*l =r:',tj"'o(*-.Í')) a* e.st

where N+1=2n is the nurìber of known moments and

-(n)1.
I

----Tn)
1+2e.

t

n

["-r /"] ,-.1") é ¡0, r'l , rÍ")> o

(n)tj*1

(2.10)

(2.11)

i=1
1

is the Pade Approximant to the Stiettjes function n(z)=[^ X(x),/('l+xz)dx
The rerationship between the motrÊnÈs and Èhe parileters ij"' ,.1"' ueinq, [2,s] :

'*= i=.Í',1"'
r Í")

I k - 0,1,2,...,2n-1=trt

This method yields a steps distributíon approximationx(!) tu X:(x)

(n) o. x..er(t)=0

tn)

s
v

Y

. Ít) ,or i<. i)'

i ,'"
trF1 P

n
E r(n

trFl P

, !?) *.l
(n)

e<x

(2.12)

*(n) _
s

(n)
, e. <

a

Such distributions satisfiy the chebyshev -i-nequalities ¡

v(:) (.1")-o)-. v(!) rrfn)-o){v(6Ín)r¡v(i) t.lnlola * Jn' (.(l)*o) r m> n (2.13)

The nain advantage is that we get ricorous upper and lower bounds on the distribution

¡(x) .and also on the averages of F, (r) .The Min difficulty is that we have a dis-

continuous approximaÈion to de distribution and a mothing Procedure is needed in

order to have continuous approximations to the weight X(x) .

fn principle we only have bounds at the Iþints related to the Poles of

the pA but by using the sequence of quasi{rthogonal polynonials we can arbitrarily

vary the position of one of the poles of the aPproxìmnts.
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3.The Maximw Entropy Formlism

The non unigùeness of the solution of the reduced momenÈ problem forces
the search of other alternative methods in order to compare the different solutions.
In view of the mÉlin difficulties of the previous methods:the lack of positivity inthe
first and the discontinuity in the second one.we are going to try and get approxima -
tions which automaÈj.cal-ly have positivÍty and continuiÈy.

The ME meÈhod is based on a very general principle which is the foundàtion
of the Statistical Mechanics and has recently had a large nu¡nber of succesful applica-
tions in other inverse problens including inage reconstruction,data analysis and in -
formtion theory. I e ,f ,e]

For many years it has been recognÍzed that entropy acts as a kind of mea-

sure in Èhe space of probability distributions,in such a way that. those distributions
of hiqh entropy are in some sense fãrcured over others.Nature prefers distributions
of maxinw entropy.so distributions of hígher entropy are more likely than others.

We can state bridfly the principle in this r"y [O] ,

lJhen we make inferences based on inconplete ÍnformatÍon we should draw

them fron that probability distribution that has the ¡¡aximum entropy pernitted by the
infomation we actually have.

The inænplete informåtion we have now is the set of N+l first rcments of
à function and the ME þrinciple says that we have to choose between all the weight
functions conpatibLe with the constraints imposed by their first N+l moments the one

which naximizes the entropy functional of the weightl
'1Nl

s(x)=- / ¡1(x) tn¡(x) * *, 
1=otrrt 

rr-.fo x(x) xn ax ) (3,1)

The ME choice is the least biased choice we can do taking into accþunt the
information we do havê.We are going to see hæ this generål physical principle leads
to sequences of approximations which have many interesting and concreÈe propèrties.

1o calculate the ME solution to our proble.ra,we have to solve this Lagran-
qe multiptier problen:fj.nd Èhe maximm of S(X) perûitted by the constraints,

Functional variation with f,espect to the unknown X (x) gives this expresion
for the l,lE solutions:

N

x(|)= exn{- r 'r,
- n--o

suplenented by the conditions
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,n=o,1 ,. ., ,N (3,3)

gle can see how these approximations autodat.ically incorporate positivity
and continuity.In order to get mximw entropy solutions we have to solve a non Ii-
near systenìof N+1 equations with N+1 unknown Lagrange multipliers. ThÍs sysÈem can
not be solved analyticaly except for N=1.

After normr:lzation we have the forrowing reration between ro and the
remaining Lagrange multipliers :

t1 nu =l x xjn)t*t a*

exp (-lo)= / a"
o

N
e:e(-E-Àn x^, =zn=l (3,4) \

Therefore we have Èo solve tllis system of¡.equations ¡

{ xn) = Þn , n=1,2. ..,N

where
I

Í
o

Àrrxn) /z

(3,5)

(3.6)

¡N) [s] whose statio-

< 
"k>

d* *k

Now we introduce a potential fuction U(I1,12,
nary Foints are aLso the solutioris.of ME.

N

er{p (- t
n=l

N
U=Ln Z+ t

n=1
!r1., O =au,zAÀ =4xn7 = urr,t=ì,2,...x (3,7).

There are some properties concerning the solutions of l4E and the poten-
tial U(tì, Ì2, , t*)

First it can be proved that the potential U is everywhere convex.This
means that if a stsÈionary point ís founct it must be a unique absolute minimr¡¡n.Con-

versely covexiÈy alonê does not guarantèe the existence of a ninimr¡¡n.The exiétence
of ME solution depeds on the sêquence of known moments¡as can easily see itr thê an-
atlytic case N=l

1

z= ! _a* 
ex¡r(-lrx)=(1-exe(:lr)/tr', , u(À.,)=In((1-exe(-Àr)),/tr1) +À1ut 

[3,s]oi

U(tr) is a convex function but. posseses a mini¡u at sone finite Àl.only
if ut <1= uo

to guarantee Èhe existence of a ¡{E solution are given

The conditions the sequence of rrcmentsf, nlO mult satisfy in order
the following theorem I S].

25

\
by



isary and sufficient condj-tion that the trþtential U shouLd
hâve a unique mininum aÈ sone f,inite values of ]atrlbdas,for any N ,is that the moment
sequence 

{, "} 
,r.o should be a totâtLy monotonic sequence:

k
o*un =_]" (-1)m fl)un**) o ; n,k=o,t,2..ë {u f "roêtt' m=u ( 3,9)

This theorem guarantees the existence of a ì48 solution X(|) for .ry ll.
The soluti-on is nonegative,absoluÈely continuous and satj.sfies the reduced momentpro-

blen.

There is also a theorm on convergence [e],
T2.- A ME sequence ll) *ittr the above general properties converges in the

following sense:

1

" rijm I
N-t6 0

(N)
E

F(x) dx = ,f X(x) F(x) ¿lx = {F)x (.3,10)

where F(x) is some continuous function

4.- Nwerical results,conparisons and conglusions

. We have used a clasical Newton minimtion procedure to find the parameters
\1, \2. ,l¡l whete the IÐtentiaL U is ninimw,that is to say,where there is a ¡48

solution to the reduced rcment problen.

. Figure 1 shows the ME sequences obtained by using 1,2,3 and 4 moments of
a lþIynomÍal weight,It can be seen how the ME approximations cut the true weight so

many times as monents we use.

figure 2 shows the first :tlE approximations to a mre cornplica!êd polynon-

ial.ln fact the fifth approxination is already a very good one,taking ínto account

the small nunber the parameters needed.

As PÀ are exact approximatÍons to rational functions,i.e. when the weight

is a finite sw of delta functions,the ME nethod is also exact when we have the rrc -
ments of an exponential of polynomials..Figure 3 shows the first three approximations

tô an exponential of polynonj.al of degree 3.fn fact the fourth appxoxjration is just

the exabt weiqht.ff.we insist and try higher polynomials the new lambdas are always

àero "

Flgure 4 shows a conparison between a Stieltjes ând a ME approxination ln

a physical case where we do not know the true weight function but iÈs first eight mo-

nènts.The.unknown weiqht is related to the inaglnary part of the K-p scattering mpli-
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tude which is not accesible exþèrinentally. Ito]

The Stieltjes.histogrms for the distribution function constructed by

means of the poles and residues of the PÀ can be seen.Al-so the interlazing proper-

ties of the zeros of the denominators ,which are OP with resPect the weight, are

àpparent.

We can also see how the ¡lE distributions keep inside the bounds imposed

by Èhe chebyshev lnequalities,on the right hand side we have tile corresponding we -
ight functions obÈained from Èhe slopes of the segments joininq the mid points of

the discontinuitiès of the Stleltjes distributions and the ME solutions.

And fínaLly in figure 5 we have a conparison between a StielÈjes-che -
byshev approximation obtained by using quasi-orÈhogonal IDlynomials and our ME we-

ight.Despite of usíng very different methods they are quite similar'

The conclusion is we nweed various alternative methods of inverting the

reduced moment problem owing to the non uniqueness of the solution.In Èhis way we can

compare the differnt solutíons,Each method has advantages and dificulties but sone -

times they are conplementary as in the case of Stiettjes-Chebyshev and l4dimum Entro-

Dy extrapolations.The first method provides rigorous bounds on the distribution func-

tion and the second one chooses between all the ¡Fssible distributions,compaÈiblewith

the moments we have .the one most reasonabie in a certain sense:the least biased. dis-
tribution on the base of the information we actually have-
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Figure Captions

Figure 1.-llaximlxn Entropy approxinations obtained with 1,2,3 and 4

moments to Èhe polynonial weight X(x)=z)(

Figure 2.-!.!axÍÍlun Entropy distributions(above) and weights(below)

to the weight function ¡{*)=*2+2*3-3x4 ,obtained with
2,3,4 monents.The fifth approxiration is already very

near to the weight.

Figrui€ 3.-Maxj$u¡nEntropyr'reights for an exponentíal of a polynonial.
The fourth äpproxitnation is exactly the weight function3

Maxj¡¡r¡n Entropy approxirnations aÌe exact for this kind
of functions.

Figure 4.{onparison between a SÈieLtjes and a Maximum Entropy

åpproximations obtained Tith 214,6 ând I rþmenÈs.The t!,aximm

Entropy distributions kecp inside the bouds irÞo6ed by Èhe

Chêbyshev lneguâfitl.es.

Figure 5.Compårison betseen â SÈieltjes{hebyshev approxisatj-on using

quaslorthogonal Pollmo¡nial¡s ai¡d ¿ tlaxÍml¡r EntloPy aPProxination
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Taking into account the relations

r( ] +it)rt { -itl

T. TNTRODUCTION

Some of the results presented here were published recently il]'
The others are nehr. v{e will start r^'ith some historical remarks.

In 1g10, pidduck lz) used the oolynomials un(z) qenerated by

(1*.1:. 
=- Ë. u,r(z)tn (1)

( 1-t) z+1 n=o

rn 1940, Hardy l¡] studied the orthoqonal set Prr(x)
*1

. Pr,(x)=(-i)turr(-j+ix) (2)

.+- P (x)P-(x)
/ n','m dx=$ (3)

J -- cosh rx nm

'we can vrrite the Íntegral
4,2 of the functions rlin

r (4)
cosE- rt

as the Hermitian scal-ar product in
and ù (t) \^rith'n

(3)
(r)

ü,r(t) = n-t/2 rt f *itln,.,{- } +it) (s)

The polynomials Pn(x) are a Particular case of those introduced ín

1950 by Pollaczek L4]

we s:uggest referring to the polynomials Pn (x) as the Hardy-

Pollaczek Polynq4asÞ. vÛe note that the M"(x) = n!P' (ä) are called

Me:ixnei LS-e] polynomials and have inteqral- coefficients. The

moments of the polynornials urr,Pr.r,If,., are related in a simple way to

the Bernoull-i and Euler nu¡lbers-

În 7982, the Authors (H.g- and M.B.) h'ere Led to the following

polyncar.ials j¡r X, Y t z z
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2n r(z+1) r-vrn(x,y, z) = lT 2Fl(-n, -n-y,z+l--n , ï \. (6)

More precisely, the values taken by thÕse polynomials for y,z e ¡¡il

appear as natrix entríes for eLements of boson algebra in a harmonic
oscillator basis [Z-S] . The generating function of the
u. (x,Y, z) is

h+ (r+x) tl z _ S ., ,.- ..

[r-tr-xlt]tã 
= à ]1"(x'Y'z)tn

The Pollaczek and pidduck poLynonials correspond to the
particular cases:

o(t) ,r, :-n \e, (-i)n un(0,2À-1,-l+i6)

ur.,(z) = ur.,(0,0.,2) .

The Pidduck polynomials take integral values for
nice syÍnmetry Þroperty

un($) = ustt.'l = PJ"-g'o) (:)

where p(o,ß) stand for the Jacobi Ðolynomials. The
in CoÍìbinatórics as Del-annoy numbers [S-fO] : Un(g)
r^rays to go in 0.12 from (0,0) to (n,l) by steps of
or (1,1) (a consequence of E..li (14) befow)

folJ.owing

(7)

(8)

(e)

with the

(10)

zel¡l

II. SOME OF THE ¡4AIN PROPERTIES OF THE H-P POLYNOMTALS

a) Generatj.ng functions

å u"(z)tn =
n=o

z

un (!) are known

is the. nuÍìber of
(r-,0) , (0,1)

( 11)

(L2)

(13)

(14)

1+t
(1-r) -'

Ë- u"('' # = 't M(-" ,r,-2t)
n=o

(M: confluent hypergeometric function) .

b) Recurrence relatíons

(n+1) ur.,*, (z) --. (22+I) ur., (z) * rÌrr.r_1(")

un+1(z+1) = !.r+1(z) + }]n(z+1) + uri(z)

c) Contour integrals
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1u.(z) = 7;;

u,., (- ] +l E¡

t')-

n

n+ dsz s+1
(s-1)

2i0 te'
(coth. 0)n .^
-------:---:--: - C1U 'sfnh u.

I,
Jo .- (t+t¡ u lr, (2u) c1u

(ls)

(16)

( 19)

(2r)

,., 
(n) is rationallY'

(22)

I
,il I"

theintegralsbeingaround s=1 and ê=O ¡ respectivel-y

d) Relations \4rith Laguerre poiynomials

(-)nf (z+l-) un(z) (17)

III. THE f FIINCTIONS AND H-P POLYNOMIALS

The fink betr,teen the I function and the Riemann 6 function
and H-P- polynomial-s can be given a group theoretical interpretation
via a representation of sL(2,R) Ínvestigated by rtzykson [ffl . we

shal] not present these argùmentS here, hohrever. We proèêed in another
\,¡ay.

First, v,¡e Íntrod.uce the Laplace transform

o- (p) = f- "-Pt -lglll, at (1s)
n - Jo (t+l),,-'

From'

¡T -+ q-1
I e - t (2t)t- -dt
Jo n

(t-t) n 
-

(t+1) n+1

we get ( 2u)
or', (P) p+u du (2O t

From recurrence relation of Laquerre oolynomials' it is easy to see

that

*r,
n

or., (P) - Ln (-2P) oo (P)

is a pol-ynomial of degree n-1 This means that o

related wit.h oo (p) . Moreover,

- + - ,-'--rì - 1 , 1+x's(p,x, = è on(P)x-- = r_* oo tP 1;).

oI

Nowf from

| (z)
o

-s z-L -e s ds
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ând

if foflovrs that

(1 -rln'p

5Ë;fÐ
z-I(9) =2'p' L ur, ( z- 1)

n=o

(23'.)

The propertj.es

(-l)norr(p) > 0 for .Þ è 1 e4)

1o,.,(p+1)¡ .lo,.,tn)l for p:1 lzs)

make the. foJ.lowinq series converqent for p > 1

vrr(n) = on(p) + on(p+1) + orr(o+2) + ... (26')

Another expression can be obtained from the orthooona]ity property for
or, (p) , namely

o (D) _ (-1)n I- --z- J

** -( å +it)unr- ] *itl - *-tt dr (27)

IV. THB RIET{Àì{N ZETA FUI{CTION

Three expansions have been qiven in feference [1] for the I
function. Let us add the following one

I
n=o

YnUn.( z- 1) (28)

where

'('l =rI o ro)uz-P n=o n(z-L)

1 (s-1) n 
- (2e)s - .. --.à+1 *"e -1 (s+r,l

is nothing else than the value taken by the function
for p = 1 It fol'o'¡s that

¡* e-uL_ (2u).
I -=;*- ¿u (30)Jo K+U

Þ

r(z)ç(z\ = 2

Y,, (-
Jo

We see that yn

'rn (p) of (261

-:5-,n
J<=I

Moreover, Fron (27)
1i,

_ (-1)n ,+- f ( ìt+it) l,n(- Z+it)
2 J -^ coshrt

1
,n
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AIl these eqûations, and especialLy (28), suqqest the use of

expansions of Ç(z\ (or rel-ated.functions) in polynomiats pn(z-1) '
since the zeros of the Urr'= are al-l- on the I'ine Re z = -t/z '
Hor4rever, the expansion (28) does not use the symmetry proPerty of

the ur.rts , namelY

un(-z-1) = (-)nun(z)

ft is then more natural to use, insteád of

Ç(z) which has the required syÍunetry

E@t = 4îL n-'/2 | tlt e t"t

E(z') = E(I-zl

It is not very difficult to prove that

E(z) = à ßrrurr.,(z-r)
n=o

with

B. = 4 l- -J!:qå S i.ru,, (r))dr
. n 

'! (t+1)'"-' qL

u (r) # ¡t2,¡'{t)l

satisfy the com¡non ProPerty

f (*) =xf(x)

(32J

Ç(z) , Riemann's function

(33)

(34)

( 3s)

( 36)

vrhere _s- ,2 2 (37)
ú(x) = t/z + | e-Tn x

n=1

Note that the expansion (35) seems very promisinq for the proof of

Riemanns's conlecture (6 has aLlits zeros on the line Re z = L/2) '
'ghè fact that the ßr, are all Þositive anil rapidly decreasinq is

encouraging. A natural idea Ís to investigate the properties of

expansions of type (35) - v'le Þresent some results in the next

section. But first we give some proÞerties about Mell"in transforms and

H-P polynomials.

The functions

Any function f satisfyinq (39)

that

( 38)

( 3e)

has a Mell-in transform f such

(t-r) 2t

(t*1) 2t*1
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Ë(vz) +ix't

with a =2n

(the proof is easy).

f (t) cos (x J.ogt) dt
VE

,. ..n
( Ê- l-,1

G;FTT

tL a ÍnP (x)nn (40)

( 42)

(43)

.ts

f;
j" f (r) dt

V. THE RIEM.ANN CON.JECTURE?

ilere we present three proposítions vrhich help us to prove that
€ has no real- zero in the critical stri', a very h¡eak resuft since

it is a wëIl-known ÞroÐerty, but the sinoularity of the method. (using
the expansion (35) ) seens to be nromising.

Consider a polynomial Rrrì(x) of deoree 2n of the tyDe

+ix)
( 41)

nI
$=o

Rrr, ( x)
t3-arur* * z

De fi ne

F

Prop. 3. If the
zero j.n the strip

n ^-
t a- (tanh u) z$"

-\1=O
2n

It is easy to prove that

and the Fourier inverse

(tanh u)

Frr., ( tanh u)

Prop..2. The number of real zeros of
the number of zeros of Frr](tanh u) in

R2n(x) 7 I *
coshxx a J _*

--2ixu -e ducosh u

From here, using arguments sinrilar to these in work of polya ltZl
follo\,r the three oropositions:

Prop..1. The number of zeros of. Rrr](x) in the interval- ]
not greater than the numl:er of real zeros of Rrr.r(tanh u).

R^¿n
l

(x) is at feast equat to

l- l-r

has no
iir
2'?, L

aa--T,T t

r$ satisfy
lrm ul < {

0..S.*1 ..$, F(tanhu)
and R2. has no zero in -]
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IJNE CARACTERISATION DES POLYNôMES ORTHOGONAUX SEMI_CLASSIOUES

S. BELMEHDI

Dept. de Mathématiques
730f1 Chambéry. France

Abstract.

Let L be a regular linear functional and {nrrirr=,] the orthogo-

nalpotynomials assàciated with L . Let define: On(x)=på(x) + Pn(x).

We characterize L , in the case r¡¡hen there exists a fixed nonnegative
inteqer s such that {Qrr}rr:g is a quasi-orthogonal sequence, of or-
der s , with respect to a linear functÍonal H .

1. INTRODUCTTON

, Les polynômes cJ-assiques (Jacobi, Bessel, Laguerre, Hermite) peu-
vent être caractérisés comme étant des suites orthogonales dont Ia sui-
te des dérivées est aussi orthogonale [1], [Z]. necemment MARONI ([3-'i ,

[a]) a présenté une théorie générale des polynômes semi-cJ:assiques ctest
à-dire des polynômes orthogonaux dont la suite des dérivées est quasi-or
tttogonaJ.e d'un certain ordre; en ce sens, les polynômes semi-classiques
généralisent immédiaËement les polynômes cl-assiques.

Lrobjet de cet article est de caractéri.Ser les suites
tels que la suite {Qrr},.r;o déf inie par: 

er", (x) = p; (x) + p

soit quasi-orthogonale d'un certain ordre.

{Qn}n>O se présente comme une perturbation de Pi et de Pn,

En imposant une hypothðse aussi peu contraignante que la faible or-
thogonal-ité sur la suite {Qn}n>0 on démontre que Ia suite i"r,}rr=0
est semi-cl-assique. Ce point de vue permet de réorganiser, autrement,
les suites semÍ-classiques. Ìntroduisons certaines définitions qu'on
util-isera dans la suite:

Définition 1.L [fl f.a suite libre {Brr}r>O est dite faiblement ortho-
L , stil existe un couple dren-gonale d'index ln,q) par rapport à

tiers p,ql1 tels que:

L(Bp_l)lo, t(Bn)-o si

l(x Bq_l(x)) I o , L(x Brr(x) ) = o

{Pn}rr¡g

., 
(x)

n)p

si nÞq
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Définition 1.2 (

orthogonale d'ordre

f {xnar, (x) )

relativement à L

0<m1n:(s+l)

te1 que: L (xr-

La suite libre

"B

01m4n-(s+l)

,r(x) ) 10.

si el-Ie vérifie:

- \ ^,r

(x)) 10.

l:] , [s] , [6J ) . La suite t j.bre {",_rJ r,=0 esr dire quasi

i1 existe

De t Ìn atron _L . J

-\-
( [3] )

quasi-orthogonale drordre s rel-ativement a

JD ìt"n'n5o est dite strictement.
L si ell-e vérifie:

s\s+1t(x\,",(x)) = o ,
y n è s , L(xn-s B

2. Í,'OPERATEUR D

Considérons 1'opérateur Dz P----> P défini par:
D.= D + id (2.L')

ou p=a[x] et D=d,¿dx.
11 est aisé de voir'gue 2 .vérifie les résul-tats donnés par:

Lemme 2.1 Soit o,B e C et p,R e P

D(oP+ßR)=o0(P)+ßt(R) (2.2J
t(PR) =Pt(R) +Rr(P) -PR (2.3)

( ) L\0(x) = 1+x

Soit maintenant Prr(x) un polynôme normalisé, on notera:
(2-s)Qn = D(Prr) pour nì0

ConsÍdérons une suite normafisée {nrr}rr=0 régulierèment orÈhogo-
nale par rapport à L fntroduisons la récurrence d'ordre deux véri-
fiée par l-a suite {prr}rr=o

P6(x)=1, Pr(x)=x-ß0
(2 .6)

On a de (2.6) en faisant n -+ n-1 et tenant compte du femme 2.1 :

Prr(x) =Qrr*r(x) - (x-ßn) Qn(x) +ynQr-r_r(x) , n> 0 (2.7)

avec la convention suivante: tout polynôme d'indice négatif serê consi-
déré comme nuI. On va caractériser certaines suites réqul-ierèment or-
tþogonales {er.}rr:g à 1'aj.de d'r:ne propieté de la suite {Qrr}rr=o
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3. LES ,-POLYNOMES ORTHOGONAUX SEI{I-CI.ASS IOUES

On se pl-ace dans les conditions décrÍtes a fa fin du paragraþhe 2.

Théoreme 3.1 "Les propositions suivantes son équivalentes:

(P1) iL existe une forme linéaire H telle que la suite {Qrr}r.r¡O

soit faiblement orthogonale d'iridex (p,q) par rapport a H , P,9 \ 1 -

(pZ) l-es formes linéaires L et H vérifient les conditions:

a) il existe un polynôme Y unique de degré p-1 tel que:

H(t(P)) = L(VP) , P e P (3.1)

b) il- exis.te un polynôme 
^ 

unigue de dêgré q-1 tel ques

tf (x0(P)(x).) = L(^P), P e P 13.2)

Définissant 1¡entier s \ O par s+1 = max(p.q-l), iI existe un entier
r (0 1 r 1 s+L\ et un polynôrne Õ uniqrue de degré s+1-r tels que:

fl(P) = l(ÕP) , P eP (3.3)

de plus on a: g (x) = xv (x) - 
^ 

(x) .

ip-l il-existe s et r deuxentiers,s.\0, Oét1e+! etune'J'
forme linéaire H tets que: Ia suite {Prr}rr:6 est strictement quasi-
orthogonale d'ordre (s+1-r) par rapport à ff . La suite {Qn}ns' est
quasi-orthogonale d'ordre s par rapport à H

(P:Ui") i,I existe une forme linéaire tl telle que la suite {Qn}n>.

soit quasi-orthogonal-e drordre s par .rapport à fl

(P4) il existe s > 0 et .0 
a t I é+7 entiers et un polynòme O

de degré t tels que3

Õ(x) Qr(x) =
n+L
t

v=n-s
0 P (x) nàs

I rl0 telsue e to

(3.4)

(3.5)

de degré ttP¿¡i" )

tels que

(P- )
f,

de degré

il existe

(3.4) et (3.5)

s,t > 0 entiers et un polynôme 0

soi.ent vérif iés.

il- existe un poJ-ynôme V de degré (p-1) et un polynôme z\
(S-1) tels que:

t(vp)=t([J¿v(x)-^(x)]Ð(P) (x)) , P€P (3-6)"

Théoreme 3.2 {P-i"s6 suite régulierèment orthogonale par rapport à L
¡l ¡

soit 0rr=t(Pr.,), n\0; Ð=D+idp dt {Qnln>O faibfementortho

gonale d'index (p,q) , p,q > 1 , par rapport à ll - Alors: {Pr.,}rrro est
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une ,-suite orthogonale semi-classique de cLasse
= max (p,q-1).

[a],où s+1=

4. SUITES SEMT-CLASSIQUES

Comme on ìra signalé dans f introduction. 0 = D + idp est un opé-

rãteur qúi peut srinterpréter co¡nme une double pêrturbat,ion soit de 1'o-
pérateuf D ? soÍt. de ]topérateur idp Dans ce paragraphe on va montrer
qu'effectivement, sous les hypothèses du théorème 3.2 {prrirrsg est. une
suite semi-classique tout court.

Théorème 4.1 "Soit {pnln\0 régulièrement ort,hogonale par rapport à L

et {t(Pn)}n\O faíblement orthogonaì.e d,index (p,q), p,9 } 1, relati-
vement a H . Alors:

vpep H(D(p))=r(Vp) (4.1)
H (xD (P) (x) ) = L (tP) U .2')

(4.3)H(p) = t(lp).
Avec' ü=v-o (4.4)

Ït"¡ = /r(x) - xÞ(x) (4.s)
?=o=xy(x)-^(x), (4.6)

où V, 
^ 

et O sont les poJ-ynômes énoncés dãns le théorème 3.1.

'De plus on a: 
¿ (?p) = r t [xVtxl - lr*l ]p,(x) l .,,

La démonstration de ce théorème est.i¡n¡nédiatei en prenant (3.1),
(3.2) et (3.3) et en explicitant 1'expression de D = D + idp.
Théoreme 4.2 soit {Prr}rr:g régulierèment orthogonale par rapport à L,

{Qn}n>o

{Ar.}rr)o

faiblement orthogonale d'index '(p,q) relativement à fl et

défÍniepar (n+1)örr=P,i*f , n\O . Alors:

{örr}r.=O est strictement quasi-orthogonale d'órdre s et
donc {Prr}n:g est une suite semi-classique de classe s-

degréô=s+1-r , 01 r4s+1

{örr}rrt. est atrictement quasi-orthogonale d'ordre s et.

donc {Prr}rrrg est une suite semi-classique de classe s.

si pls-L,

si p=q-1
* r= 0,

* r ! 2 , {Qn}n>o est strictement. quasi-orthogonale d,ordre s-l et
donc {Pri.r>O est une suite semi-classique de cl-asse s-1.
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L-',

-degré?=s , degréT=s+1 ,

quasi-orthogonale drordre (s-1)
te semi-classique de classe (s-f)

-degrélzs-t, degrél= s,

{ ör, } r,=o est strictement
et donc {Prr}rrsg est une sui-

{ðrr},.r:o est quasi-orthogona
est de classe (s-2)Ie d'ordre (s-2) et donc {"rr}.r¡O

-degrél=s-1, aegrélls

5. MOMENTS ET FOR¡/IES ÐES S.UIIES SEMI-CLASSIQUES

En vertu du théoréme 4 .1 , toutes les formes L

"ié"" ".r* suÍtes semi-classiques sont données par:

Itlp) =t-t[xVtxl -lt"l ]P(x) ), PeP

où les poJ-ynômes t et I "ott donnés par 1es expressions
(4.5), Ie degré de V et I aépena de ]a position de o

à (S-1) Ainsi onra :

A-l5p(q-1 ,s+l=q-l

v(-) =k:i:r tnxk + (to - ùo-r)*P -l!1,^n + ùk- úk-r) *k + {,1,o+ Ào) (s.2)

^(x) 
= À.+r *"*2 *lll.^ (ÀL* r*-r)xk -l!l,^n- rn-r-,r,*-r)xk + (À + ),o)x + Àd(5.3)

srl ¡=p+2 K- r K- ¿

silLD
o(x) =. È'' .r,. ** +- Ë- (,I,k_l Àk) ,..k - Ào (5.4)

¡=p+l K k=l K-I K o

réguJ-ières asso-

(s-1)

(4.41 et
par rapport

irk sont, respectivernent, les coefficÍents de I et V Si

uq=[(xn), n\0, (5.1) devient:
:" ìk,
1'on pose

s+l P o-I
[=o*t ^L( 

Én+k r n un+k-l) **Ir(^n- Ú*-r) (un*n-n un+k-l) +i!o Ût un+t

Ào( un - n,un-I) = o n=o.

c'est une relaÈion de recurrence a (s+3) termes.
B-ofq-l(p , s+I=p

Y(x); ,l,r*"*t *o!, (,1,k - ùk-r)*k *Tt {*n- 'tk-r+ ih)xk + ({,o+ Ào) (s. s)

(s.6)
t(*) = - !*2

¡=g+l

(À.+ À )x +to

ük-z *k * (^o-, - ûo-z) "t -;¡: (Àk+ Àk-r- û*-r)xk +

o(*) = i+t ,r,, xk *oil (, - I ) xk - I
k=q K-I k=l k-l u o
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En faisânt P(x) , *t dans (5.1) on a:

- ú"( u"+"+l+'!n+") -n!o úo-, ( un*k *n un+k-r) -l!] ,^* - úr_r)

,s( u"*k*n un+k-l) *nloÙo pn+k+Ào( Hn{n un-l) -o , n I o

encore une fois on a une relation de recurrence a (s+3)
C-p=q-l , s*l=p=q-l

termes

s

nlo ün un*¡ * Ào( un * n un-l) = o ,

Crest une relatÍon de recurrence à (s+3)
r=0 ou r=1 -

(s.8)

/( o\

(s.10)

n¿o

ou à (s+2) termes selon que

on remaroue que les trois relations obtenues sont des équafioris .aux
différences dont l-es coeffi.cients sont des fonctions affines en n et
donc relativement faciLes à resoud.re., ainsi on obtiendrait les noments
oui déter¡ninent la forme Ìinéaire associée. on ne traitera pas ici 1a

'résol-ution de ces équations mais on va chercher une re¡:irésentation inté
.'gra1e (si e11e existe) de Ia forme L selon 1'expression:

Z {x) P (x) dx

où C un chemÌn, éventuellement pris dans l-e champ complexe,
fonction alsez régu1iére, seront orécisés plus loin.

.On a donc pour (5.1) d'aprés (5,11)

z(x) ?(x) P(x) dx + [o tx) z (x)]P (x)dx = z(x) o(x)p(x)I

Z une

c

(s.12)

(s.13)

c
si ]a fonction Z et le chemi.n

( ôz )'+ Qz = o

C sont tels que:

=0QZP
c
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il-s fournissent, au moins formell-ement, une solution de 1'équation (5.1)

par Irintérmédiaire de (5.11).

Ecrivons (5.12) autrement, en se rappelant que ü

Iiés.par I = V-O Ainsi on divisant (5.12) par

(az)' Y--þ7, - ' - O '

où degréY=p-1 , p>1 , degréô=s+1-r, O1és+I ,

cette équation géneraJ-ise 1'équátion différentielle de K.Fea¡son ( Li],
[e]): on va traiter l-e cas où .Y et -^ sont des polynômes à coeffi-

cients téels.

lercas.plq-l-

Conformement à ce qui est donné en (5.4) et (5.7) Ie degré de

Õ est strictement plus grand que celui de Y

si p I q - 1 on a: degré Õ = s+1, ô peut s'écrire alors:
tr .

ô(x) = K lI (x-pr) ìl (x-nr) t ìt (x-6r)(x-6-r)
iell.-íelz*ieI,

, Vet 0 sont
0 on obtient:

(s.14)

ou pi sor¡t des racines réelIes simples, ni sont des racines réelles
de rnuJ.tiplicité hi et 61. sont des racines iomplexes -on a supposé

qu'elles sont simÞIes- avec lrrl + 
r!, 

nr + 2ltrl = " + r.
2

Ainsi on a:

V(x) _
ilxf -

+

a. b. hi
¡In.I
L w-^ ¿ X-n - .L_ -L^iell " Yi r=eI2 " ''i ieIZ i=z

d. a.
I (--;=^L-+--*-) ,

ieI3 " "i x:ôi

= Résidu( \y/A, o.), b- = RésÍdu( V/A,'I r

(5.14) a pour solution:

l_

( *-ni )

ni), d. = Résidu( v,/0,ôi)où a.
l_

et donc

ZG) =

xll
i€I3

i ; n ,* - Ê:r-I-ui n (x- n-)-bi-hi 
hå 

exp {
íerlIi"ÍZt,=,

(i-i) ci.i

(*2 - z*9.teit.* le, l2)-I-Re(di) exp , Re(qrl-Re(¿iôi)
Jm(ô. )

(x- ( rj-l
1

Arc tB

x - Re (ô.)
( 1)ì

Jm(ô.)
I

( ft "st une constante )

(s_15)
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Le choix de C dépend des posit.ions de gi , n. et des signes de
1+ai , b.+h. , ci,j . Supposons par exemple qu'iI existe ioeIl tel_
que pio<pi,ilio r ief, et 1+a.o<0, alorS C=(*,pio]
convient et (5.13) est bien vérÍfiée.,

On remarque que Z donnée par (5.15) géneralise à Ia fois les
fonction.s poids,. associées aux polynômes de Laguerre et Jacobi.
20cas p=g-1

Dans ce cas 1e degré de O peut devenir pl_us petit que celui de V ,
c'est-à-dire degréþ=s+1-r, Olr4s+L. pour r=0 ontrouve
pour Z la mê¡ne expressíon gue celJ-e donnée.en (5.14). Si rl1 on a:

Y/A =A+(8,/0) avec degréA=r-lr degréB<degréÕ
plus précisement:

+ =A+ I + + II r å.r x-Q i ÍeJ

ß, . , 1t-u.:---
x-n. -L- -L^ .i-1

2 L re'J2 )=¿ tx-ti) "

2x Revi - 2Rev.ô,
+ i

avec

et lJll +

ieJ3 *2 - 2*R.ô. +loil2

oi = Résidu(B/A,pr), ßi = nésidu(B/Õ,¡r), v, = Résidu(B,/Õ,ôi)

hí+ 2lJ¡l = s + 1- r.
:

= f lt - À(x)l ax , R(x))-
z(x) = ft "R(x) 

Jr 1*_o*) 
I oi 'ñ(,_n ¡ 

Bi-híå 
"*olfl*,íilr ' ílz i=z (*-nr).' '

(s.16)

ñ I /? " -l3e(v.) l?e(¿,)-9e(v.¿.) xf"(¡.)*r!'r, (*'-tott(ói)+i6il') r exniz.--l;,0¡É ArctR(J;Gf))

Les expressions (5.15) et (5.16) peuvent être considérées comme

une généralisation des fonctions poids étudiées par .AMLINDSÉN, DÀMGAARD

([ro]) et NEVAT, BoNAN et, LUarNsKy ([11]). Aussi RoNVEAUX (1121) donne
un cas particulier de (5.16).

6. ETUDE D'UN CAS PARTICULIER

I
eJ1 )

Soit R(x)

(p,q) = (1,2) autrement s = 0

est un polynôme de degré r

ô (x)Ona Y(x) = úo , Â(x) = Àax + Ào , (úo-Àr) x

( on suppose 9O I À1, c'est-a-dire degré Õ = 1 ).
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Ainsi
z (x)

si Vol(11-{.'o) > o

( --, À o/ 
(,1,0-).t] '

k x tro 12vo-r1),/(r1-vo)
=-Uo-rr e (x ¡6=ï;' keR.

al"ors on choisÍt comme chemin d'intégration

'Ào
úo-ÀI

I
J

2üro- À I
À1-úo

ainsi on voit que L est la forme linéaire associée aux polynômes de

Laguerre,.pour retrouver I'expression class.ique de L , on va procéder

à un changement de 1a variable; on pose: u = -( x - Àû/(ìrO-À1) ) et
Ia forme devient

r.(P)=qï "*1* - l-9--¡- wo-nr

f*-
. -. d Àol(!io-À1)
(-IJ C

P(x) dx

2V o-t r
"= \_%ou ft

l-(P) = fr "-t 
oo p (u) du

0

k
üo-Àt

âvec

et donc {Po}r,>O est constituée des Þolynômes de Laguerre en ,u :

,r(x) =eitol=r[t"l
Ðe (4.3) et (4.5) on tire:

H(p) = (óp) = (-1)o+r ero'/(qro-r) k J.- e-u uû,+1 p(u) du ,
0

on voit que l-es Qn sont aussi de "Laguerre" d'un ordre supérieur
à cefui des {nrr}rr>o d'une unité.

F inalenen t,
Pl = O - P-- se traduit par:n-nn

ar,ff t"l _ a+1-+-- --"T'+r,fft"l
ainsj. on voit que la derivée d'un polynome de Laguerre est é9a1e à la
différence de deux polynômes de Laguerre de même degré et dont I'ordre
varie d.tune unité. Cette relation peut être aisément retrouvée à par-
tir de relations connues ( [9] ) .
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ORTHOGONAL POLYNOMIÂLS AND GEOMETRTC

CONVERGENCE OF PADE-TYPE AP9ROXIMANTS

Luis Casasús
Pablo González-Ver+
DeFartamento de Análisis MatemátÍco
Universidad de La Laguna
Tenerife (Spain)

L Introduction

In this artiéle we are. concerned with Padé-type Approxirnants [1]
both in one and tv,¡o Points (PTArs and 2PTA's) .

The problem of a (precisely defined) optimal velocity of conver-
gence is considered for sequences of these aPProximants and the answer

is found in terms of the Tchebycheff polynomials.of the region wheretåe

funcEion is approximated over.
our resuLts refer to regular regions, i.e. those vtith a Greên-s

function G(x,y) with pole at infinity lzl.
In the sefluel, we çal1 "unifornly distributed points" on a curv€

t to those equidistant on I wÍth respect to the metric du = ffilatl
where è represents the Green's funtíon of Ext(f) and n is the exterior
normal to f [z].

The followi.ng resul-t will be useful later.
Lemma I ([2])

Let E be an open connected of 6. let ôÉ be an analytic Jordan
curve and assume that K = õ ¡ is regular. Let G(z) represent the Green's

function of K with pote at in!'inity and { ßr } are p'oints uniformly 'r'

distributed on â8. In these condi.tionsn by taking
m

1) ïi¡n- lom(z) |
llì+6

Q*(z)

= cap(E),

= eG(z)cap(E) TVrex

7/m
V

n (z-ß-), one has
j=1 J

zeE and

2',) ïTñ lo*tzll
m+æ

r/n
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II. One Point Padé - Type ÀpproxÍnants

Let f(z) be an analytic funtion defined on DUâD, D is a region
of c containing the origln. Hence f adnits a Taylor expansion of the
form

"optimal veloci ty of con

(an upper bound of the

æ.
f(z) = I c.rlè1

J -UI{e shall- consj.dersequences of PfÀ's (m-l,/m) ¡(z) = P^(z) /Q^(z) = R*(z) ,

such that D^(z) ¡ O, lzeo.
Definition

' A sequence P*,/0* of PTA'S to f (z) has

.-1/Â - 1/^
versence" when lim lO*iz¡ ¡ t"" .;:flQm(t) l*""

contour integral error for¡rn:la) attains its minimum value for õ* = O*.

Bau¡ne1 et al. [3] essential.ly used thÍs concept in a probfem of
approximation Ín presence of b¡anch points.

For sequences of this kind, it can be proved the following
Theorem 1

Let D be a Jordan region hrith boundary ôD = C and Green,s func-
tion G. The optimal'-1elocity of convergencê of {Rm(z)} is attained when
their poles are uniformJ-y distributed on C.

Proof
The contour error formula for these approximants is

f tz) - Rrn(z) = t;1#, f (r)Qm (t)dr
tn+1 (t-z)

r
By taking limits and usinq Lemnìa 1, one has

lïm lr tz ) - e* (z ) ,/0* e) )/n : 1..!1 
fta al where

.m+6

d = mÍn {tl} and þ(z) = eG+iH ('i{ the ärmonic conjugate of c in Ð)
t'IOn tha other hand, taking a different sequence of.approximants

l-{z) /ô^lz\ , yietds

TIm lrtzl
m+æ

sl.nce Iïn
m+æ

- Þ*{z) /e^tz)11/^ : l3L ri* suplõm(t) I 
l/m

tÉr

I ::l ,om (t) | / la¡ù, 
i "^ t 1

v;e gêt the desired result
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The next Theorem makes use.of
mapping in order to select the poles
Our approach is simply to foll-ow the
a map from [-r,r] to u = iz: lzl = 11

gion under consideration.

Theorem 2

Let C be a.Jordan curve in the z-plane and f(z) the conformal
map carrying the interior of C onto the unit disk in the w-plane and C

onto U.

LeE G2(w) be differentiabl"e on u and such tr,at l*zlatrldePends. f^^ rY

only on the length of y c U. rn these conditio¡s lå;+ldill deperids only
Jô t

on the length of 6cC, where Gt= G2of, and n, and n, are the normals

tocandUrespectively.
Proof
The analytic function f(z) maps the curve C in the z-plane (z =

x+iy) onto the curve U in the w-plane (bt=u+iv). Let r^to be any Point on

U. Define the functio
r ( "^^h(w) = | - l(#l)ldt2l
JT J¡ ¿

I, and l, are the arcsl of ð2 fto* to vro to w and from wo to õ with

Àrg(w-wo) = erg(wo-ñ). Under these conditions, h ã O.

LeE z -- z(r) and w = r¡(s) be parametric representations of res-
pectively C and U.

The function H(z) = h(f(z)) is given by the integration on the
arcs c1 and c, (preirirages of f1 and fr) of the function *lldtll . To jus

tify the last statement, l4re make use of the property of f being confor-
maL. Then the function corresPonding to Gr(.2) through the map f: z + vt

is Gr(w) and grad(Gr) = grad(G2) .!'.'trtlere grad(.) denotes gradient of (.).

But ffi =srad(Gr).ü and ffi = sraa,(cr). È

Since f is conformal, ü = È

Moreover, Iatrl = z' (r) ldrl = åi lar j , and

ldr2 I = w'| (s) lds I = $f la.l .

nence ldtrl= ldtzl/7'. tt foltows that

lt

''' = 
.J", 

- 
J"' s+'dt'l = o'

the properties of the conformal
of the approximants of Theorem 1.

images of the Tchebycheff knots in
and then to the boundary of the re
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vrhich is equivalent to the resuLt to be proved

C..ro11arv

Let D be a Jordan region with boundary c. B,en,tlleró exists a func-

tion f(x) from [-f,fl to C such that the images of the zeros of the

Tchebycheff polynornials are trniformly distributed on C.

This result constitutes a practical choice of the poles in the
optimal sequence oÍ PTÀ's in Theoren 1.

II.1 Unconpletely knonn function on the unit circle

A slightly more. complicate situation Ís the folloning one, where
the coefficients of the power series of a function are not exactly knor^rn

ft is well known that the values of a function on a circle con-
tained in its region of holonrorphy determine the function on the whole
disk. hre are interested in the fol-lo$ring probJ-em: "Let U = {x: lxl=1}
and. assume that an analytic function f(x) on UuInt(U) can be known
(e.3., by reasul:ejrents) only on U.- tr\te. seek a. rational approximation to f (x)
for fnt(U)". This kind of problems is frequently found in practice [4],
and if, as usually happens, one is inÈerested in the behaviour of f (x)
near the origin, PTÀ's. are candidates for a solution.

Formal1y, (¡n-1,m)-PTAts are required interpol-ating at the the
points (x.,f (x.))¿uxf (u) (j=L,2,...,m) optimalty, i.e. with asymptotic))
velocity of convergence.
' Existence and uniqueness of such approximants (for a given
set of xls) are derived from the conditions

J

Rr(xr) = f (xr) ; j = 1, ..., m (1)

m-l . m

$rhere Rn(x) = .I ..,*' / | a.i i P*_l(x) / om(x)
j=o' j=o æ.'. Note that the coefficients of the power series f(x) = | c.*l

j=o '
are not. known and the approxi¡nate coefficients used to define the appro
ximants .are

" 
(*)
n

I
¿TA

f (r) ,- _ 1 T r(xq)
.n+I n -& n+lt i=lx.
lJl
ire numerator are

(n = 0, 1r.. . rm-1)

the coeffÍcients of t
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m-I-'l , ,

I ",1^'br+n+rn=Ô

Since, the error in the estj.mation of the crs corresponds to the

trapezoidal. formula, hre have
lm)Irm c' =n

m+æ

It can be proved that the error formula for this class of ratÍo-
nal interpol-ation .is ( [Z] p. 169 )

(x) Q^ (t) f (t) dt, * . of (x) - R*(x) = t+-1;¡ wm (t) (t-x)

r,,¡here g' represents an íntegratÍon path close to U and contaíning U ín
m

Íts interior. .Also Wm (x) = 
= 1, 

("-"i )

J- |

The next result is used.in Theorem 3

Lemma 2 l

LeË the sequence {n.{x)J be defined by (1). Then there is a neN

such that R (x) has no poles on ü for n > n.- m'
Theorem 3

The optimal asl¡mptotic velocity of (geometric) convergence ofthe
approximants in*Ì is attained when the interpolating knots are equidis-
tant with respect to arc length on U.

tr=

cr, (n = OrLr... rm-l)

II.2 Another special.case: an interval of R

lle now study the case of an interval I of R; for sÍmplicity the
interval [-f,fl will be consÍdered. Here fnt(I) = O, then Theorem I can

give no answer about the location of the poles of the approximants and

one has to resort to interpolating PTA!s. our mãin result is
Theorem 4

' Let f(x) be analytic on I = [-f,f]. The optÍmal velocity of con-'

vergence of the approximants {nrr} given by.if) i. attained when the in

terpolating knots arê the zeros of the n-: th polynonial Tm(x)

Proof (Sketch)

It is enough to see that the images of the zeros of T*(x)thiòu9.h
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the conformal mapping from f-1,f] to U = iz: lzl=1] are uniformly distri
buted points on U.

Renark

This result can be extended to any bounded interval þ r:sing trins
' lated Tchebycheff poJ-ynomials.

Example

In the computation of the function f (x) = arctg (x) wÍth the
¡lcl,aurj.n series in lxl < 1, and an accuracy of, eight figures, a nunber
k of terms is required, such that

' (-1) 2k-1 
< o. 5.1o-B

2k+1

Í. e., k ¿ 108. The Ínterpolating ATp Rk(x) with k = 13, gives also g

exact fÍgures.

IIf. Tvro-Point Pade-Type ApÞroxj.mants

Let us assume nor{ that f{z) represents an analytic funcbion in a
region or set of regicrns p = UDj , contaÍning the origin and the infini-

I
ty,.vrhere the D.s are.limited by Jordan curve (f.), nonintersectÍng mu-

tuatly.

.Let f = I .rrl and f_ = L "!.r-) be the Taylor and Laurento jlo: - tlr -j-

expansions oÍ. f(z) on neighbourhoods.of the origin and inflnity.
Now we determine sequences of 2pTÀ's vrith respect to (fo,f@) of

the form (k(m),/m) (fo,f-) (z) = Pm(z) / Q^lz) = R*(z), where Q*(z) I 0 in

D, (0s. k(m) S m) and lim k(m),/m = !/2, wiili asymptotÍcal-Iy ',optimal,'

,r,*J] 
"or,this 

purppose, it wilr be useful, to re-
:a11 Èhe following expression of the error for Zeta's [S]

, I "k 
(t) o- (t)r(z) - Rm(z) =#l ffi##¿' e)

l¡ -m' zeDr, lsjsp
First, we shall consíder the case where D fs defined by D=Axt(l).

I being a closed Jordan curve such that 0 {fnt(f ).
I.urthermore, bre assume that D is connected and regular. Making
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use of lzl, we can establish

Theorem 5

Let 0n Ql =
l !=rr"-U1,), where the points {ßr} are uniformly dis-

tributed on the boundary f. Then, the sequence {R*(z)} with denomina-

tors { Q^} satisfies

Ifm f (z) - R*(z)
7/m

s V zeo
-L

m+ø
z
d.

where d = ¡nin{ ltl}t€r
Usually I represents a circle; then geonëtric convergence is gua

ra¡¡teed in certâin neÍghbourhoods.of z = 0 and z = @.

The next result can be proved making use of Lemma 1 and (2) aird

the fact that, in this casé O(z) ,= lz-al/r.

Theorem 6

. If f is an analyt.ic function in ¡ = õ {z: lr-"1 f r} with l"l,t'
then the sequence{ (k(¡n),/rn) i (O < k(n) s m) with uniformly dÍstribùted
poles on lz-al = r, converges geometricaLly to f,(z) in

{ z : l"l. P}V{" , l, I'P' i
where p. lal-r 1nd p' > (lal+r¡'/11u1-t¡

Remark

When r is sufficiently small, p and pr are cl"ose to lal, and

this a]lo\.,¡s to extend at wil.l the domaÍn of geometrical- convergence.
ThÍs is the case of the function f (z) = exp(1,/(z-1) ), v,¡hich is analytic
in õr{1}. Hence, taking a circle btith cènten z = 1 and radius e(e closej
to zero), $re get geometric convergence on the whole extended complex
plane except on an arbitrarily narrobr annuLus (õr{ l-e < lzl < f+e}).

Let us prove nov, that the uniform dÍstribution of the Poles of
the approximants on the boundary of the domain yiefds optinal asympto-
tic degree of convergence. More precisely,

Theorem 7

Let Ð = fxt(f)' where f is a closed Jordan curve' such that
O+ht(f) and D is regular. ThenroptimaÌ velocity of convêrgence is at-
taÍned when the poles are uniformly distributed on I.
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Proof

let õ* be an arbitrary polynomial of degree m, such that õn(z)
_udoes not vanish V zeD. Then

lõ- trt I

lim --i::*- < sup ljm
¡*- lQm e) lt/^ - tei m+*

lo^tÐ | _ ,õ rtl ,

:-:----l-ã = sup lim
lo* {z) l 

*i "' t.ef m+æ cap (rnr (t) )

Therefore, by usÍng Lemma 1

sup Ïim lõ*ttli ¿ Tîñ lo,nþ)l/l|e)l (3)
t€f m+æ "' m+-

where S = aG*iH, G is the Greents function of Ð and H is cÕnjugate to
GinD.

So, if Rm and ñ-n are the (k(m)r/m) approximants v,¡ith denominators

Q* and õ* respectively, one has

Ii,n lr(z)-Rm Þ¡f/n = ,{1,1/2 ,6+)f , V,nr.
m+e

where d = min{ ltl}.t€r
Sirnilarly, by (3)

irm lr(z) - ñm Q¡f/n = rim' :A *Y:- ¿
m+æ ,,, m*- lõ* þl lt/^
, ,lzl,r7z 1- ,--ã-,

i ôt' l ¡

Hence, the proof is concluded.

Finally, let's study.: the case of an unconnected. domain of the
forÍù D = 1¡f.(lr)UExt(fr), such that O€rnt(fr)cInt(fr).

Let us suppose that the poles are uniformly distributed on f,

and Ir, that is
k (n) 1(n)

Q*(z) = .n- (z-ßi) .n- 
(z-B;); 1(¡n) = m - k(m) (4)

f=l - 7=l

where the {Br} are on 11 and tfre {ßj} are on fr.
In these conditions, by using again Lemma 1, one has

' i) rr zernt(rl), m lt(z)-Rm þrlr/^ s t\)r-11/2 (s)

where d., = mini lti).- t€Il
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ii) If z€Ext ( f);

', ,. sup I o, ft¡ 1L/z
fi.n lr(z)-Rm Q¡ f/n ' 

(lzl/az)'/' t r' - (6)

m+c '-m'-'t - l'1(t)02rc¡1t/z

where d., = min{ ltl} ana ô- = exp(c-+íH-. ) ; 1 = 7,2.
' tel2 ') - I l

In,the usual case of ciicular domains the geometric convergence
is assured by the following

. Theorem I

LeL f1 and l, be circJ-es centered. at the origin vrith radii r

and R respectively (r < R); the sequence Rm(z) = Pm(z)/Qn(z), whêre Qm

is given by (4), converges geometrically in the domain Int(fr)UExt(fr)

Proof
fn this case d, = r and. d, = *. Hence, from (5) onê has

H lt(z)-Rm Þ¡ ¡7/n !'4;T/r < 1 ror zêrnt(r1)

On thê other hand, if z€Ext(lr), then l"l t n, therefore,

-01(z) = z/r and ô2Q) = z/R, f¡.om (6) we get

1/*

H lt(z)-Rmþ) 1""' 3 lx¡lzl < 7'

ãnd the proof is completeQ.

AS
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CO:¡VE,ìGEIi¡CE OF SOI{E I.IÀTRIX PADE -TYPE ÀPPAOXTI,IANTS

TO THE EXPOI'IEIJTIÀL

c. GoNzÀ¡Ez-coNcEPcroN
Dpto. de Ecuaciones Funcionales
Universidad de La Laguna

Tenerife ( Spain ).

Abstract.

fn this paper, we study the unifor¡n and geometric convergence on compact
sets of the complex plane oi matrix (k-1/k) eadé-type approximants
(Brezinski,1980; Draux, 1983) to the exponentíal such that their sca-
lar anaì.ogous have as a single pole the Ínverse of a root of the k-th
Laguerre polynomial of order zero.

The interest of these results lies in the fact that, in general, a

segú.rrce of approximants of the above mentioned class does not nece-
ssarily converge, not even punctually to the exponentíal (Ndrsett,
19781 .

I,ie also give a condition for the pole of the (k/k) approximants to
the exponential whose single poles are the values of certain roots
of the derivative of thè ki1-th Laguerre polynomial of order zero.

1. fntroduction.

the Padé-type approximation vras introduced by Brezinski [1] and has
been object of many papers in the last years, among them the generali-
zation to the matricial case [3] andtb.¡ror¡:-conmutative algebras [2].

It is well known that given a formal power series in one complex va-
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variable z

f(z\ T c.zí
I

(1)

where the C,'s are n>c¡-matrices, it is possible to define Pn and Pna

poJ-ynomials in z of degree m whose matrix coefficients are associated
to another polynomial Qn of degree k, such thát

f.(zl Q¡(z) = P. (z) + O(z*+1 ) z+0 12)

Qk(z) f1"¡ = e.(z) + o(z^+1) z+o (3)

Thus, if Qn is invertible, one can define the so cielted matrix (m/k)

Padé-type approximants (MPTÀ) at the right (and respectiveJ.y at the
left) associated to f and Q* as:

(n/k!(z) =Pñ(zl qttz) =f(z) +o(z^+1 ) z+o (4)

(m/k)r (z) = O;1 (z) 
.Þ. 

(z) = f(z) + o(z ^+1 ) z+0 (5)

Since one has to compute Q*1, it seems necessary to seÌect a Q* such

that the number of operations is minimized and the resuLting approxí-
mant verifies certain properties of order, stability, and convergen-
ce.

In this paper we study the uniform and geometric convergence of a MPTA

to the exponential which is obtained after certain choíce of Qn. The

punctual convergence of the corresponding scalar case has been studied
by Ndrsett [4].

Thus, let the matrix exponential be defined by the power series

exp ( -Àz ) i t-l li ar ,t , Aecnxn, zec
i=o i!

(6)

(,7',)

Let

Q(z) = ( I + y A z )k

$rhere y is a reaL number. We denote by
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(m/k) ( Y)
exp(-Àz)

the MPTÀ associated to exp(-Az) and Q¡ (in this case the right and
the l-eft approxÍmants are identics).

It is weII known that for a fixed Y, trr" frlr. ljll(-az) converge punct.ual-

l-y to exp(-Àz) and uniformJ-y .for Re z > 0.

Further, the resuLts of Nórsett [4] reveal that if we choose y to maxi-
mize the order of the approximant, that is, if

Y. = Yr,, v

in Q * is the inverse of the v -th root of the Laguerre polynomial L *

of degree k and order zero ( Lk(1/I,v )=0 , V=1r...,k ), then the

sequence of scaLar apBroximants

(k-1 /k)
(Y*, u)
exp( -z ) i-'k-1

(8)

does not necessarily converge, not even punctuaJ.Iy to the exponential

More precisely, for a fixed v , the corresponding seguence does not
converqe to the exponentíal.

The same remark can be make for the matrix approximant, since the eigen-
values do not converge.

Therefore, we wil-l- determine a "good" choice of v = \.(k) such that.the
sequence

(k-1 /k)
(Y*, u (*) )

);=,exp ( -Àz )

converges unífornly and geometrically to exp(-Az) on every compact
of the cornplex plane.

The derivation of these properties is based on the fotlowing result
t3l:

@

"Let f(t) = I i
cit t ci,te8 be an analytic function in a domain

i=o

D of the complex plane which contains the ori.gin. Further, let A be
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a nxn-matrix and tà0, such that the eigenvalues of At âre in D. Let
f I be a simpJ.e closed path in D r^¡hich contains in its interior the
eígenvalues of Àt and the origin. Let I represent the image of f' by
the map z + 1/2. If

then

'i
t

fÀ(r)-(k-1lklfÀ(r) = * [!;"o{,-1 } { r,l r t-zLtL a,] oilrtt rsr
f

I
i=O

fÀ(r) c.
I

I -. 1r
(t)l z't^lzl ) a,(z)Jf

k
fÀ (t)-(k¡/k)f (r)

m I
(1-ztl-L dz (10)

À

where

Q (z) = zk Qk(z 
1)

We new srmrnarize, ourresults for the uniform and geometric convergence
of IulPTÀrs of the class

t o;

(k-1/k)
(YL, ux)
exp( -Az ) L=,

2. Uniform convergence

Theorem 1. Let A be a nxn-matrix. Let 1/y*,u be the v-th root of !. r

and {y*,vtrlirlr a seguence such that there is a ko>O so that

I*,,r{u) É./k for any kàkor where c is a positive constant. In these

conditions, the sequence of MPTÀrs

{ r*-,/k):1:ii:ì) } k=L

converges uniformly to exp(-Az) in every conpact of the complex p1ane.

Proof.

Q (*) ( r + Y¡., r..) À x )k

(xr+Yx,,.,(r) À)kQ*(x)
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From (9) and (10)

Ð<p(-Az)-(k-1/k)
(Y*,,,rtx) )

exp ( -Az )
o, =#oi1t,r J 

(x-lexp(-¡x-10'*r*lI0-*,I-h* ,

where l={t€c / ltl = t/r} , lrl...

l{e get the fof Lov?ing inequalities ( ll . ll is here any matrix norm}:

tu

ll o*{x)ll s ll x r +y¡c,v(k) A ll*=11 lr + ll all c/xtks

= èxP(llellcr) / rk , Vk 
=ko

lt - xzl z 'r - lzl/r

llexp(-Àx-1) ll = exp(llAllr)

llo*txlll = llr * yx,v<xl azllk: II - "ll¡lllzl /r< lk, Vl,=k-

Further, there is a kr> 0 such that

ll - "llelllzl /x lk = 
exp(-clþlllzl ) , vk>kr

Hence, if kr = mâx ilt , k1 ) then

ll.*p(-e,) - (k-1¡,.11]ii:l)l) ll = "*plllailtrc+rlr+ lzll) ( lzl l'tk / (r- lzlr)

for any k>k'.

ff z is any point of a compact K of the complex plane and l"l =.o. .,
then

:.îp ll.*p(-¡") - (k-1/k):l:i:$i'}il 
=

= exp(ll alf [ (c+1 )r + r"l ) (rolrlk/ 1t - ro lrl (:l 1 )

By fixing ro and r, the uniform convergence is obtained.
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3. Geometric converqence.

Theorem 2. For every compact K of the complex pj_ane, there ís an inte-
ger k' (depending on K), such that thé sequence

(k-1lk)
(Yn, r (o
exp ( -Àz )

'I'l
I
'k=k I

converges geometrically on K.

Proof.

Let g(r,ro) be the right hand of (11 )

g(r,å ) = exp( llellt t"*i )r+roJ I (ro/r)k/ {t-ro/r)

with the variable *=t/\ >1, one has

9(r,ro ) = F(x) = exp(llelll I(c+1 )x+1 l)/t (x-l )x k-r, , xel1,+o[

The rninimum of this function is obtained r¿hen

Il allt.*l )1*' - t llellf .*l )ro +kJ x + k-1 = 0 t12')

There are tvro positive roots of. 112 ), since their sum and product are
both positive.

Since.
Lim F'(x) = +-
x* +æ x+1

the unique root greater than 1 is the minimum value of F(x), i.e.,

*, .= [lialltc+t ]ro + k + lT \i tzllall tc+1 )r" I

'!et
x' = [ [llll(c+r )r" + t<:/tllall (c+1 )rol * k/tll ell(c+1 )rol € 11,+4

then we have
F(xt ) = t (c+t l¡la¡ro/kJ kexptllallr +k) {i + [ (c+1 )ll Allro/k] t 1 +o( 1 /k) I ]

and lim* F' (x) = - - ,

=1
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anil , hence

Therefore,

è* = suP ll exP ( -Àz )

zgK

Thus

hence,

kà max

. t/k
lF(x')l = olim

k+ø

(k-1 /k)
Y *,u ,*l
exp ( -Àz )

(z)ll s inr
xel1, æ[ lrtxll= lF(x')l

lim s1lk
kæ k

there is a kr=kr(K) such that l.*ltl*S q for anlr q<1 and

{ko, k,, k,}, where ko, ki are given.by Theorem 1,

=0 r

FinalJ-y, the geometric convergence on the compact K is visualized by
setting kt = mâX { ko, kr; k, }.

Note that the intèger k2 and, consequently k', are increasing functíåns
of ro r because for sufficiently large values of k one has

l.* lt'n = [(c+1 )llall r"e)/r

and given a q<1 then it is enough to take kì(c+1lllall1 e/e to.attain
geometric convergence of ratio q.

Àn example

As exarnple, in the following tables, we show the error bounds en

ciated to k, Yx,v(r) and 1/x=ro/r (ro=0.5).

This bound. is an increasing function of r.

ASSO-
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k

1

2

3

4

5

6

7

Õ

9

10

1/x

.t¿5

.021

.0i 1

.078

.081

.065

.062

.053

.050

.044

.421

.392

.255

.236

.1 69

.159

.1 25

.119

.098

.095

\)(k)

Table 1

1lx

Error bound

0.1 2D+03

0.77D+O2

0 .1 2D+02

0.-l3D+02
0.93D+00

0.16D+01

0.37D-01
0.37D-01
0.86D-03
0.66D-03

Error bound

0.1'1Ð+O2

0.70D+03
0.34D+01
0.51 D+01

0.22Ð+00
0. 1 6Ð+00

0.67D+O2

0 .32D-O2
0. i 1 D-03
0.42D-04

1

1

2

z

3

3

4

4

5

5

k

1

2

3

4

5

6

7

I
'9

10

v(k )

1

'I

¿

2

3

3

4

t
5

5

Table 2

t v (k))Similar reèults have seen obtained foi the. MpTÀ's (k/k; '.k,v
. exp(-Àz)

where 1/y. ís the y-th root of L,'k,v(k) k+L'
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ON THE BEHAVTOUR OF THE ZEROS OF SOI'TE S-ORTHOGONAL POLYNOIIIALS

LAUR.A GORI NICOLOI-A}4ATI

Ðipartimento di Metodi e Modelli Matematici
Universita- "La Sapienza"

Roma

ABSTRACT

¡,lonotonicitv
polynomíaIs, as we

p
f
roperties of the zeros of some n-orthocfonal
I as comparison theorens, are given.

1J TNTRODUCTTON

The class of s-orthogonal oolynomials is of considerable interest
for a number of e.ÐÞIications, like, e.q.,. boundary problerns for o.d.e.

[r] fripergaussian or quasi-gaussian quadrature rufes with multiple
nodes lz,l,+,5] .. Polynomia.l-s s-orthogonal in [u,b] \^tith respect to
a given \,\¡eiqht w(x), are defined by means of the followinq conditions

b
w (x) xK

a
lp (x)l2s+1dx = or m, S

\,rhere m denotes the degree of the oolynomial P*,"(*) and s e N .

In spite of the importance of, these nolynomials, onlv a few of
thein proÞertÍes have been established so far lZ t ff1 ' rn relation
to the order of convergence of the above mentioned quadrature rules'
the follo\^ring questÍon is of particular interest. If we denote by

x, (i = 1,...,m) the gaussian nod.es (i.e., the zeros of suitable
s-orthoqonal ootynomials), do the fo]lowinq relaiions (where C does

not depend on m ):
(1'1) lxm,Í+1-**,il tc/^ ' i=1'"''m-1

hold? An affirmative answer has been found in lfZl for the case s=0

and in [l:] for some forms of the weiqht function' when s ] 0 .

fn this paÐer, we shafl consicl.er the behaviour of the zeros of
the polynomÍals {P*,"ix) } that are s-brthogonal in [-r'r] lt'hen the
weight function has certain forms to be specified later. In Section 2,

some comparison theorems for these zeros are qiven. In Sections 3 and

4 the behaviour, with respect to s , of the zeros of the {n*,=(x)}
is studied for the cases m = 2 and m = 3 and for the follovring
v,/eight functions

) ))
wr(x) = 1-*r , wr(x) = (L-x¿)¿ ¡ " e [-f,f-]

J
k=0r 1r... rÍl-1
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The resufts obtained in this ÐaDer oive a first ansvrer to a

question asked in [f¿] that the shall discuss in Section 2. A sunìmary
of results is as follovrs. Monotonicitv oropetties vrith resoect to s ..

are shown to hold for the zeros of the sets
(i = 1,2) \4rhen the weight functj.on is w.. (x)
proved that the positive zeroes of ftjtli"f t
(i = 1,2) form increasing sequences. In the
these properties, upper and lower bounds for
Finally, pertinent numerical tabl-es are given

rrjil r"l r , re{il r"l I
6=I ,2). rt is further

{pii) t*l }5' S
and , s € N,

theorems needed to l)rove
the zeros are also found.
in Section 5.

IÏ. SUMMARY OF PREVTOUS RESÜI,TS

Let us consider a tvpical quasi-saussian quadrature rule [f¿]
of the form

¡L t oJ-1
(2.1t l- p(x)f (x)u" = t- ¿ "n"r(o) 

(yJ) +
J -1 .i--r lilo
m2s

+ Ë Ë \rt(n) (x.)+R*(r)
i=1 h=o

Here, y /. Gf ,7) are pre-assigned mu1ti.ple nodes an¿l *i are
gaus.sian multipfe nod.es. ln the stud:1 of the convergence of the above
ru1e, the distance between the gaussian nodes plays an imÐottant ro1e.
ft is r.rel-I knovrn [S] that the maximum degree of pïecision

1-
v = f eJ + m(2s+2)-1 is obtained \,rhen the nodes "i , (i=1,2,...,m)

coincj.de with the zeros of the oolynomial-s that are s-orthoqonal with
respect to the ideight function

.. 1'" (2.2) w(x) = p(x) , n
J=1

It has been proved in lf¿]
the property

(x-v )-l

that the remàinder

[c(1,/m)]2s f (x)

Rm ( f) in (2.7) has

(2.3) Rn(f )
)e -e C-' lv.,v2l:-1.. -

provided that (1.1) is met. In the same ÐaÞer, upoer and lower bounds
.are established for the zeros **,i of the polynomials {P*,"(x) },
s-orthogonal with respect to the weíght (2.2) . fn Þarticular, assumíng
that'the nodes yJ , j=L,1 are symmetrj.cal with resDect to the origin
and that p (x) = 1 ,. the followinq theorem is proved.

theorem 1. "The positive zeros **,i of (x) , satÍsfy the

72
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inequalities

(2.4\ x(sl.* .v(")'
IIlrA ll'¡ra flrl

where x("). and Y
Itìr r

are s-orthogonal in

(r-x2)P

( t-*2) 
o 

1

respectÍveIy " .

lcì

|j' are the positive zeros of the polynomials that
[-f,f] with resoect to the weights

Ip= f o¡
:l=r-

rt is known lg] that the positive zerós of thê polynomials
s-orthogonal in [-f,fJ with resoect to.the weiqht functions tr-*2¡9,
B > -1 , are decreasing functions of ß . Taking into account this
property, as well as the fact that the Tchebicheff polynomials of the
first kind are s-orthogonar vrith respect to (7-x2t'L/2 , the following
theorem is easil-y established:

Theorem 2. "The positive zeros of n*," (x) satisfy the inec¡ualities

Q.5\ *("ì <x <T
ft,4 ml- ú,4

'$¡here the T- -. 's are the positive zeros of the Tchebichef f poll,nomials
IIlr f

of the first kind".

Furthermore, if

(2.6) s>P-!/2

then the following theorem ensues from (2.5) :

?heorem 3. "The positive zeros of Pr"(x) .satisfy the' inequaliËies

lc'ì(2-7\ v <X':'<xmr mt ma

where the V- -.'s are the positive zeros of the Tchebicheff polvnomiafs
I|llr a

of the second kind".

The proof of (2.7) follows from (.2.4) Èakinq j,nto account the
property of the Tchébicheff nolynomials of the second kind of being
s-orthógonat with respect to the weight function (r-x2)s+7/2

SupÞose nov, that condition (2.6) is hot met. In order to deduce

from (2-5) a further fower bounC for the **,i'= invofving the zeros
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of orthogonaÌ (instead of s-orthocronal) DoLynomiafs, it is to be
inquÍred idhether the zeros xÍ.!) l.r,-.r" as increasino functions of sru

Finally h7e note that {2.3) can be co.rsì.lered .as a convergence
result, pertaining to (2.2) for fixed m and increasing s .

ft is in this context, that the problems.treated in the Sections
that fôIfow, acquire .their meaning.

ITT. BEHAVTOUR OF THE ZEROS OF THE POLYNOM]ALS tnj.1l"l Ì, and
tejll r"r i, S-ORTHOGONAL W.R.T. THE WETGHT w(x)

For t'he polynomials

[-f,f] \^¡.r.t. the weight

(3.1) wr(x¡ = 1-*2

rrjl) r"r r,

the followinq conditions hold

of degree m s-oTthogonal in

(3.2)

where

(3.4)

l-

I (1-x2)xk[nil) t"l]2=*1 d* = o ,. ms -J

(1-x2¡ lcrr=-x2) 2s+1 dx = o

k=0,1-,...,m-1
-1

séN.

Because of the symmetry of the interval [-f,f] and of the
vreight wr(x) , it is known that the positive and negative zeros of
ejtlt"l are symmetrical with respect to the origin, vrheïeas

lllP'-s(0) :0 
' if m is odd. So, if the coeffÍcient of xm, i.,

/1ìP*=*'(x) is thought to be equal 1 , we may write

(3.3) t* .(x) = **-". 
Ë, 

(*2-o*,=,n)

where \ = ln/2) and I \F;; are the zeros of
are different from origin.

When m = 2 .or m = 3, it follows from (3.2)
the locatíon of the only positive zero of pl1l"l and
(respectively) is led to the solution of tfreTquations, "il)t"lJz5

respectively

which

and (3.3) that

ï

I

1

o

o

1
(3.5) (1-x2) qcr.-*2r 2s+1*2s+2dx = o

in which it is intended that 02s =
with the treatment of this sub-ject,
recurrence re]"atÍon for the function

))3;- , o"- = ßl- . Before going on¿S JS JS
it is ccnvenient to qive here some

ca,b (t) , defined by rneans of :
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,L
(3.6) c.(r)= | xa(t-xr)þdxâ,þ J o

It is easy to recoqnize a connection betr\'een

in (3.4) and (3.5).

a,beN.

G.,b(t) and the integrals

The mentioned recurrence refations are the following:

(a-1).t.c- .' d-¿ b(r) +(-1)u 1r-t)b*1
( 3. 7) ca,b (r)

(3.8) cu,o(r) =

a+2b+1
2brc .(r)+(-1)

a ,.Þ- l-
b. (t-.)b

a+2b+1

The îelation (3.7) is deduced from (3.6), assuming a(t-*2)b-1 as

diiferential factor and. intesrating by part; Ì^'hereas (3.8) is
derived fiorn (3.6) by inteqratinq by part with dx as differential
factor. Novr vte rnay Þroceed to prove the theorem 4 -

Theorem 4. The sequence {clr=}, s e N, of the solutions of equations
(3.4) is increasing as s increases ; moreover for the nositive
zeros 82" of the polynomials nj1) t*l ' s-órthosonal w.r.t the
weight (3.1), the foflowing bounds

1/ {5 < ßr= (4s+1)/(8s+5) s e Nl

hofd.

Proo f - It is immediate to prove that
only one solutíon o2" " 

(0,1). Indeed,
(3.4) has, for a fixed s € N,

the function

(3.9) f1s (r) =I (L-x2) (L-x2) 2"+1 d*
l_

o

tis increasing as increases, t e [0,1] ; moreover f1s(0) < O

f1s(1) > 0 . Then, \^te may derive a recurrence relation between

f1s(t) and ft,"-r(t) , s ! 1 , makinq use of (3.7) and (3.8)

Puttins n=2s+1 , from (3.9) and (3.6) ' we get

f1s(t) = co,rr(t)-G2,n(t)

and this becames, by (.3.7) ,

(3.10) f1s(t) = Go,rr(t) . (L-E/(2n+3) )+(1-t)n+I/ (zn+3)

Consequently, for s ) 1, we may write

(3.11) Go,n.-2 (E) (1-E/ (2n-1) ) = f 1,=-t(t)-(1-t)n-r/(zI,-t')
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Applying tr¡rice (3.8) , Go,rr(t) may be connected to
according to

co,rr(t) = 4n (n-1) / (qn2-t) .t2 .co,n-r{L) +

+ ( 1-t)'-1 ¡{ar,-r) r- (2n-1)] / (+n2-t¡

whÍch nay also be \,/ritten as follows
(3.12) co,r.,{a) = Cut2co,rr-2(t) + (t-t¡n-1.p1s(t)

c ^(r)o,n-¿

f f \\'e put,

( 3. 13)

for the sake of short notation

cr= 4(n2-n)/1an2-t)
p1s (r) = [tan-rt t- (2n-r)] / (¿n2-t)

R1s (t) = 7-L/ (2n+3)

Nov¡ putting (3.L21 in (3.10) , vre obtain
)f1s(t) = C=t-Rr=(t).Go,n_2(t) +

+ (r-t)n-1[nr"tt).pis (r) + (1-r) 2112n+z)l

and from this, by the aid of (3.1L), we finally get the followÍng
recurrence relation

R1s-1(t)f1s(t) = c"t2Rr"(t).fl,s-1(t) +

+ (1-r)t-1[-c"t2nr r(t) / (2n-7)+na, (r) .R1s (r) Rr,"_1(t) +

+ (1-t) 2nr, 
s-1 

(t) / (2n+3¡f

The polr¡romial ín the brackets is onfy apoarently of degree three;
in fact, it reduces to

-Rl, s 
(t) [t2 {zn+r¡ -4nr+ (2n-1) )/ (4n2-Ð+ ( 1-r) '*r, 

"-, 
(t) / (2n+3)

The obvíous divisibility by (1-t) of the first term allows us to pass
from (3-14). to the followínq (3.15)

(3. 15) f1s (r) = c"12Rr" (t) f1s_1 (t) /Rrs_1 (t) + ( 1-r) tQr" {t)./R1, s_1 
(r)

where Ít ís intended that:

Q1s (t) = 2 f(4n+1) t-(2r,-Lt1/ l(¿r,2-r). (2n+3)]

'" (3;.14)
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Now, let be { v=}, " " Ñ+ the sequence of the zeros of
is easy matter to verify that

Q1s (r) ;it

Y=-1<Y=r seN* ; lim \¿=l/2
s+æ

with Yo = or. = 0.2

Moreover from (3.1-5), written for s = 1, t - Y1

(3.16) frr( vr) ) o

Consequently, and because of the .fãcl that f1s (t)
t e [o,t], s e N , \^re obtain

[3.17) f.-(y)>0 , seN+rÞs

To. the aim to prove (3.17), let us take s=2, t= '(2
gr.ves

rp1) =

so, in view of

r"( t')

one qets

increases for

; then ( 3. 1)

cz\z Rtz( tr).frr( -rr) /R.rr( '(2\

(3.13), it Ís possible deduce that

>0

hol-ds; going on in the same \^¡ay¡ rnre qet (.3.17). Then, from this, it
follows

(,3.18) ds_1 < ys_1

so that we reach the thesis
' ds-1 ' 0s

puttinq t=o . in (3.15)s-f
ímplies that:

Qt"(e=-t) < 0 -

We have already noticed that we may derive, from ( 3. 4 ) , d2 ,0=0, 
2;

this remark and (3.17) lead to the bounds fôr Br", of the thesis.

Concerning the case m = 3 , stilf for the "weight wr(x) given
in (3.1), it is possible to prove theorem 5, which deals \"tith the
behaviour of the positive zeros of te j"1) t*l Ì, s e r¡ i in the sa¡ne

time an uoper bound for those zeros is supplied

The sequence {Br"} , s e N , of the positive zeros of the

s e N'

and takinq into account that (3.18)

Theôrem 5
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polynomiats fnjl) t"l ], s-orrhosonat in [-r, r]
wr(x) ' increases as s increases i moreover,

v3/7 < ß^. 55 rA"

r,r.r.t
for se

the vreiqht
¿

N,

ô ( 3os+7- 324 (s +s) +491 /¡.6s

hoLd

Proof The zeros ßr= are qiven by

='F; I seN

rn.T 03s solves the equation

-1
(3.t9) Fr,"(t)= J" {1-x2¡1¡-*2,2s+1.*2"*2d*=0 , seN

Now (3.7), (3.8) can be used to obtai.n a recurrence rêlation for
Fl,"(t) . For the sake of shcrt, let us Ðut

Þ

'3s

Js(t) = crr+l,r,(t) r n = 2s+1

%=6s+Z-Zk k=0,L,2,3
T1s(t) = 1-(2s+3) t/do ì T1,"_1(t¡ = 1- (2s+ÐE/A3

S. = d -
IS O

-1c-Á¡"1,s-1 - "3

MakÍng use of (3.20) , (3-7\ , (3,8) , from

(3.21) rr," {a) Js(t)T1,s(r) + (1-r)n+1

from which we deduce

(3-22) Js-1(t).Trs-t(t) = Fr,=-r(r)-(1-r)t-t.rr,=-,

(.3.23)

where

(3.20)

J (r)
s

( see

(3.24)

(3.19) one sets

.s1_

and Js-l(t) may be connecÈed. according the following relation
(3.71 , (3.8))'

Js (t) = Ast3Jo-1(t) +(1-r)t-1l,lr" {t)

Às = 4n2 (n-1),/drdrd3

M1,s (t) = -"[¿. (n-1)t2-sar.r+3d3],/d1d2d3

Inserting (3.22') into (3.23) , and the obtained result in (3.21),
rre reach thé folloÌring recurrence relation for F1s(t)
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(3.2s)

\,¡here

(3.27) vr" (t) = Ite- e- I t2+ ( 30., -16) t- ( 18rì-12) l,/3d1

F1s(t) .T15-1(t) = a"t3r'r,s-1(t)tl,= {a) +

+ ( 1-r) 2u i l-o"t r, =-rt3+l'tr= 
( a) . tr, 

"-1 
(t) ]T1s (t) +

+ (r-r) 2sr".tr=-r(t) Ì

To. the aim of investigating the behaviour of the sesuence {or=} of
the zeros of I'3s(t)r s € N, Ìet us analyze the polynomial- in the

brackets of (3.25).

In viehl of (3.24), it is easy to verify that the coefficient of
the term of highest degree is civen by

))
As (25+3)/dodr-4s (2s+1) - (Zs+3) /dodrdrdr- = O

Moreover

-A S. . + M. 
"(1)tr,"-r(1.) 

= 0
S l-S-I r'

so that the abovè polynomial is divisible by 1-t and we may Dass

from ( 3. 25) to
l

(3.26) F1s(r)T1,=_1(t) = a"'t3"F1,s-1(t)rls(t) +

+ (l-t)'=*t.rr,"-rs1sv1s (t)

For every fixed s, Vls (t) 
. has â zero ô"

(3.28) F1s(ðs) >0 , seN*

In fact, note that from (3.20) it foflows

cro=3/7<ôt

andso,putting s=1,t=ôt in (3.26)

F1l(ô1) > o

for F1s (t) is increasing - As the sequence

of vr-]ttl ¡ s€N*,namelv

(3.2s) 6" = (15n-8- /tt"ã-rrl,/(8n-8)

ís increasing (as far as F1 (t) , s e N) ,

e (0,1), being also

, we get

of the zeros{ôis
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Ít follows: F.12(ô2) > 0 and so on, to (.3.2g).
Note that (3.28) implies

d3,s-1 ' 6"-1 ' ô" ,

then, in víew of (3.26), it results
F1" (o3, 

=-1) 
< o

that iS the same as saying that {aa.}
remark that fron (3.29) and (3.26)

is increasing. Finally, let us
it fo1lôr's that

seN,are

seN

Fr, (o 30) < 0

so $re may concLude that also the second Þart of the thesis hol-ds:

lrî'ß3s. fÇ
rv. BEHAvrouR oF lHE zERos oF rHE poLyNoMrALS re!2lt"l] , {p3s(x)}

S-ORTHOGONÀI w.r.t. THE vùEIGHT wr(x)

Concerning the weight
(4.1) w, (x) = {t'*2)2

we will be able to demonstrate the following theorem 6, and theorem 7
First some remark. The positive zeros U2s of
reJ-ated Èo the zeros À2" of the ecruations:

' (4.2') f 2s 
(r) = 

f 
"t 

,t-"t )2 (t-*?)2=+1 d* = 0

by..means of : F2s = /t;

rej2=) r"t t,

So, $re are ínterested in the study of the behaviour of the
sequence {^2s} , s e N i then it is convenient to connect the
funcj.ons f2,"(t) and fz,"-t(a) r s € w+ . rhis can be made, writing,
first of all, f2s(t) by means of (3.6); havíns

f2s(t) = Go,r(t) - 2Gz,n(r) + G4,n(t)

the reÞeated use of (3-7) arlows us to establ-ish the folLowinq re]ation
(Vhere n = 2s+1, as usuaL)

3L2 -2 n+12n+5 2n+3 2n+5 1-t - 3t+2n+7t+f2" ( t) = Go,n (t)

this can be written in a more synthetical form, introducinq the
notations
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(4.3)

(4.7)

where

R2s (r)

wz" ( t)

(4. s) gr. {t¡ = I f(4

Forafixed s>1, (4.

It= = (2n-1) /(4n+3¡

and the sesuence {Às}

= lttz-z(2n+s)t + (2n+3) (2n+s)l/[(2n+3) (2n+s)]

= (-3r+2n+7, /Len+3) (2n+5)]

n+3) r- (2n-1) l/ l(4n2-Ð (2n+3) (2n+s) ]
8) is solved by

i
we may wtite

(4.4) f2s (t) = Go,r.,(t) R2s (t) + v{2s (t)

and this, taking into accoùnt (3.12), qives rise to
t(4.5) f2s (t) = c"t-Go,rr-2 (t) R2s (t) +

+ (1-t¡n-1 [p1s(r) R2s(r) +(1-t) 2wr= (t)l

Making use of (4.4) r^rith the index s-l , we may derive a relation
bet\,teen Go,rr-2(t) and fz,"_1(t) , reaching so the recurrence
relatÍon

(4.6) R2, 
"-1 

(t, f 2,s (t) = c"t2Rr" (t) f 2s-1(t) +

+(1-r)t-1 [*2,"(r) *2"(t) + ( r-tl2nr,s-1(r)r,r2s(r)]

where it is íntended that H2,=(t) is given by

H2s (t) = -C=t2Rr= (a)W2, 
=-1 

(t) + Pts (t) R2, s-1 
(t)

The polynomial in the brackets of (4.6) is only apparently of degree
five; Ín fact, with some calculation, it is possÍb1e to verify that the
coefficients of the terms qf deqreee five and four, ec¡ua1 zero,. when

takÍng into account (3.13) and (4.3) By means of the same

relations, vre can also verify that the mentioned po]ynomiaJ- is.divisible
by (L-L\2 ; as a conseguence, from (4-6) we Þass to

f2s (t) . R2, 
"_1 

(t)
"rr' 

rr,"-r(t) R2s (t) + (1-t)t*tgr= {a)

A, = I/3 lim
S*

is Íncreasing i moreover

I =I/2

8l



Now we àre able to Ðrove the foflowinq propertj.es:

(4-9) the sequence {ìr.i r s € N is increasinq ,

(4.10) À"-.^- , seN+¿s s

Remaik, first of afl, thät the functions R2s(t) r s € N (4.3)
positive in [O,f], and that the functions f2,s(t) Íncrease as
t e [o,f] , then, from (4.7), one gets

. 
f zt(.Ar) = Rrr(,41)cln?f2o (Ar) /R2o(¡1) > 0

for (4.2) , written \,rith s = 0 , implies

),ro= 1/7 . n1

This allows us to derive that

f2s(As) > o

so that
l2".tr"seN*

that ìs to say (4.10) holds; then from (4.7), vrritten with
t = \.2,r_L , we derj.ve also that

f2=(\2,s-r") 'o '

hence (4.9) ho1ds.

Taking into account that ur" = /ü , the above concl-usíons
give rise to the followinq.

Theorem 6. .The positive zeros u2= of the polynomials tej2lt"ll ,

s e N , s-orthogonal- in l-f,f] vr.r.t. the weight wr(x) , form an
Íncreasing seguence, moreover the following bounds from below and
from above

u{l. uzs (4s+1) / (8s+7)

are

hofd

the sequence

three, s-orthoqonal in l.-t, f] w.r.t
, of deqree

the $/eight (4.!), we may study
, s e N , of the zeros of eguations
1

2, 2 , . 2, 2s+7 2s+2 -tr-x , (t-x ) .x ctx = U ,
o

Dealinq with the case of the polynomials rejl) r"r I

(4.11) F2s (t) I
J
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AIso for the funetions F2s(t) it is nossibfe derive a recurrence

s(t) . Starting from (4.11)relation, as welf as for the functions fZ

and recallfnq (3.6) , we get

F2s(t) = Gn+1,n(t)-2Gr¡a3,n(t) + Gn+5,

(4. 12)

\.Jhere

r)n

and actinqf on this, by means of (3.1), (3.8), (3.23), we reach

r'2s (t)T2,"-t(t) = aut3r'r,s-1(t) T2s(t)+(1-t)n+1.vr= {t)

Tz, 
= 

(t)

v2, s 
(t)

= (n+4) (n+2) E2 /dods-2 (n+2)t/do+1

= 8n [-a (n-1) t2+ (15n-6) L- (sr,-f]1/
4

( 4. 13)

d. = 3n+6
4

with Às ' dk given by (3.20).

In this case, as well- as for the weic{ht wr(x)
for fixed s , a zero As e (0,1-), name1y

(4. L4) ¡ = hsn-o-
S\

+60 (n-1rl8 (n-1)81n

I-ld"
k=o

t
= L-X V (t) has,

2

and it is easy to see that

À".a=*r- r s€* r:ï Ls=3/q

Bêcause of the fact that T2,=(t) are positive (for a fixed s e N)

as t e [0,1] , ttre same reasoning seen in the above theorem, brings
to the conclusion that

(4.15) F2s(^s)>O , seN+

when one starts from the remark that (cfr. (4.f2))

?F21(^1) = Ar^írzo(^1)121(A7)/'12o(^1) > 0,

for, as it follo¡¿s from (4.11) and (4-74),

ì^ = 1/3 < L-JO J.

From (4.15) we deduce

(4.16) 13=.4" ¡ seN*

so that, if we put t = À3,=-t in (4-72t we get
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F /l I I
"3;=("3,=-1/ ' o

that i3 to say that it results:

À^ - < ).^J, S-l JS

Ilence, the following theorem holds, in which {r:"
sequence of the positÍve zeros of the oolynornials
s-orthogonal in l-1,1] w.r.t the weiqht wr(x)

Ì = { y'r":} is rhe
rnjl) t"l iÌ s e N,

Theorem 7. The sequence {Ur=} s e N, increase as s increases,
noreover

(4.77) t/ {1 . u3s . V^; , ( Á" given by (4.14)).

Final1y, 1et us remark that upper bounds in (4.7j) as well as the
analoque upper bo'nds given in theorems 4,5,6, improve the result of
theorem 2.

Investigatión about the lreights

2n+w(.x, = x , n.e N .

rs ].n Progress.

V, SOttE NUMERTCAL RESULTS.

Now we give here four tables, pertaining resÞectively the
following cases:

wr(x)=1-*'m=2s=1,2,..-,6

t1 (x)=2-x2 m=3 s=1,2,...,6
w2(x) = (t-x2¡2 m= 2 s = 3-,2,.-.,6
w2(x)= I.t-x2)2 m=3 s=1,2,...,6

s=1

s,= 3

s=4
s=5
s=6

u 3L
ø
"32

J.>

P 34

I ^_.J5

R
JO

TABLE 1

Bzt = 4'53337686

Bzz = D'57388977

ß z¡ = o' 597943q3

ß Z¿ = 4.6.1406030

Bzs = o'52s53402

ßzs = o'63450644

s=1
s= 2

s= 3

s=4
s=5
s=6

TABLE 2

0 .7 37 67 9L3

0 .77216399

0. 7913139r-

0.30359643

0.812L901_2

0. 8l-356423
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s=1
s=2
s=3
s=4
s=5
s=6

s=1
s-2
s= 3

s=4

s=6

u3t

u3z

!:3
u34

u35

u36

TABLE 3

v2L = 0'47234L4L

v22 = 0 '52119385

u23 = o'55177365

v2a = 0'57295105

u25 = o'5885881-9

v26 = o'600674'7g

TABLE 4

0 .680L6296

0.726799i7

o .7537 8323

0 .77 L5oO29

0.78403238

0 .7 9351267
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A note on the summability of the Riesz means

. of multlple Fourier serles

By

Shigehiko Kuratsubo

1. Let Rk denote the k-dimensionãl- Euclidean space,
k-dimensional torus ( identifÍed with the cube ek = { x =

'x'-)enk,-1.*L ¿:
. å,, = 1,2,...,k ) ] ) and zk the

Tk the

(x'x2,

hle denote

j
kintegraf lattice of R Through this paper we assune

Let f(x) be a Lebesgue integrable function on Tk

the Fourier series of f(x)

k> 2

f(x)'v I f(n) e(mx)
v

meL

with

r(m)= / r(r)e(-mx)dx (mez k)
Tk

where. e(t) = "2nit 1 t e R ) and mx = t1*r*t2*2*
l¡/e next denote the Riesz means of order o, of

rr- $21" îr,l

..*m.x.KR
f(x)

1
L

2

where lnl = (ma2+^r'*, . .r^uz)
Furtherfor o¡0rt>0 and x=(x'

Rk, we introduce the foLfowing functions

e(mx)

<tm

l-

,xk), V = (v1,..,V¡)

1
F(0+Ð- i (t-lm-vl2)" u((m-y)x)

' ,2lm-yl <r
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and

P, (t:x,y) = A (t:x,y) - C,- e(-xy) (x) ,.o o' -- K¡0'

where ô(x) = t or 0 according as x e Zk or not and

= ¡l*ill | ft-lzlz)d

For instance, in.the case of k = 2, x = y = 0 and o = 0,

c.
k,d

kk
, ,+d

.TL

r (! +o+r;. .)lzl-.t

Po(t) = Po(t:,1 ,û) =

(2) Lo$rer estimate : Po(t) = 0( t

I
2

I - Tþ

¿tm

that is, Po(t) = the dlfference betlreen the number of l-attice

polnts in the open disk centered at tl'le origin and having radius

lT and the area of this disk ( Latttce remaÍnder ter¡n ). îhe

estlmatlng problem for Po(t) 1s caLled Gaussrs circLe problem.

The foLlowing estlmates are well kno!¡n standard ones. ( fire note

that some better estinates have been known. )

I2
(1) upper estimate : Po(t) = o( t37 

*t 
¡ ,o" any e > 0 ,

t
4

1
41og t) and

(3) ldhat is the best possible estj-mate ? There is a conjec-

ture that ?o(t) = o1 1114 +e , for any e > 0 ,

( Hardy's conjecture )

(ln (2), ö(t)=n(i¡(t)) lmplie.s þ(x)l o(V(t)) )

. Generally, the estímating probl-ems for Po(t:x,v) are ca1led

the l-attlce point problen wlth welght in a k-dímenslonal sphere.

( See Fricker [6].)
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2. The theme of our paper 1s on some rel-ations bethreen the

pointwise convergence problem of multiple Fourler serles and the

lattice polnt problem. ( See also Kuratsubo [9]. )

The followlng equallty shows a ciosed relatlon between two

problems.

sl(r:x) = i*,t Tk
f(x-z) Po(t:2,0) dz

of

Next, hre shall recalL well known results on pofntwise convergence

Sl(f:x) to f(x) : Suppose llp:2 and s¿o and

put =pp-1

I

(1) Ïf o , op * !- , then for any functlon f(x) . f,p(lk) .

t1m sl(f:x) = f(x)
¿+@

alnost everyhrhere. ( Stein t11l )

I < D < 3I= trr"r, there exlsts a function
- ^ : It+l- -

that sf(r:x) diverges al-most everywhere. (

Babenko ¡31, (i1) Babenko [3] and stetn I12l

Then we have the following

(ii) o=dpand

f(x) e l,P(rk) such

(i) Fefferman [5] and

)

, then there exists a function

lSftftx)l = - almost everyhthere,

k-I k*p 2 p' where p I

(2) If (i) o=0 and

(?) If d,<c and Ip

f(x) e i,P(tk) such that

2k<P<i=î

llm su,p
t*- 

i

where we çan lt¿ike

such that î t*lo

( Babenko t3l )

Kuratsubo tSl. )

for such a funct,ion f(x) , the function fo(x)

= 1 (lml >1)with L.-.o.k;f -o
Irlo P' ¿

( See also Alimov, Il-'ln and Nikishln [2, f 5] and

Now, what 1s the case of max{ O, oO} < c : op* þ ? Tt is un-
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known yet. ( See Stein [1], Problem 41.)

I¡Ie got recently the foflowing result as a corolLary of our main

theorem on the strong summability. ( Kuratsubo tlOl )

THEOREM Tf 0So<

there exists a function

-2k then for any

) as t+æ , everywhere

f(x) , the function

0p and IT>- p

f(x) e r,P(rk) such that

f,
^ ;( q*-o )qu1r.-\ - õ/ L¿ P log-.t"t'-'^'ùù\u

where we can take for such a function f (x)

such that

r (mlÞ,r'
1 ( lml > I )

lmlP rog'lml

This is better than (3) of this section by having an expt-icit
dlvergent order and being valid not almost everywhere but everywhere

Our main resuLt in this paper is an improvenent of thls divergent

order.

k

3. Our main theorem is the foJ.lowing

îHEOREM Suppose

Then we have

l¡- lt>0.0<a<ì=:0<o /' and 0+o1?

ç ¡1_ lml
¿ \r t

t< | mj 2.t

everyhrhere,

1
---::- e(mx)=91
lml"rog'lml

],k-l . 1,k-1ã\--ã- -a-o / ;(--¡- -0J -T
E' ' (fog b)^ ' )
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Now,

given by

let e (x)
-Õ ¡ T

c ¡'-l =
I

lrnlo rogrlml

be a function whose Fourier coef,ficients are

e (x) =
-O tI

c

lxlk-o togr

(lrlt]),thatis,

+ 0 (x)

where C is a positive constant number and ó(x) is a function

f,.T

in c-(fk) Then eo,.(x) e r,plrk¡ if and only if s >

r = F and . r 
*. 

( trrainger [15, Theorem Z, p.39] )

Therfore, ure have directfy the fol-l-owing corollary from our

k
p-r- ,Õf

main theorem

COROLLARY If 0Scr<cr p and -2k-:v:k+f
T> p

hrhere i^re can take for:such a function

, then for any

) as t+@ , everywhere.

I there exists a function f(x) e rP(rk) such that

f(x) , the functlon f

( lml > r )

(x)
Þ¡T

sueh th¿lt

LEMMA I For

l-f (m)=

6.o.8:!,*t

-lI'lt rog'lml
k

l,{e need ti^¡o lemmas for the proof of our theorem,

I
lrl2.t

- f,k-l . f,k-1
(t- + )o e(mx) = n( tãtZ -o'(ro* c)k( z -al, as r+-

h¡e hâve

everywhere
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The proof of Lemma.l, is based on the folLowing equal-ity

1
e.T

!(E *o )

u-t tL Po(Et:x,y) dt = +
1t

ß

ulß)trl = uã "-'r,fß)tul and r,fs)rrl is Lasuerre

omja1 of order .ß The proof of femma Ìras obtained for the

0

where

case a=0 and x=0 bySzegö[14],forthecase o=0 and

any x by Berndt [4] and for the general case by Uafner [7-]

The next l-emnâ is a generalizatlon of Afimov and If in ( [1,
lemma 2.21 ). ( Kùratsubo lì01 )

LEMMA2 Suppose s>-1 and

and K satlsfies 0<r<f !tn¡

-ß _
dÞ 

^ 
ruB or

Further. for anv numerlcaL series

tr

s = r*rc hrhere r

ß>0 and r:

0 according as I

]I_-e.Lln!-9c9r
0 , defi.ne a

function b(I)

respectiveLy. i
n=1 n

g, or not

, let

 A I (r- *)t "n , I (1- f)" r{") rn re spectively
n n<tr

4 = or^) ol + (-])'+r ,: afi| "ill tful"*2t(o(t")-b(r))(r-t)sl at

Then we have

and, for some posltive constant

1 r+1
' Ìr ' '(t '?+?" b(tr)-b(r) ) (l-t)sl 

lJo Tirr)T I tati L( dt < c b(t), I > o

4. The proÕf of theorem. Assume the existence of x such that
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I tr- I'12

r. lml2<t

f,k-f , ],k-f

=j 
,- -e(mx) = a(tz' 2 (tog t¡k' 2 ' 

)
lml rog lml

Next, applying lemma 2 to the case s = d , ß=$,t=t and

-la.- = ) ---:-e(mx)I rõ- T,? lml"rog'lml
Iml =n

then we have

and

r
L. .)

1<jml-<À

tr- lTl2lo :1 = e(mx)' 
^ l*lotogt¡r¡

-S

ol
1,2 r.og'À loll + Í-l"ll

S ^T F6- = ¿ )

r< | ml 2<r

Therefore, r{e have

¡ Sr
'| orj då I rful"*2t(b(t).)-b(À) ) (1-t)sl 

I dt

this is inconsistent rrith femma 1.
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TNTERPOLATION DE LAGRANGE

Alain Lascoux

" Nous rappelons que Irinterpolation drune fonction d'une varia-
ble par un polynôme est intimement l-iée au calcul du reste de Ia
division de deux oolynÒmes. Nous donnons 1'extension à plosieurs va-
riables dans Ia Proposition 8 . Les différences divisées se révèl-ent
être Ie concept approprié. Comme applications immédiates, citöns
lrinterpolation rationne]1e, les restes successifs de 1a division
eucfidienne, 1e P.G.C.D. de deux polynômes, Ies décompositions dans

Ja base canonique des éléments de la cohomologie d'une grasmannien-

ne, etc... Dans tous ces exemplescrue nous ne développerons pas, il
s'agit de calculer 1'action du même produit de différences divisées.
Les Fonctions de Schur suffiraient à exprimer la solutiÕn de tous les
problèrnes évoqués ci-dessus, car ceux-ci sont syrétriques en les
points d'interpolat.ion, ou 1es racines des pofYnômes en cause; néan-
moins, les différences divisées fournisssent un point de vue et des
algorithmes différents : plutôt que de calculer dans I'anneau des

fonctj.ons symétriques, on utilise 1'action du groupe symétrique sur
lianneau des polynômes.

Lrauteur ne disposait que d'une machine a traiter ]e français
du xxIe$e siècle, ce qui explique la gestion aIéatoire des signes dia-
critiques.

Etant donnéê une fonction f : C -+ 0, "interpoler" f en

1'ensemble.de "points" B = {b, c,..., d} consiste à trouver une

autre fonction g , par exemple r:n polynôme, telle que f et S

coincident en B et telfe que f-c1 soit un "reste" négligeable, ce

dernier terme ayant un sens précis suivant la catéqorie choisie.

Newton et Lagrange interpolent f par le même polynome (de

degre 4 n-L si n est le cardinal de B ) , trouvant fort
heureusement le même reste, mais présentent différemnent leurs cal-cul-s
Ne\"7ton ordonne totalement B: {b < c < ... < d} , écrÍvant

(1) f(x) - f(b) - (fa).1*-ot (faA) . (x-b) (x-c)
Res te ,--/Newton

les coefficients (fAô...) étant ses fameuses différences divisées
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que nous expliciterons plus loin.

Lagrange, quant à J.ui, conserve Ia symétrie des él-éments de B

et ¡rê¡ne, divisant par le produit (x-b) (x-c)...(x-C) , trouve une
expression symétrique en {x,b,c,.. .,di :

(2) f (x),/(x-b) (x-c) ... (x-d) + f.(b)/ (b-x) (b-c) ... (b-d) +.. .+
+ f-(ð) / (d_x) (d_b) (d_c) . . . _ Reste/,Lagrancre 

.

Cést en fait sur le reste qu'it est intéressant de porter son
effort, On pose:

1
.2b bt-1 f (b)

(3) D=
d

x
1

l-

_2d -n- 1Õ

n-1x
f (d)

f (x)

Le calcu1 de Lagrange consiste sÍmplement en 1a remarque que le
membre de gauche de (2J est le développement du déterminant D

suivan! sa derniere colonne. Posant A. = Vandermonde = produit des

différences deux a d.rr*, on a en effet :

(2'l Ru=tflugr.rrge = D / L&,a,c,---,d)

Newton, ayant quant à lui cons-ervé Le facteur (x-b) .. . (x-d) , obtient
fe reste:

(1') Reste/l..trewton = Ð / 
^(b,c,...'d)

Reste/Laqrange. - (x-b) -. - (x-d)

Euclide échanqe droite et gauche dans les équations précédentes
et prend comme reste de sa fameuse divisicn de f par 1e polynôme
(x-b) . .. (x-d) le polynôme interpoLant f :

(4) f - ¡G;E;ir;ð- (.x-b).'.(x-d) = Reste/Euclide =

= * xo+ ** x| +...* *** *n-1 ,

les coefficients *.,.* pouvant se cal-cu1er a 1'aide des differences
divisées ainsi quril est expliqué en (10)

ReÞrenons 1ç ner¡bre de gauche de .La formule dê Lagrange (2) ,

en adoptant une écríture gui respecte 1a symétrie entre les éléments
de .A = {x,b,...,d} et en notant R(a, A-a) le produit d.es différen
ces de ã e A avec tous fes autres éféments de A :
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(5) I_.o f.G) / R(a,A-a) = R""r"L.gr".,g.

Comme une fonction symétrique des éléments de A-a est une

fonction de a ayant pour coefficients des fonctions symétriques en

A et que la formule (5) reste valable par extension de's scalaires
aux fonctions symétriques en A , on peut introduiie une fonction
symétrique g de n variables et donner au membre de gauche de (5)

la forme suivante :

(6) t s(A-a).f(a) / R(a, A-a)
aeA

On est ainsi conduit, à l-a suj.te de Sylvester, à somrner sur tous
les sous-ensembl-es de même cardinal : soient p , q deux entiers
positifs, A un ensemble d'intéterminées de cardinal p+q , pour
tout sous-ense¡rrble B de cardinal p , on note R(8, A-B) le produit
des différences d.es éléments de B avec ceux de lrensemble complémen-
taire A-B : R(8, A-B) = [1. (b-c) . Soient enfin deux

beB , ceA-B
fonctions symétrioues f,g de p,q variables respectivement . On

peut alors énoncer :

La sonmê

(7) g(A-B).f (B) / R(8, À-B) = p(9, f, A' p, q)

est une fonction symétrique en A

La sommation précédente peut être considérée corûme un opérateur
bilinéaire Gnm (p) x Gnm (q) --> Gnm (p+q) sur I'.espace des

fonctions symétriques Gnm ( . ) . Cet opérateur a Ia propiiété essen-
tie11é de préserver 1es fonctions dê Schur, c'est à dire d'envoyer
le produit direòt de deux fcnctions de Schur sur une fonction de

Schur ; cette proprieté se trouve à la base de maintes Ídentités de

Cauchy, Jacobi, Sylvester, Borchardt, etc... eÈ s'interprète comme le
théoreme de Bott pour 1a cohomol-ogie des grassmanniennes. Décomposant
f et g dans la base des fonctions de Schur, on obtient ainsi une

expression de Ia fonction cherchée ú(g,f,A2prq).
Une méthode plus puissante consíste a décomposer cet opérateur

en Produit de différences divisées. Pour cela, il nous faut ordonner
totalement A: ax ..urn.... ..p+g. on note oi la transposition
de . ai et ai+1 et h' I'imaqe par oi d'une fonctÍon h des

variables A .

r
BCA
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DEFINITION, La i-ième différence divisée A-. est l-'oÞérateur, noté
à droite, h 

-Þ 
hâ, = 1¡ - hoi) Z trr-.r*ll r prus.rénéralement,

pour toute coupure de A en A'= {al. ... . 
^O} A" =

= {an+1 < ... <

(âoâp+1 "' âp*q-t) (âo-, '.' ðo*q-2) .. . (ar ...rn)

et 1a différence divisée maxirnum âO. est le produit

(â142 ...âoan_t) (ar ... ,o*o_r) (â1)

ProposÍtion 8. Etant donnés deux fonctions symétriques f,g de p

resp q variabLes, et un ensenble de variables A de cardinal p+q ,

on a I'egalité

(8) f".o ø(A-a) .f ß) / R(B,A-B) = s(4") .f (A')âA,,A,

Preuve. comme R(B,A-B) = À(A) / Lß).4(A-B) et que 
^(A)a la somme alternée des monômes en A de multidegré 0,L,2,

1a somme I S(e-s) f (B),/R(B,A-B) est ésale à

s(

est éga1

'. rP+9-1,

z
)^(

p c{ alr...,ap+q

sonme sur toutes les permutatÍons U des éléments de A Comme par
ailleurs, Â(A')âA,o = p: , on est réduit à vérifier que â-

= âA,t¡ . a^,,o . â4u¡, est l'opérareur f -----ù Z, rc)olu .^3".i
résulte, si 1'on veut, de ce que les deux opérateurs envoient Ie
mêrne monôme sur la même fonctíon de Schur ; étant linéaires, i1s
coincident donc [ .f. [o"*], lzTe¡cl ; la .décomposition de

l'opérateur âA.u 
"r 

produit de âi ramène en définitive a vérifj.er
que I'opéraÈeur ài est linéaire en Les fonctions de .1,...,.p*g
syrnétriques en .i et .i+1 , et envoie 1/ (L-ar) sur
7/(I-aíl (l-ar*r) , ce quí est très exactement l-a formule de Lagrange
pour .un ense¡rtble de cardinal 2 I #

La sonmation (8) a été étudiée par cauchy et Jacobi pour
1¡interpolation rationnelle (cf. [nos]), par sylvester [syfj ,

$orchardt, et Þour l-es modernes, outre les géomètres des grassmannien-
nes et variétés de drapeaux, Milne fUif] La Physi.que moderne recon-
nait ë.n fe cas particulier f = aP de la formul-e de Laorange (5) une
proprieté essentiell-e des qrouoes unitaires et des niveaux d'énergíe
atonigue [aiea]

+7" "' )f(41,..., )^(a1,...' u

u
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On peut maintenant terminer l-e calcul d'EuclÍde, à l-'aide des

fonctions symétriques élémentaires {(e) définies par þaac] :

;¡rk no{e) = n^.a '(l+za)

Proposition 9. Soient f (x) un ootynôme en une variabl-e,
Al-ors, modulo le polynôme [tx-arl , on aA = {ar,ar, ...,ar.r."1}

1'égalité

(e) f (x) = (-1)trl,.,{s).f {.) ,". *o + (-1)t-1 Ârr-r{e) .f (a) âu. xl+

... - 
^1(B) 

.f(a)aB. *t-1 + f(a) ,"" *t ,

l = a et (a2, .,arr*r) = B .en notant. a

Preuve. Les deux membres sont Ìinéaires en f , iI suffit de v6rifier
l-a formule pour ra base {*or*1r...rxn} . Dans ce cas, I'on a

^n-.(B)."1r"- 
= (-l)n-i ou 0, o 4 í, j 4 n, selon que i = -i ou

non; c-est bíen I'éga1ité demandée 
#

Un exemple illustrera I'identité des calculs de Lagrange, lYel^tton,

Eucl-ide. Soit f un polynôme d'une varÍable, A = {a,b,c} un

ensemble d'interpolation. A1ors, mod.ul-o (x-a) (x-b) (x-c) , on a pour
Lagrange,

r(x) = e r"r ffiffi + r(b) i#:Ìi#.ii + r(c) {*:+**
pour l,¡e$¡ton,

f(x) = f(a) + f(a)ð, (x-a) + f(a)ârâ, (x:a) (x-b) ,

pour Euclider

f (x) = bcf (a) ârâ, xo + (12+c) f (a) ârä, *t + f (a) ârâ, x¿

.r\¡ous avons déjà mentionné que Ia somme (8) se rencontre dans

Itinterpolation d'une fonction d.'une variable par une fcnctíon ra-
tionnelle (problème résolu par- Cauchy et. Jacobi et que a donné lÍeu
à tous les beaux développements connus sous le nom d'ADproximantes de

Padé fsrezJ ). soient A un ensemble de cardinal P+9 , f une

fonction d'une variable. On Cherche deux polynômes n"."(x-c) = R(x,C)

et nu"o(x-d) = R(x,D) de degrés respectifs p et q-1 tels que les
fonctions f et ,R(x'C) ,/ R(x,o) coincident sur A . Donnons par
exemple Ie numérateur R(x,c) , en écrivant f"(B) pour le produit
nO"Uf(b) ; le dénominateur est fourni para une expressic,n analoque.
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Proposition 10. (Cauchy). Le numérateur de I' interpolante rationnell-e
est a un facteur près

BcÀ fr (B) .R(x,A-b)/R(B,A-B)

étant étendue a tous 1es sous-ensernbles B de cardinal q

(10) ,
fa sofüne

L'énoncé ci-dessus est stricto-sensu incorrect, i1 faut ajouter
une hypothèse de clénéricité pour srassurer que l-e facteur parasite
nrest pas nul- et que f interpolation est possihrle.

T1 est clair que I'expression (10) êst un polynôrne <1e degré
1 p et quère difficile de montrer que ce Þolynôme répond à, 1a ques-
tion. La Propositj.on I permet de retrouver la forme déterminantale
classique ferez] , les différences divisées agissant sj.mplement sur
1es déterrninants en cause. Rosenhain [nos] montïe que fe calcu] de

Cauchy permet d'exprimer Ie .résgltant de deux polynômes,

Sylvester a coirsiäéré des somines plus élaborées que (10) ; c'est
ainsi qu'if obtient par exemple Ie P.G.C.D. de deux polynômes.

Proposition 1L (Sylvester). Soient p et q

tels que p+q est égal au degré du P.G.C.D.
R(x,A) et R(x,B).. Alors 1e dit P.G.C.D.

deux entiers positifs
de deux polynômes

est égal à

I õ RÞ x .R B-B I

ArcA, B rcB

sonìme sur tous les sous-ensembles A' de cardinal p et B' de

cardinaf q

Nous renvoyons à [Syf. f, p. 58.] pouï cette affirmation (Ia
démonstration peut bien entendu se faire par une chafne de différences
divisées). Le même auteur généralise f interpotation de Lagrange au
cas de plusieurs polynômes d'une variable dans [syf , I n. 645-646].
Pour I'interpolation de Newton à ofusieurs variabfes, voir [ícS Zl.

Remargue. .Tous fes calculs précédents peuvent srinterpréter geométri-
quement. Dans le cas de Lagrahge/Euclide, on a affaire ã un espace
projectif, dont 1'.anneau de cohomol-oqie est 1e quotient de I'anneau
des polynômes en x par un polynôme unitaire, 1'opérateur
ôt.ãZ ... = ð8. s'interprétant comme 1e morphisme de projection sur
la base (morÞhisme de Gysin). Le cas plus qénéra1 de ta Proposition I
correspond a la qrassmannienne refative des quotients de rang p d'un
fibré vectoriaf de rang p+q , et Ìroperateur â...â est Ia projec-
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tion de Ia cohomologie de Ia grassmannienne sur sa base. Pour plus de

détails sur les différences divisées et leur usage en cohomoloqie des

grassmannienses et variétés de drapeaux, voir [f,aS f]
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AN ULTRASPHERICÀL GENERALTZATION OF KRALLIS JACOBT TYPE

H.G- Meiiêr and H. Bavinck
University of Technology, Defft

Po\YNoMr ALS

for
with
lity.

ighr
se

whÍch the v¡eight function is the lTacobi weight function comb

a dêIta functíon at the end point(s) of the interval of orth
These polynomials were described in more cletails by A.M. Krall-
Recently Koornwinder [1] studied orthogonal polynomials with
function (1-x)o(1+*)ß + ¡¡ô (x-1) + Ì¡ô (x+1) . It was shown that
polynomial-s, which incl-ude Kral1's iracobi type polynomials, can
expressed in terms of Jacobi polynomials as

( [arrx + brrl*g + crr)njo'ß) {*) for certain coefficÍent" ur,b.,

(1.1) <f,9> = l(29+ 2) 
=2'd+1(f(a+1)¡2

f (x) g (x) ( 1-x2)o dx +

1. TNTRODUCTIOI{

rn [3] , t4l H.L Krall introduced orthogonal

-1

+ M[f (1)s(1) + f (:1)q(-1)] + w[f '(1)s'(1) +

+f'(-1)S'(-1)], a>-1 , Mè0,Nà0

be

ahd c1n
We guessed that a second order linear differential- operator workÍ¡g
on the Jacobi polynomials night qÍve the polynomials \^'hich are
orthogonal $rith respect to a weight function being a linear
coribination of the Jacobi. weight functions, two delta functions and

t!,ro derivatives of delta functions at the points 1 and -1

But \,7e realized that in

<6'(x-1),(f(x))2 > = -<ô(x-1),2f.(x)f'(x)> = -2f (1)f'(1)

the sign depends on the function. Therefore such a linear combination
would not lead to an inner product.

Instead we considered the fo}lowinq two inner products:

a) the symnetric case
1

b) 1¡he asynûnetric eaqe

(I-21 <f,9>= -l(o+B+2)
2"+ßrT1*;ñ(ß+Ð

f (x) s(x) 1t-x) 0 (1+x)ßdx +
1

l-

+ pf(1)q(1) + Qf'(1)g'(1), c> -1, B> -7, p > 0, Q>0
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It is obvious that the inner Droducts (1.1) and (I.2) cannot be
obtained by ah/d.ght function because in both cases <x,x> I .7,x2r.
Since many of the known properties of orthogonal polynomials (such as
the three terms recurrence relation, the zeros insi.de of the interval
of inteqration etc.) depend on the existence of a l^'eight function, we
èannot exÞect the polynomial-s, orthogonal with respect to these inner
products, to satisfy these properties. They constitute an orthogonal
system of functions, which are oolynomials, but they are not
orthogonal polynomials in the ordinary eense.

Here we report on the sy¡nmetric case. FÕr the details \,re refer
to [s] and Lal .

2. THE POLYNOMTALS

I{e have shohrn thät the polynomials S

tT'*'*(x) = -(o+r).¡lx ,
l'M'N r*l = - ra,ÐtZ ,

so,M,lñ(x) = srr(x) = [u-*2 4 * o-*. 3- + 
"rrJnjo) r*l , n)2,

ð.x.¿ n c

nj") t*t = Rn(x) are uftraspherical polynomials normalized
= 1 , areorthogonal with respect to the Ínner prod.uct (1.1)

(2. r)

where
n(o) rrln.,
if

a = -21¡[nL

2R" ( 1)n

"*
M:* Y R' (lilnn J

b=
n

4MNR;(1) t*il### - tf +z(d+1)ynM +

+ NRr (1)yn [(n-1) (n+2a+2)-za-2)

-4Ì'rNR" ' ( 1) R; ( 1)
- 2 (o+1) Ri (1-) rrrM - (o+t) y 2 +

d+2

- 2Nv R"'(1)'n n (n-1) (¡+2sa2¡

nil l2a,+2) Þr /r\ _ n(n+2gt+l-)
r (n+20+lt ' \''' - -7 (ãTÐ-

Dtrri\ _ n(n-1) (n+20+1) (n+2ct+2)r\n\*i-ffi

n(n-1) (n-2) (n+2o+1) (n+2o+2) (n+2o+3)
8 (0+1) (0+2) (0+3I-

and

u'here

n

ct+2 n2* u+2 (2o+1 n+2o,+2

'n

R" | (1)
n
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The coefficients an,bn,cn have been determined from the orthogonality
relation <Sr.,,P¡> = 0, \"¡here P,n is a pol-ynomial of degree m < n .

The differential equation for ultraspherical polynomials \^;as applied
frequentty in order to rewrite the terms properly. Furthermore from
the symmetry of the v,Teight function it foll-ows that S2r, is an even

function and S2.+i is an odd function.

3. SOME PROPERTTES OF Srr(x)

a) The values S.(1) and s'(1)n

T'hese val-ues can be computed in a much shorter way than by

substituting x = i- in the definition above. Also the results are

less compl-icated than the coefficientes b- and c- \^touId suggèst.nn
Vte obtain

s-(1) = -(c+1)y2 + 2wy-R-i'(1) ,n 'n n n

2R" ( 1)
sl(:1) =-(cx+l)y I !,, M+ y-Rl(1)]n' 'n L û,+l n n

b) Zeros

As was mentioned, the pofynonials Sr.,(x) are not ordinary
orthogonal polynomials. ThÍs can be seen by the fact that Sn(1) may

vanish for certain values of N and o . However, S;(1) I 0 for
all n è I , which implies that the polynomials Sn are not
identically zero.

C) Another representation for s (x)
n

The fact that the välues of sn(1) and S;(1) are so much

easier than the coefficient bn and .r, inspired the first author to
look for another, less complicated representatíon for the polynomials

srr(x) . The result is

a- (1-x2)' u! ,, -4 * . rn(o) (*)s',(x) = tzlffi ;þ * a,,tt-" dx¿ n. n

where
2R. ( 1)

a, = -2N t-å-T- M + ÌnR'(1) ]

R"' ( 1) R: (1)
d., = NY,, --Fxl-1i-- * Y,rM ,
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n(1) = -(c+1)y2 + zlryrrr'' (1)

Especial-ly in the case N = 0 (the case treated by Koornwinder) we

obtain a sinple formula (in Koornwinder,s notation)

noro,MrMlx)

po, o,M, M (1)
-Mf (n+2d+1) 2.

(o+1) n: I (2a.+2\ -2dx

-2d n(*) (*)n R(o) (*)n

e =Sn

+

d) Recurrence relation

From the definition of the inner oroduct (1.1) we derive

<xS,S.> - <S ,xS.> =n' L n' .l-

I o , if n+i is even\-
(zufsrr(1)si(1)-s'(1)sÍ(1)] , if n+i is ocd

Hence vre can choose pn such that Sr,+1(*) - grrxSrr(x) is a polynomial
of, degree at most n . Thus hre must write

n
Sn+1 (x) - OrrxSr.,(x) = f c.Sr(x)

l=ô

Obviously 
"i = 0 if n+i. is even . In particular Çr, = 0..

For n+i. odd and i < n-3 \,re have

c . <S' Sr> = .Srr+1(x) - orrxSr., (x) , S, (x) >

= -pn<xsn(x), si(x)> =-20r)¡[Sn(1)Si(1)-S' (1)Si(1)]

Tn general c, I 0 . This implies that for the poJ_ynomials Sr. in
general no three term recurrence relation exists as j.s the case for
ordinary Þolynomials.

4. SECOND ORDER DIFFERENTTAL EOUATTON

From (2.I), the differential equation for ultraspherical
polynomial s

(4.1) (t-x2)nfi (x)-2(o+1)xRr (x)+n(n+2o+1)Rn(x) = 0

and the derivatives of these tvro relations we eliminate R ,R" and
R;' and obtain 

n

14.2) p3(x)srr(x)-pr(x) (r-x2)si(x) = <rn(x)Ri(x)
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vrhere p:, pZ and

index and p3(1) =

only if Srr(1) = 0

in the case Sn(1)

2 (0+3)p2(1) .s;(1) = s¿(1)R' (1)

Since R'(1) / 0 and S;{1) I 0 (see 3b) it fol-lovrs that
Så(1) I 0 . Thus, 94 is not identically zero.

We finally obtain a second. order Linear differential equation of
the fol-l-owing form

(4.3) o(x)(1-x2)s;(x) + xß(x)st(x) + y(x)sr.,(x) = o ,

urhere a(x) , B (x) and y(x) are even oolynomials of the deqree 48

and o(x) is not identiêaIIy zero.

5. EXPRESSION AS HYPERGEOMETRTC SERIES

. From the formulas for ultraspherical pol-ynomials (szegö [Zl
(4.7.3), (4.7.30) and (4.2I.2))

nlo) t*t¿n = (_1) n (!/?ln
(c+1) 

r,

(-1)"#+

_ n (n+2o+1)
- 2 (o+1)

vre obtain the following resul-ts

srr, (x) = (-1)n ao*Il+ .2r, 4F3 
(-n,n+a+L/2,ì+1 ,u+l-t !/2,),,1t¡x2)

srhere we have written
(tr+1),- (u+1),_

[zttzx-r¡ a2n+2kb2n+c2n) = Auzn(k+À) (k+u) = "2"fi8 Iro-5

q4 are polynomials of the degree given by their
2(o.+2\pr(1) I 0 . Furthermore 9a(1) = 0 if and

. By differentiating (4.2) we easily derive that
= 0 trre have

nloì. t*l =zn+ L

I *(o) t*ldxn

,F, (-n,n+c +t/2¡7/2;x2) ,

xrFr(-n,n+o*ì, |, *21

n(o11) (*) ,n-r

and

vrith

(3/2) 
ns2"r+1(*) (-1) n G;ïJ] c2n+1 nF, 

(-n,n+a+ì,^**,v+ï+, x*!,r*1, *2 t

[zt t zt+r¡ a2n+1+ (2k+1) b2rr+1+c2.,+1J = 4a2n+Itr.*f *]l tf<+u+]l
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SOME REMARKS ON THE STRUCTURE OF THE ERROR

OF TAU METHOD APPROXIMÀTÏONS

S. Namasivayam and E. L. Ortiz
Pure Mathematics Section
Mathematics Department
Imperial CoIIeae,
London, England

1. INTRODUCTION

rn a.paper published in 1983 Ortiz ancl Rivlin lf] showed. that if
the Chebyshev polynomial-s of the first kind defined on [u.,¡] are
pfotted in the square S := {x,y e R2, a 1 x,y 1 b}, a series of
characteristic patterns appear, $rhich are crenerated by their mutual
intersections. They êlso showed th4t such property is shared by other
polynomials, in particular by Leqend.re poLynomials defined on [",¡]
if appropriate shape funct.ions or envelopes are appfied to them.

More recently, FieiJ-ich and ortÍz [2] , onumanyi and ortiz [¡]
and Namasivayam and ortiz l¿] - lS] discussed the properties of
polynomial approximations of degree n of a given function Y(x) ,

inplicitly defined by a differential equation, when the sotution of
such equation is aporoximated by using the Tau Method (see Lanczos

[6] and ortiz [i]) ; we call these approximate solutions Tau
polvnomials

These authors showed in [Z] - [S] that for certain classes of
ordÍnary and partial- differentiaf equations the order of anproximation
of Tau polynomial-s is close to that of best uniform approximations of
y(x) by pol-ynomials of the same desree n .

NamasÍvayam and ortiz [8] d-iscussed the problem of intersection
patterns in the case of normalized error curves of Tau polynomÍa]-s when

the function y(x) is defined by a differential equation with seg:!gn!
coefficients. fn this case Tau polynomials are constrained by the
requirement. that they must satÍsfy exactly the qiven suÞplementary
conditions, therefore ihey nrust have zerÕ error at the Þoint t"¡here the
initial condition is given.

These authors showed afso that in this case an envelope curve L '
which pases through the origin, encapsufates the normalized error curves
inside the squai.e S This result qives some information about the
structure of the error of Tay polynomiafs: their normal-ized error curves
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can be decomposed ínto the Þroduct of two factors. One of them is a

highly oscillating fu¡ction and the other is the envelope L , whích
"modulated" these oscillations. Ãnother interesting feature of Tau
poJ-ynomíals, consÍstent vrith the fact that they are close to best
uniform approximations of y(x) , is the presence of Þatterns which,
although similar to those discussed by Ortiz and Rivlin in 11] for
best uniform apnroximations of zero in la,¡] , are no\,r comÞressed
inside the domain defined by Èhe envelope L .

2. ÀNÀLYSTS OF'A CASE WHERE THE COEPFTCIENTS APõ VARTABLE

In this note we show that a simÍlar result is true when y(x) is
i.rnplicltly defined by a differential- equaÈion $rith variabl-e coefficients;
I4'e construct the envelope curve L for the concrete case considered.

Let us consider the differential- equation

A(x)y'(x) +B(x)Y(x) =0, for a4_x1b,

with A(x) = 2x ¡ B(x) = -1 ; a = 0.5 ; b = 1.0 and with the
supplementary condition y(1) = 1'ï

(1)

Let T_ (x) be the Chebyshev polynomial of the first kind andn-
degree n defined on -1.0 + x 4 L.0 and 1et. T*r.(x) stand for these
polynomials when defined on 0.5 4 x 1 7.0
' 

VJe consider the Tau Prob.l-em associated h'ith (1) and definied by'

2><y'r.r(x) - yrr(x) = rrrT*rr(x) , for 0.5 4 x.4 I.o ,

.with the conditÍon yrr(1) - 1

(2)

f t fol-lows that the error function er., (x) ¡= yrì (x) -y (x) satisfj.es
the same differential equation as yrr(x) , but with an homogenous

initial condition. Therefore,
rL

err(x) ,= , *L/2 l' fT* (t) /ft+l'13/zlatn J 4x_3 . n'

The last integral is given by

{n sin [r, .o"-1 14*-3) ] sin ["o"-1 lax-3) ] / ler3/z (r,2-t ) )l+o (r/nz ),
thus '

le tn-r7n) er.,(x) l,/tr, ,= {sin lr, .o"-1(ax-3) ] sÍn lcos-1(ax-3) ] },/x

+ oe/n2) .
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Therefore the curves defined by

I e (n- r,/n) e (x) 'l ,/tn-n
have the envelope L defined by

_ -1+ sin fcos-'(qx-z\J/x .

3. FIGURES

Figures 1-4 display the normalized error curves of Tau poJ.ynomials
of degrees n = 6(1)10 ; n = 11(1)14 and. n = 15(1)19 and n = 20 (.1)24,
while Figure 5 shovrs them for n=6(1)2 ..fhe envelope curve. L of the
normalized error curves of Tau polynomials is clearly visÍb]e in these
figures. The patterns of intersections became visible, as white lines,
only in the last Figure.

-5i

0

+t

-t

0

Fignrre l: n = 6(1)10 Figure 2: n = 1I(1)I4)

Figrure 3: n = 15(1)19 Fiqure 4: n = 20(I)24)
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Figure 5:n = 6(1)24
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KENNELS AND POLYNOMIC MODIFICATIONS iN LEMNISCATES

Isabel Pérez-Grasa
Departamento de Análisis Maiemático
Facultad de CC.EE. y Empresariales
50005-ZARAGoZA (Spain)

1.- INTRODUCIION

h
Lei f: lA(z)l = R be a lenniscate, where A(z) = ¡

complex polynomial, whose roots tar) !=1 are simples. tre j=0

normat porynonj.als sequence (o.N.P.s. ) t Þn(z))ne n'n with respect
'tj.on function y(z) defined over the curve.

As we know the following iñner product associated with u (z) is defined

as; 
."k, ,i , = !^ ,k Zi a ulùp 't "ti

' The desconpositiot 
I n

F, = A Pr-f, @[A Fn-h]- , (n>h), whe¡e F. is the lÍnear space

of complex pol.ynomials whose degree .is less than n+1-, is central in the study

of the recurrence p:'operties of such a sequence. In a particular case, a basis

of -¡he orthogonal conplement subspace ([A Pn-h j I" I is given in I r'] , and sa-

tisfies sone j.nierpotation properties.

In this paper' we study a new basis related to a problem of polynomÍc.

modifications of u (z).

2.- POLYNOM;C MODIFICATIONS OF A M-DISTRTBUTION FUNCTION

Let u(z) be a m-distribution function defined over | '

The m-distribution functions u 
(i)(r) are defined from u(z) in the

following way:

a u(i)(') = lz - o.12 a u(r)

These transformations are simil'ar to those realized in [¿].

' Ide catl rfji)trl )n ê r,l the o.N.P.s. associated witt¡ - u 
(i)(z) (see

l.?1 and [6] ).

Then' we have:
n-1

1) The sequence {(z- cr) Þ\t'tr)i 
¡=o 

is an orthonormatized basis of (z-c.)F- .,
related to u(z).

ln
2) Kn(2, cr) is a.basis of [(z-c.)]P.-, I - 

related to u (z), where Kn(z,v) is

u - ,h'j is a mmic
J

consider the ætlto

to' a n-distribu

i = 1,...,h

ll5



t¡le then define the pol.ynomic modifications r . (z) of u (z) by:

t ++ It u u,", i=1,.", h,¿ .r(r) = | z_c, I

^ ^l-\where A(z)

Obvi.usly, these m-distributions satisfy: lz-dil2 d t. (z) = a p (z),
because the operator Â(r) i" isometric,

^ri), .- (i).l{e call tai-'(z)1, a6 and L'"t(2, y), the O,N.p,S. and n-Kernet _

associated with r. (z)

It is very easy to prove the folfowing:

1) If {Êr{z)}r, 
^ 

is an o.N.p.S. related to f(z), then {(z-o.)Ê {z)}ra^ is
an O.N.P.S. related to r . (z).

r(1)(r, c.) is orthogonal to {(z-a.) Þ.(z)}
n-1

j=o
2)

Further,

ProÞosÍtion 1

The sequence {

rãtz)Þ.(z)t 1-lJ J=u

c.I

l(i){",or) isabasis of [(z-o.) pn_'

related to r.(z)ì
r ln

is orthogonal- to the sequence.
A(z)
z-

h
rl1l., t", oi)] i=r

p (z), and it is a basis of I A rP I -L"' n-h'
related to

Proof
/i \

The polynonial L't'(z,y) verifies the reproductive proptrtJ¡of n-Kernels

< P(z), l,(i)(",y) >r. = P(y), v p(y) e lp,
1

Then, for all j=O,1.,... n-h, we have:
îr-r /¡ \

.Â(r)Þ.(z), n,") L\t.) - (z.q_) >
J z_s . n-h+I i' ìi

I

=<(z-q., 
Â(') Ê-(r), â(') l(i.) - (".o.),u ,_ o. J z_ s. n-h+] '. i' ¡r

l1

= <(z- ur)Êr(,), r,j]l.rt,, oi) , , . = o
f

rhus: J_k) ,ti.l _
n-h+ -Lz-c .

f

0n the other hand, if

(2,a.)elAP.l-Ln' I ' n-h'
(i=1, ..., h)

: îèt . (i)t t.. L , " (2, s.) = O ,

i=1 , ,- o, n- h+r' 1

then 
^, = O (i=1,2,.... h).

Since I e ær-n ] -L" is a h-dimensional vector space, proposition 1

is proved.
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Corollary

of IA ]P .lL n-n'

Âtrl ¡,(i.) . (2, c. )n-n+t t'Ihe basls 1

h

{z-c. iÂ'(cr) (orCr) i-1I

In is the same as the basis

ln
BASts oF [A Pn-n ] -

to(i)(r)l
n

h

i=1

r -ldel lneo In L 5i

3.- AN ORTHOGONAL

From u(z), we define the foll'owing m-distribution functions':

d yr(z) = lz - oa¡2 a u{r) , dvr(z) = lz -erlz aur(z),"' dun(z)=

= l, -oulz dux-r(r) (kSh)

x(i ) (r,y) the n-Kernel associated with u . (z), x(o) {=,y¡=

and uo(z) = u(z).

hle caLl

= x (z,y)
n

Proposition 2

The sequence {

basis of lee.lf "n-n k

\ ,, - " ) *::ì (2, cu*r) tl=:^ t" an,^orthosonar
i=l 

""l"t"J to- u(z), where 
,!r,"-or, 

K(u'{2, e. ¡ =

= K (2, a.)n1

Proof:

and

lf j=o,1 
' 

.

< Â(z) Þ. (z),
J

1

R

.rr(2, cr) = (z- cr) (z- s2)... (z- cu)

.n-h, then

k
I.

i=i
h
r

1=k+

( 
"- 

o:. ) *,ll} , ", ok*1 ) ,u

(z-q,) ¡ (z-c,)P=(z),
1 I i=l I J ,!rr'-'rl*lll(', 

ok*i. )'u

1

R

h

,-[*r{z-or) Þ.('), *11ì t,, ok*l),u*

Thus:

,1r,,- 
,r, *ll] r,,."u*r)

In
e Il p 1' n-h-

Finally, the orthogonality of the polynomials is easily demonstrated

Thus, proposition 2 is Proved.

rt is also possibte to solve an orthogonal basis of I e nr-n i -J- 
t

when A(z) has multiple zeros'

tt7
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RECURSIùE INVERÊION OF HANKEL HATRICES

lit. A. Plifar and \f. Ramírez

Departamento de Matemática Apllcada
Unlversldad de Granada

Spaln

Abstract

In this Paper we obtaln a recurslve ltethod for lnvêrslng Hankel

¡aatrices. This procedure 8enerallzes the algorlthrn by Trencb, for tbe
lnversion of posltlve dêf1n1te IIankeI matrices, to the case of arbltra-
ry llankel natrlces. The alSorithm that we descrlbe ls related wltb the
fornal orthogonal polynomlals lntroduced by Breztnski and Draux, and

w1th. the reproduci.n8 kernels d.eftned by the autbours Ín a Precedfng pa-

per. ve conclude wlth some appllcations to the Padé apProxlmnts.and to
the €-aIEorltbm.

1 fntroductton

Let { c, ) la}¡ ba a sequence of real numbers. By a HankeJ' matrix
we mean a uatrlx A* = (arrril¡'=o such that .iJ = "l*J for 1,J=0...k-1

The rnain SoaI tn th16 PaPer 1s to ProPose a recursive alSorltbm
.för the inverslon of a Hankel ]tatrlx, assuuing that lt is invertlble.
The alSorltbn by v.F. Trencb descrlbed in t6l is the base that iIrsPlres
thls work. in practlce, Trench's alSorlthm fs based in thê aPPllcatlon
of a bordering method and the 6pec1a1 structure of the Hankel matrix.
For the lnverslon of Ao*r, tbls algorltbm requlres that the natrlces Ak

and AO-, are lnvêrtlble too. In thls PaPer we 8et Eoi.n8 over thfs condf:
tton and wè obtaln a similar al6orlthrn relatlú8 tbe lnverses of two

consecutlve regular Hankel natrlces! AO and As<k) ( where 6(k) denotes
.the srDallest inter6er J, such that J)k and AJ 16 reEular).

Tn.sêctlon 4 we relate this algorithra wlth concepts as the
for¡naf ortho8or¡al polynomlals .wlth respect to the functlonal assoctated
wlth the monênts cl.s, whlch were lntroduced by c. Brezlnski tzl and A.

Draux tj1, the recurrence relation and the Christoffel-Darboux relation
for orthogonal polynoElals gtven by Draux and the reproducln8 Kernels
for non-definfte llnear functionals , whlch were Íntroduced bl¡ the åu-
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thors in t4l Tbis relation have been noted 1n Trench's paper for the
case of posltlve definltè Hankel matrices and Lanczos' orthogonal poly-
non¡14l6 assocLated w1th, l¡e want to renark that one of the steps of thê
recursfon descrlbed 1n the algorithrn provldes a new rnetbod for the'cor¡-
putatlon of thê coefflclents of tbe recurrence formula for the forrnal
orthogÕnal polynonlais.Flnally in section 5, we sbow some appllcatlons
of this al8orlthm to the forr¡al orthogonal polynomials, Padé approxl-
lDants assoctated wtth a fornal power serles, tbe €-atgorlthr!, etc.

2 Obtalpln8 the algorltÈm'

Let { c, }1€}ï.be a sequence of real numbers and let us cdnsl-
der the sêcuence of HankeL matrlcês { Ar, )r..N.

Let us suppose that Ak i€ invertíb1e and denote the lnverse
r¡atrlx of A,- by B, = (bj:')- --^ ,- - Obviouslv. B. ls syrnnetrlc.x rs r,s=ur...,lt-1 K

Ife wilL denote by p(k), the Ereatest lnte8er J, .such that J<k
and A, 1s lnvertlble. Ê(k) wiLl denote the srnallest lnteger J , such

J
that J>k and A. 1s Lnvertlble and h w111 be equal to h=s(k)-k.

J
Ve have by deflnltlon,

. k-L
f, c . b,(I) = 6--- o(r, s(k-L (1)

J=O l*¡ Js rs

Ðefinltlon. For 0(6(k-1 and k(t(s(k)-1 we deflne t¡Ìe coefficlents

k-1
,r(T) = _^'r- c^ blk) <z>s1 J=O l+J Js

It Ls evldent that ujf) .." the only solutlon of the systens
S1

k-1
x c . ,rÍT) = - c .. o(r(k-l k(Í(s(k)-l (3)

J=O r+J Jl r+1

The eleDents dêfined ln (2) are not independent, but all of them
are related. To sbow this, we need the fo1Low1ng lenna, whlch proof is
an easy exerÞlse,
r-euma 1. Thç elè:ûent" r::ì

k-1
E c .-.(k)r+J 'J,kJ -V

*i:l
From now on, we wlIl wrlte r:oi

= I for tsJ<s<t>-r, ujkl. r, J

= 0 1f elther r>k-1 or s>k-L

verify the followlng equations:

=-c..0(r(s(k)-2rTK

(k) for

r*J
S

or

for

r=- 1

(4)

and

(5)
o

s=0,,..,k-l

k(r(s(}r)-1
. (k)
D
rS or

I{ow, let u6 see tbat thê êlêments deflned ln (2) are related
(k)u.S' K

wlth the

na



Lemn 2. lf ufk) ;,-.(trJri,l=" denote the rower trlangurar rntrlx wlth
elements rrl = "ìij_, then, for 0(s(s(k), 1t ls satlsflêd that

Í (k) (k) I T 
,, (k) -1r 

-- (k) .. (k) I T

L"::; ,...,"ìlå,*,_,J =u;^' L"="' u=lí*rI (6)

Proof. Vrltlng matrlclally the equati?ns (4) and multiplylng to the
teft thls équatlon by thè ¡natrix ufk), -ur" obiain a matrlclal equatlon
êqulvalent to (3). And we can obtalD the above ¡oentioned relatlon only
by tdentlfying the columns of the matrices fnvolved fn tbesê equatlons.

Let us return now to the deductlon of tbe alSorfthm.

' ,!k) = f ..(k)
J r=o "J+t ú;*' for s(k)-l(J (s(k)+h-2

Theorem 1. For 0(r,s(s(k)-1 ft is satisfled that

-1o::'o" = ol5'-* ^jfi,-r,"1*' ... 'ilì*r,

I{e dêflne

<7)

o'I 
t

]L

l[:]

(k)
us

where lf we write D

tne sÍk)t are tbe solutlon of the fottowlng trlansular system

0 "iii,-' I I "r:'
oiil,.o-J L "fo'

(k)
sk

(k)
J

j
E)..

r=s (k) -1

(k)
us-h+1

(k) (k)
r us (k) -J ir for k-1{J (k+h-z then

( 10)

- (k)us(k)-1

Proof. Éy substracttnS (1) and (2) and by usln8 (5) we have that

=ji:-t 
".*r ort:' = d," - u.o"il'

for 0(r(s(k)-L and 0(s{k-1. For a flxed s, (8) can be consldered as a

system of s(k) equatlons with the unknows u.(I) o<.i(k-L, whlch solutlonls
- (k) (s (k) ) (s (k) ) (k) , (s (k) ) .- (k)o;:' = o;:'^" - o;;'^"";;'- ... - b;:ì;í1r"=i=.r,-1 (e)

for. 0(r(s(k)-L and O(ê(k-l'
For k(r(s(k)-l we have ti'tt u-!!) = I and' thereforers
- (s(k)) (s(k))b = Þ. urS Tl!

- (s (k) ) (k)+ brs (k) - lus, s (k) -L+

- (s(k) )b=(rs
- (s(k))

= ( b-rlI

for 0(s(k-1

for O(s(k-l and by (7) we bave that
-(s(k)) .(s(k)) - - (k)
Þrk " "'Þrs(k)-ll (usk 

'

- (s (k) ) -- (k)
'brs(k)-1) uh

J1 (k)

(k) T
'uss(k)-1)

(k) .T
' 'us-h+l )

12t

(u
s

(11a)



- (s(k))Þ=(rS
, - (s(k))

=(b rlr
for k(s(s(k)-1..

. (s(k)) (s(k))Þrk ,...,o.=<ti_l) ( o, 1, , o )T =

,"j:lill,, ufk)-1 o, . . , 1,,fIì, , . ,,,j*, ,' (11b)

By ruultiplying (11) bT cr+J and su:amlng for j=9,...,s(k)-1 and
for r=k,...,s(k)-l, wè can obtaln that :

, oj;'o",... ,r::lilÌr, u;k)-1 0, . . ,0, tîì,_r,..,^jîì_r,' = 6."(12)
for k(r,s{s(k)-1 and wherè {." i- tbe Kronecker symbol

And ln thls way, (L1) can be written as follows
. (s(k))

1(, s lf-

JL
-1(k) -

s(k)-1

0

. (k)
^s(k)-1

_ (k)
(Ur

(k)ur-h+1 )

-1(k) .l'T
Às (k) -i. I I

^iii,."-J L

(k)
us

(k)
s(k)-1,

(k)
s-h+1

By sustituting 1n (9), l.re have that
(13)

. (s (k) ) (k)
Þ =brS TS

sik)
11

The quantlt1"" Br(k) of theorem 1 can be computed. wlth a dlffe-

"l*l
(k)

u
S

(k)
us-b+It

+\

eikÌr o
1

rent way as the foJ-Iow1ng theorem sbows.
Îàeor:é¡ 2. The coefflcrents r{k),, . . ,";o' satlsfy the equations

. (k)
^s (k) -1

E (k)
"l . <p(k) )

^k- t(k) ^
s (k) -1

\ ri
]L lt , (p(k)) '"k-1 (14 )

. (k) . (k)
^s(k)-1" ^s(k)+h-â

- (k)
-¡r

. (p(k) )
^k+¡-z

Proof . From Ie¡n¡na 2, we have that

I to) P (k)
l, c." u,- - o (o(r(s(k)-z) E (D(k))

319 '"*3 ", j=o ".*J 'i' = o (o{r(k-2)

and by sunmlng we can see that

5 ar.> (D (k) )À üt ^¡íf = o for 0(1{h-1 (15)
J =k-1-1

rf we add. tbê equatlo" ,;o' 
^;!{*" = ^iljo, 

) tb" system or equà-
tton6 (15) can be wrltten ln natrlclal form as follows

u;o' ( {llk)',..., {lil¿, )r = ( ^ltr,o,,, o,..., o )r
and. therefo." ufk) is thê inverse matrlx of the lower trlan8ular r¡a-

trrx rjP(k)> = (rrJrill=, wlth elements ri.J = ^;lr,:ì1, xfn<t>>-r
So, by using the equaLlty (l"G), we have that the coefflcj.ents
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Pl*' , . . . ,"1*' eatlsfy thê equatlon (14)

Theorems 1 and 2 provlde a method to comPute Bs(k) from Bk.

But we can reduce the problem of computlng Bn to a sirnpl-er form, becau-

se, as the next theorem states, the èlements of each antl-dlagona1 in
the na.trlx BO are related. by an easy formula
theoren 3. By uslnE the notatlon (5) for O(r,s(k tt is satlsfled. that

o;:' = ojlì,=*, * ^fll*"-t.,,toto" ':îì - ':llo" ,,,1*',

Prmf.From (1), and by shlfting the lndices and operatlng convenlently
we can obtain that

(k)
s+L

. .(k)
"k+r ok-1, 

=+1

k-1

,:o "'.' 
o"Iì'"*' = 6'= - 6tk-1 u

for 0(r{k-1 O{s(k-2
For a flxed. s, tbe solutlon of the systen

(16)

(16) can be wrltten as follows

- (k) (k) . (k)Þ - .- = Þ - Þ . - ur-1,s+L rs r,,K-r
. (k) k:1 . <r.>- Þk-r, s+l :"=o 

o.J "k*J

. (k) (k) (k) (k) (k)
= b::'- o=io_, ,;;í *. brli, _*r ui*' <L7)rs

By uslng theorem 1 for k lnstead of s(k), we can obtaln that

= 
^;ll*"-tu¡nt*') 

tnd ln tbrs way, (L?) can be written as

o::' = ollì,"*, * ,flf*'r-1,u<P<k)' "jlì - "ill*') u(k)) (18)

(k)
s+1

- (k)
br, k-1

computed $¡lth a recurrence formula.
Thêrrrer 4.Tbe coefficr"rrt= ulk).atfsfy the recurrence relatlon

(s(k) ) 3 -<t> (k) . (p(k) >-1 - <t> (Þ(k) )t"il = 
,lo 

o, us+h-J - ^t1t Às(k)-1 usih

For s=-h, . , , , k, where the coefflclents n(k)
quantlties or tt"orei ;-;";-;ì;t;"-;r;"""i",

Tberefore, tbe problem of inverslng AO
. (D(k)) - (k)

Þute u ' ancl u-_ ,r but, as we wlll see next,
can be reduced to com-

these quantltie6 can bÞ

for J=f,...,h are the

(19)

rjk)= "fl{*,,-i;1;:Ì,
l -<r> . <r>

¡ 1r oJ Às (k) +J -L

lso be wrltten as followsProof. The equatlon (18) can
. (k) (k) (l) (k) )Þ = D _ ._ r À--_rs r-.h r s+.tì x- r

By sustltutlng (L7)

a
_a

in the equatlon
,ir ",ltr'îì'

(k)
us+J

(o (k) ) (k)t"il ur-J t-l'

(k)

(2) we can obtaln

- (k)
cs (k) +rÞr, s+b

s(k)-L
ç

r=O
- (k)

c-bk+r rs
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. (p(k)) -
^k- t

h
T

J-

(k) (p(k)) . (p(k))-1 ..(p(k))
, '"*J rtiS-r * xtlt ""ir,-

But by the theorem 1,

,jk)= ,jifk))* ^:iì;:r. {lì*,

<20> ,

"rt*l

(k)
s(k)-1-X

o

(k) '
s(k)-L

<20)

<2L>

{22).

(23)

sustltuting ln we havê tbat
_(

-h

k (k) Ius+¡ 
I.l

an, Ius+t IÞ(
-h

k)

t-

-l 
["á

JLt*

(k)
s+h. (p(k)>-1 <o<t>) (D(k))- ^klr ( ^i. ... rrin_r ) . (Þ (k) > 

-1 <L> cò <t> >t ^kl1 À=<k>-1 u=itt
(k)u .-s+a

and lf we wrlte

we have that

D(k)- . <p{k))-l(p{k))
"o - ^k-1 ^k+h-1

_ (k)
b. À

J

(k)
s(k)+h-1

b
x

J

\
L

.(k)'
^s (k) -1

(k)
Às (k) -1

. (p(k))
^k- t

, (p(k))
^k+h- 1

0 k)

k)
J

-1)(p(k)) -
''k- 1

(k)
s(k)-L

(k)
s (k) +h-L\ \

Therefore, the êquatlon (21) can be rewritten as follows:

-(k) (k) (o(k) )-1 (k) (o(k) )oJ us+h-J - ^tlt 
Às(k)-1 usih

(s (k) )us+h
b

J=0

3 Statlng the âIgorLtllm
Let us suppose tbät we need. to Ínverse'Arr, then we will conpute

the elements b(n) as follows:rs
1, Inltlalizatlon of tbe method.

ur(-l>-o JelI; uáo)=I and "rto'=o J*o
. (-1)\J -' = 6_f,J and determlne s(0)-1 = min { lÉN; c. * O }

compute t.(0) = ". for J=s(O)-1,...,2s(O)-L.JJ-
z. Recurslon: we know the coefffclents t u(p{k)) } and t ujk) l,
wlth thê conventlon u.(1) = 0 for elther J(0 or J)1. Then wê compute

J
L

^,(k) = i "..- u(k) ror j>xJ r=o J+r r

wblch ls valld for s = 0,...,k, and a slmllar proof shows that thls
equation 1s also valld for s = -h,,..,-L.

The equatlons (13) , (L0) , (14) and (23) are tbe bas16. of our
Benerallzatlon of Trench's algorlthm. 1n the next sectlon tbese equa-
tfons are placêd lri an order whlch 1s convenlent for the computatlon.
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and. ere d.etermlne s(k) from the conditlon s(k)-L = ¡nln { ¡>tc'; f}) * O I
rf s(k) = n Eo to g. otherwlse comput" 

^rtu' 
and xr(P<t> ¡'l

for i=s(k)-1,:..,s(k)+h-1 and J=!-1,...,k+h-L and conpute the B,(k) for
J

J=o'...,h solvln8 the systen (22)

Next,compute the coefflcfents {u.(s(k)) by uslng tbe recurrence rel-at1on
J

. (s(k)) 3 -<tl (k) (o(k)!-l (k) (Þ(k))us+h =.¿- lJ u - tt-r 
^s(k>-l 

uå+¡
J =0 J s+n-J

for s=-h,,..,k. Sustltutê k by s(k) and come back to 2.
3. Ve have that s(k)=n. Flrst, compute th" b(k) by using

, (k) ,,(k) , ,(p(k))-1. (p(k)) (k) (p(k)) (k)..
. or. = Þr-1. s+r- + lkli- (u.' us+r- - u=^+t 

" 

)

for o(r,s(k-L. Next, we compute 
"ln' 

and 
^rtoto') 

for 1=s(k)-1,..
..,s(k)+h-Z and J=k-1,..,,k+h-z, and solve the system (14) to obtalll
tt" lr(k) for ¡=1,...,h. Then we obtain tbe bi:) from the b(k) by rsin6
the equatlon (L3).

4 Conection with the formal orthogoml polynomlals
Let { cl }1.N b" a sequencê of real numbers. Let us consid.er a

llnêar functional c whlch ls defined on the €pace TT of the real poJ-y-
nomlals by c(xl) = c. l= o,1-,2,,,. <24)
Moreover, let us consider orthogonal polynomlals Qn(x) ln the sense that

c{*lQo{x)) = O for i=0,1,..., k-1 <zli
Thêse polynomlals exfst and are unlquely d.etermlned (except a muItlpIl-
catlve

P-t

factor)if the Hankel natrices Ak are inversLble.
Let I be the Lnd.ex set Elven by I = { teN ; Hl(cO) É O }

'Let us denote by { Pl(x) } a basls of ïI such that: PO(x) = 1

(x) ls the unltary orthogonal polynomial 1f 1 € I and
Pt (x) I

onthogonal polynornlals satls-
(6ee Draux t3l). In fact, for

= x1-tr)(1)Pp(i) (*) 1f L /
It ls well-know that these fÕrml

fy a recurrence relatlon wlth three terms
ke I we have tbat

p=(k) (x) = ( * *=(k)_k_l(*) + Bk ) pk(x) + 
"o "O.(k) 

(*) <?6)

*h"r" r=(k)_k_1(x) ls an unitary polynomial of degree s(k)-k-L, and BO

and CO are constants, determíned from tbe orthogonalÍty relatlons.
Now, suppose that kel and }et us deflne the ¡¡atrix Ii from the

relatlon H* = f,O a* l[ , where tbe matrlx 
"* 

1= 1].=quare natrix who-
se elements 1n the J-th rob¡ arê thè coefflcLent. ni" ln the expanslon:

", 
.", = ,io olJ '"t nrt, '= t

Then, from the orthogonallty condltlons, lt ls readlly obtalned
that HO_, = <hr, ) ls a block-dla8onal mtrix wlth elements hlJ =
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= C(PIPJ) for 0(1,1{k-1 and suc}r that on the dl
alternancê of dlagonaL bLocks, with elements c<ff>

agonal there is an

, where I e I, and
Ilankel blocks whlch elêments above the antldlagonal are equal to zero.

Obviously, for k€I, Lk and Ii* are invertfble and we have that

Ar = t;t Hk , 
"l 

,:t and o;t = Ll "nt "o 
<z?>

In t 4 l, we have deflned for k€I the reproduclng Kernel of
order k-1 associated. wltt'the llnear functional c by the expressÍon

K*-r(x,t) = (PO(x),..,,pk_l(x), 
"ita"o(t),...,pk_1(t))T 

<28>

and thereforet we have that.

. Kk_l(x,t) = fl,...,*k-1) 
"l 

*ot Lk (1,...,tk-l)T
From (27) we have tb.at KO_r(x,t) 1s thê Eeneratlng functlon of the

k-1
inverse Ìlatrlx of AO, that ls: *n_r,",t) = _ f_^ tjf) xr t€

l. ' s=0
These reproducing kerneLs satlsfy the usual propertles, for

,example the Chrlstoffel-Darbou:< relatlon
(x-t) Kn_r(x,t) = tor <r*<x>rp(k)(t) - pk(t)pp,*r,*r, <2g)

where tn = c(Pk_lPp(k))
'In tbis context, the equatlons of tbe precedlng algorithm can

bê lnterpreted 1n the followj.ng way:

- The equatlons (2) for l=k are the orthogonallty conditlons (25) and
then, the rr.(k) fo.0(J(k are the coefflcients of tbe unltary orthogonaJ..J
polyriomlal of degreee k.
- Tbe equatlon (13) is the expresslon (28) of the Kernel ln terns of
the êIements of the basls of II.

- The êquation (23) is the recurreice relation wlth three terltrs for
three consecutive orthogonal polynomiaLs. Ve note that the equations
<22) faîm a new method for the computatlon of tbe coefficlents of the
recurrence relatlon.
- Last, the equation (18) 1s tbe Christoffel-Darboux reLatlon for the
reproduclng kernel.s.

5 Sore aPPllcatlo¡s.
Tbe proposed algorithm can be uèed to compute the forrual ortho-

gonal polynomlals assocfated. wlth a l1near functional c, whlch fs defl-
nêd from lts molaents. In thls way, the algorlthn can be used ln thê stu-
dy of proble¡¡s related with formal orthogonal poLynomlals: Padé appro-
xlmants and the €-algÕrlthm.

Padé approxf.¡ants.
tet f be a power sêries f (x) =
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tural numbers. The tn/nl-Padé apProxlmant ( lf exists ) is a ratlonaÌ
functlonD¡Dr

tmlnlf(x) = 
rlo", 

*l r 
rloo, 

* = wm(¡c) / vo(x)

sucb that f(x) - tmln)r(x) = o(x t-ll1Ì;If vrr(x) * o then lt has to be

v (x) f(x) - w (x) = o(xmrntr) (30)
nm

As tt ls well know, the Padé aPproxinånt exlst lf the Hanke1

determlnant Ër, ("r_rr+1 ) ls dlfferent from zero, Hrr(cr_n+l) * O

In thls case, lf we deflne P (x)
¡t

-nn - -L- - 1
=xv(x)=¿Þ_,xln - - D.-11=U

we bave that Prr(x) 1s the formal orthogonal polynomlal of degree r.

associated. wlth the Itnear functlonal c(m-n+1) d.eflned by

"(m-u*l) 
(xl) = c' -m-n+1+1

therefore, our al8orlthm can be lnterPreted as a metb.od for com-

putlng the denomlnators, of the regular Padé aPProxlroants ln a dia6o¡ra1

of the Padé table. Later,we can compute the numerators by using tbe re-
latfon (30).This al8orlthm can readlly be obtalned 1f we sustltute u

un ¡ikì ln the recursion of sectlon 3,. K-J

(k)

thl.s method ls a general.lzatlon of the flrst borderlng method

of Brezlnskl.
7|he e-algoritha
Let { S- } be a sequence of numbers. The Sbank's transfornatlort'n

provldes a set of sequences by usin8 the followln8 relatlons:
.ê- (s ) = HiÌì (s ) / H(t) (aZs )ì( n lr+l n n

the
we de-
ê-aI-

An atgebraic tnterPretatlon of the computatlon of the quantlty
.ji' , w-hfch was found by Brezlnskl, provtd.es the basis for the applt-
catlon of our algorlthm. If we solve the system,

k

J

The e-algorfthn by Vynn ls a method to avold the comPutatlon of
. the Hankel determinants that apPear 1n Shank's transforDatlon' If

ffne e(f)= o and.át'="., for n=0,1,..., then the table for the

. Eorlthm can be computed by uslng the relatlons
(n) (n+1) (n+1) (n)- -1
k+1 = €k-l + (êk - Ék )

and ft ls well know tbat .ji' = en(So).

t Sn+1+J
"J

L for 1=O,.,.,k
J=o

(n)
tben €2k

elements of

k
L/r,

1=O
ar.As it can easlly be checked, "r ls the sum of the

the t-th row ln the lnverse of the Hanker matrix olil"",
Tberefore,' our ¡¡ethod for comPutlng recursi.ve1y the lnverse of a Hankel

må.trlx, provides a ¡¡ethod for computlng the elements in thê table of
the €-al6orlthm, avoldin6 the non-defined elements.
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Inltiallzatlon óf the method
u(-1) _ o i6N 

(0)
J - i uo

d(-1)_o d(0)-1

urto'=o J*O

J )-1
and conpute

1 and

(-a )
J

X

+t

= 6-r, 
J

Determine 6(0)-1 = mln { 1€N¡ Sn+t * 0 }

,Jto' = 
"rr*J 

for J=s(o)-1,,..,2s(O)-1
Computatlon of

^,(k) = f "J r=o
Determlne s(k)

(n),zÀ'<u>_z for a fixed n.

n+J +r u
(k) for J )kr

by the condltÍon s(k)-1 = m1n

J =k-1,
After thls,
ce relatiÕn

coÌnpute ,.rto' and. ^jtllo') fo. i=s(k)-1,
, !k+h-1 and solve the systern (22)

t jut ; l.r(k)
...,s(k)+h-1

compute the coefflclents { u(s(k)' t o" uslng the recurren-
J'(23) and compute:

-1(k) -
s(k)-1

*0)
and

(k)2b
E JB

J=r

.(s(k))
Cl

Then obtâin (

h
(;B;(k))d(k)

J=o J

. (n) . -L - (n) :1
- 2g(k)-2' '- 2k-2'

\ (p(k))
E-l I

(k)
s (k) -1

kd
J
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SEMI CLASSICAL VIEIGHTS (-ô4+ø)

SEMI HERMTTE ORTHOGOI'IAL' PCLYI¡OI,IIALS
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Dpt. of Physics
Facul-tés Universitaires N.-D. de l-a Paix

5000 l.¡amur (BeÌgium)

ABSTRACT

À11 semi classical weights continuous and positive in (-æ,*æ)
are. derived first using elementary integratÍon techniques, and the
finite moment relationship is derived.

The Semi Hermite polynomials, orthogonal with respect to the semi'
classicaf weight, depend on tv,/o fixed polynomials. Some elementary
situations generalizj.ng the Hermite case are examined.

Ï. INTRODUCTION

fn tv/o recent papers, Maroni fl,Z]| ctraracterized afgebraical-Iy the
compl-ete class of semicl-assj-ca1 orthogonal- polynomials. This class is
defined by a regul-ar linear form å , involving trl'o fixed polynomials
acting on the space of real- polynomiafs.

A Semi Classical orthogonal Polynomial Sequence (SCoPS) [:] is an,
òrthogonal Polynomial Sequence (orthogonal- vrith respect to ,f, ) such
that the derivative (or difference) polynomial-s are quasi orthogonal.
The quasi orthogonality conceÞt can be defined in several- ways [f, l,
4, 51 (not necessarlvequivalent) but for the uses of this paper the
following restricted definition will be sufficient [4] :

P. (x) and P,n(x) are said quasi Õrthogonal of order k if:

(Pn,Pm) =o for lr,-*l ,k (1)

k being the smallest j.nteger such that the appropriate scalar product
is ze¡o.

On the other side, Bonan, Lubinsky and Nevai tS] qave recently
the explicit measures of the Semicfassical class generalizing the
approach of Hendriksen and Van Rossum [:]

In contrast to these two different characterizations of the
Semiclassical class, givinq in full generality the linear form or the
measures, b/e v,/ant to give here in explicit form the v,/eigths Ín
(--,+-) responsible for the quasi orthogonality. of the secruence of
derivative (or difference) polynomial.
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The corresponding polynomials begin to be useful in Field Theory
and in Stalistical- Mechaniis. For instance, Amundsen and Damgaard l6j
introduce Polynomials orthogonal in (-æ,+ø) !¡ith respect to the
weight:

(2)(ß > 0)

in order to conpute the vacuu¡n to vacuum amplitude in an unitarily
invariant fiel-d theory in zero dimension. Bonan and Nevai [Z]
independently studied al-so these pol"yno¡níals giving the second order
differential equation satÍsfied by these polynomíaIs. (See also
Maroni [1] ) . nxpficit tabulation are qiven in ref Ie] involving
modified Bessel- functions of non inteqer order, and. approximation in
the Padé Spiiit are studied by chalbaud and Martin [A] . These
polynómials belong to the semiclassical'class in (-æ,+@) and merÍt
therefore a spe.cì.al atten.tion.

ïI. CONTIIiUOIJS SEMICLASSICAL VIEIGHTS I¡¡ (-*,+-) -SEMI HERMITE

ORTHOGOIIAL POLYNOMIALS

1. The starting point is the following elementary.probLem in
dÍfferential equation, [3]

Find all positive sol-utions p(x) in (-ø,+æ) of the first order
linear differential equation r'rith Þolynomial- coefficients:

e(x)p'(x) + B(x)p(x) = 0 , (3)

such that all moment C., are finite:
¡*æ

c_= I *tp(x)dx<- (4)¡ J__
A(x) and S(x) are real polynomials of degree respectively o and

ß (\,rith. no co¡nmun factors) and À(x) is supposed- to be monic
(ieading coefficienÈ equal to +1).

It is clear that the existence of Co implies that

1i¡n P(x) = 0 (5)
x++@

The solution of eq.. 3:

-Í
x g (s).- ãGT ds (6)

P(x)= e

and the assumption pÍx) = 0 , excludes all real roots of À(x) as
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seen ínnediately from the partial- frêction decomposition of
A(x) can therefore be h'ritten in the form:

f ) 2 -E!À(x)=fii(x-ar)'+ulJ bilo vi
j=r

T
t r.) is therefore even
-- r'
l=J-

IrL.x+n.K.I KI

i,;atGJr

s (x)
AGT

(7',,

and the degree of A(x) (e = 2

On the other side, the asymPtotic behaviour cf p (x) (from eq.. 6)

when x goes to PÌus ínfinÍtY, gives
. ß -a+1

p (x)- e-^ 
'x (8)

1À' = 5;f;1 , I being the leading coefficient of B(x)

Ngr,¡ lim xnp(x¡=g impliesB>o irnd I>0,anc'Iim p(x)=0
x++æ x+-6

irnplies now that B is odd .

The constraints imposed by equation (3) and (4') and '--

psitivity of p(x) ín (-æ,+6) give therefore

oeven, Bodd a<ß and tr>O (9)

which Ís a little bit more precise that, the condítions given by

Hendriksen and van Rossum [:]

2. Let us call semi-Hermitl the orthogonal pol-ynomials nfÀ'B) {*)
of degree n wíth respect to the.weight p(x) solution of eq(3)

h¡ith restrictions (9)

' ExplicitelY:

I-_ -Í^,"'(x) HåA'B) (x) p(x)dx = ômn, (10)

and let us now construct all possible weic:ts p (x)

The condition o < g given an integral part in the partial fraction
ex¡ransion of å that rte de¡iote -Q(x) of even cegree ' pure

fractional terms and after integration logarithmic and arctg terms'

Collectlng a1f possible terms, the SEMIHERMITE weight can be \^'ritten
in fulI generality as:

p(x) = "-Q(x) ¡t¡l ¡t*-..¡2 * ri2J i euiarcts(vi**t'' ]'

r. -1l"

E
k=1

I
ï

IFl "
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where li,Þ1,vi,ri,\i and nki are real constants and. e(x)
polynomiãl of even degree !ìrith leading posítive coefficient .

3. fn the theory of semi cl-asslcal orthogonal polynomials, the
fÍnite li.near recurrence rel-atÍon bet\^'een moment cr, is essentially
responsible for the quasi orthogonality of the derivative polynomials.

The recurrence isi¡nmediately derived from eq. 3 after mul-tiplica-
. n+1tion by x" - and integration by part between (-æ,+æ),

The result gÍves
o3

È" 
ai(n+l+o-i)cn+o-i = 

o-ão 
o*"r*u*r-o

o
lrith À(x) = f âoXd-Ì a^ = 1

i-=o J- o

B a-bs(x) = 5- b, xÞ-K b = I,--Ko

This fundamental relatíon permits to construct al_1 moments Cn , and

(r2')

there fore
ser [co"r

all polynomials H(À'B) (x) , staiting from the fund.amental.

'"el

The "th derivative ¡l¡(a'rl (x)l(r) beÍng quasi orthogonal of
ord.er r(ß-1) (of class r" = t(ß-1) Ll,3,4l) h'ith respect to the
weight [at"l]t p(x) , it is also easy to derive a moment relationship
beth'een the mo¡nents cjr) or the weights 0r. i At p (*)

The differential equation satisfiéd by Or(x) is from eq. 3

A(x)pl(x)+pr(x)[e-ra']=o (13)

Multiplication by xn+1 and integration as before gives:

c

fi 
.r[n+1+(r+1) (.-j)]cjíl-j = å bk ",IîÀ*r-u (14)

4. tet us describe briefly the simplest semi orthogonal weights
ín (-æ,*ø).

a) The classícal Hermite case occurs of course when all constants
lirÈir\r1,.i,\i and \i are zero and e(x) = I . The standard choice

Q(x) = x2 gives the differential equatíon..
2

of{x)+2xpr(>;)=9 or(x)=e-x (15)
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and the Inoment relationshiP

{n+r) cjr) = ,",1I} Vn, Vr (16)

( 21)

b) The case . tri, Ëirv1,ei,\i,nki egual to zero and A(x) = 1

'oi*l = f, t*-ula * !t*-ul' (a, o) ' was considered by Amundsen and

ou*g..tå le] and by Bonan and Nevai [z]

The weight differential ecJuation is, for aÌl r :

. oir"l+[c{x-u)3+x(x-u)lor(x)=o ,tt,

and the generalized (Yr) moment recurrence (v,¡ith b = 0 to

simplify):

(n+l)cjr)=""jÍ!.*"ji| (18)

generalizes the Hermíte rejcurrence relation.

c) Searching for simplicity, the most representative case

reducing also to Hermite correspond.s to the choice:

A(x) = x2+a2 , g (x) = "-*', .Ir arctg x'la and

s(x)=-AË=2x3+2xa2-ra (19)

The recurrence rel-ation between the monent becomes (r = 1):

2cn+4 = (n+1) a2crr+uacn+1+cn+2 [n+:-za2]

which reduces agaÍn to the Hermite one for large a , and to first
order in l/a to:

1 
= )a (20)(n+l)Cn * ä ICr,*t = 2Cn+2

The tast example gives a new type of possible weights:

= (*2*^2)2 , p(x) = "-*'. . u¡*2+u2

= z*(*2+^2)2-2r* ,

and a recurrence rel-atÍon of type generalizingr again Hermite (a + æ):

(.n+5) cn+4+2"2 (r'r*3) cn+2+ (n+l) .4cr, =

d)

e (x)

B (x)
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(22)

rII. DISCRETE SEMI CLASSICÀL Ì"¡EIGHT rN (-æ,+æ)

vle start ncúr, in paralr-er-ism vrÍth the continuous case, u,ith a
dj.fference equation:

A (x) P (x+1) -B (x) P (x) = 6 , (23)

ç-hích can also be l,rritten in the ímportant alternate ï,ays:

À(x) Ap1¡¡+[a(x)-B(x)]p(x)=0 e4)
or 

^[o(x)o(x)] 
= r(x)p(x)

where Af(x) = f(x+1)-f(x)

o (x) = A (x-i ) and t (x) = -À (x-1) +B (x) (25)

À(x) and B(x) are rear poJ-ynomialc ;r .Þefore of degree respectively
o arid 3 (e(x) is again.monic). The constraints on sol-ution of Eq.
23 are now:

p(k)>o k €N, c-= Ëp(]<lrn.- vn,
x=l-

which again implies lim p (k) = 0
k +*æ

e (x)
A (x)

= 2cn*r+i u2 cn+4+2(a4-v) cn+2

r,et tr = l"im
X++æ

equatj.on:

and consider the soluti.ons of the diffe¡ence

P (k+1) -lP (k) = 0 , (27')

which are: p(k) = S(k)lk (2g)

with S(k) any periodic funcrion of period 1 : [S(X*r) = S(k)].
The degree of S(x) cannot be equal to the degreee of A(x)

because ì finite irnplies that p(k) díverges at k = + -(tr > 1)
or dj.verges at k = - - (ì < 1).

Each lil)ear factor (x-.a) in A(.x) lrith a real sives a
contribution of type f(x-a) in the denominator of p(x) ürhich must
be rejected being in contradiction with the'positivÍty of p(x) (p(x)
becomes 0 if k=a is a negative integer or zero).

The remai¡ing possÍbility for A(x) is therefore:
T ¡ ¡^ T-e(x)=ñ [t"-.rlz+rfJ t r.lo (2s)

L-I
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of even degree a = 2

For analogous reasons, B(x) cannot have reaf roots and therefore
3 , the degree of B(x) must also be even'

The solution of the difference equation (23) should contain
therefore power and ratio of Euler ganma function of the type

lr(x-a) + ibl 12 (u I o\ .

The l:ehaviour of the I function afong a l-ine paral-l-el to the
real axis is easely deduced from the Gauss relation: (z = x+iy)

2î. ,)
lr(z)r(1-z) l-

(sin ïxchry) 2 + (cos rx Sh;y) 2 ( 30)

For fixed y = b the right hand side is bounded when x goes to +

or - . infinity and therefore lftzl I goes to zero when x goes to
- infinity because lftzl I goes to +' infinity vrhen x goes to +

infinity

The remaining case a > 3 or o < B nust therefore be also
eliminated from the excLusÍve behavior of lf(z) | at + on

infinity apoearinq in the nurnerator of denominator of the solution of
(23).

Ide ¡Ììust therefore concl-ude to the nonexistence of discrete semi

Hermite orthogonal" polynomials.

IV. RE!.IÀRKS À\D CO:,ICLUSTONS

Seni Hermite Weiqht verify interestinq properties generalizing
Hermite hteight.

TI

1. n1o'*) (*) are semi Hermite orthogonal polynomial-s with
n

respect to the ï,eÍght ¡o 
(À'B) t*)l t r > 0 .

tt

(4,8. , +8. )

, 
(è,81_lBr)

2. H - - (x) are Semi Hermite pol-ynomials orthogonal-
n

respectively to the weight p1.p2(+) and pL/p2G) , where ot(x)
(i=1,2) are the Semi classical weight solutions of the equations:

e(x) pi (x) + Bi (x) p, (x) = o
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Tire

co¡rdition
cläss

ô

ß - 1 is conserr¡ed or may be lower Ín the ratio casei
must also be fuLfiÌled by the difference polynomial

Br(x) - Br(x)

3. Expension of the polynomial
the H 

(A'B) (x) , sþor,rs immediately,
dj.screte pol-ynomial, the relatíon:

2. MAROITI, P. fntroduction a 1'étude
classiques. FreÐrint Laboratóire
P. et ¡f. Curie, Paris VI.

in the base of
using quasiorthogonality of the

atxr [HjÀ'B) t")] = ä_l c.* HjÀ,B){") (32)

This reration, qenerafizes the Àppe1 property for the classical Hermite
poLynomial (À(x) = 1, a = 0, B = 1)

4. Discrete Hermite orthoqonal- polynonial do€s nct
exist in Lhe classical and semicfassical case as a consecfuence of the
asymptotic behavior of the f functÍon at
donain to (0 -) semi classical polynonriat exist Þ] [fO] , called
generalízed MeÍxner, with o = 3 In the sât¡e \.day c > B t^¿oul-d give
otherdiscretesemi Laguerre orthogonal oolynomials that woul-d qeneralize
the CharLier pol-ynomials.
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HAHN PO.I-YNOMTALS AS EIGE]IT\¡ECTORS OF' POSTTf\IE OPERÀTORS

r.N.s.A. 20

Paul SABLONNIERE

avenue des Buttes de Coê'smeé 35043 RENNES Cédex

Fran ce

Abs tract:

It is proved that Hahn polynomiafs are eigenvectors of positive
opërators of Bernstein type. The eigenvalues are afso computed exactly
This extend previous resul-ts of Derriennic and the author on Legendre
and Jacobi polynornials.

1. INTRODUCTIOl'¡

In his thesis, Durrmeyer IA] introduced the nodified Bernstein
operators in t2(o,t):

n 1

it = tn+rl \-/- b!(r)r(r)dt)bl
t=o o

vrhere ¡l(xl = (:) *i1t--")t-i , o4í4n. Theywere studiedandl' 1
generalized l-ater by Deriennic Ín L¿l and [S] , wfro proved that
the eigenvectors of Ë- are the shifted Legendre polynomials
{pi, 0 = í. n} orthof,onal on (0,1) w.r.t. the classicaf scalar
product:

(f, s) f(t)q(t)dtJ:

Mo

À
n

re precisefy, she proved that B D. = À .p.n']. n,l" t-
where

.L

_ nl (n+1) I
(n-i) I (n+i+l) :

This result \¡ras extended by the author in an unpubfished report
to shifted Jacobi polynomials tpi , 0 < i r ni orthogonal on
!'r. r. t. the scalar Þroduct:

tBl
(0,1)

(f,q)w =
1

w(t) f (t)s(t)dt
oI

where w(t) = ¡01t-t)u (o ,ß > -I)
Defining the Bernstein-Jacobi oÐerators:

n
Jv/f = 5_ (r.iÎ) blnj-'.lt^,I a=o
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where

À\d

À1, i (N)

and
b,

vJhere:

= rfZteo,r:!Ifnb.
.l-

w !l ,wJ r). = 
^n -f n t

eo(x)=lrweget:

0<i4n-

Þ.-l

n l l'(o +3 +n+2 )

1":TIl-T"Tcr:4 +n+iTÐ-

fn this paper, lre prove a simÍ1ar result for Hahn polynomials
{O*, , 0 4 i 1n l¡lJ orthosonaf on [O,r'r] w.r.t. the scafar

N,f
produc t :

< f,9>w
n

I_ "(")f(x)q(x)x=o

n l-

h'here v,¡ (x)

(see fqr example [L] , chapter 5 of
corresponding oositive operators are:

> -1)

or chapter 2 of l7l)

x+1

a )(
N-x+8

ß
(o ,ß

L2)

)
.r.he

where

and

As for the oDerators ,{n
positive and seff-adjoint on

..w - å -.Jn .nnN,.rt = è^ "'bl¡,t 
tr bñ,i

' t=o

rft,, x=(î)(:-:)/(:)

ãft,rt"r = ofi,, &) /..o,bl¡,i, *

(1)

(2)

(0,1) , these oÐerators are

" Moreover we have :

(N+d+R +i+f )

.2.Int

{ Lo,Nl

"i,^oi.r= rI,i(N) ai . tvhere:

n(n-1).... (n-i+1) (N+o+S+2)
N (N- 1) (N-i+l)

,andÀ

(n+d+3 +2) (n+0+ß+i+I)

\{
n ^(N) = rfor 1¿i¿n4N

rlo
Throughout the paper, lre use the notation er(x) Í_x tor aL1

(2) form a

2. îHE DTSCRETE BERNSTEIN BASIS (DBB)

lllhe polynomials {b*,i(x) , 0 4 í 1n} defined by
basis of fPn [0,N_] and verify the following properties :

(i) rf; , {x) } o for a}f x integer in [0,*]l\rr

(ii) Ènft,rx) =i^)-'Èf1l.,,) =r
fü r\/r \n/ i--o\il\n-i/
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by Vandermonde's convolution Ídentity [¡l

(iii) È *"i
l- =o

,(x) = er(x) = x

The trvo last resufts are particular cases of :

Lemrna 1. For all r ) 1 , we have:
n

x(x-1);..(x-r+1) = f i(i-1)....(i-r+l) rrl ..t"t
i=r l'J ' 

a

This is proved by using qeneratÍng functions, as for the
folJ.owinq:

Lenma2. Forafl 04í4nz

N-n rt"o'bN, i'w = 1' x=u
w(x)uft,r(x)

_1

\"/ tl') (
\ / N+a+: +t\
/ ("*o*, *rf

the basis
basis (DBB)

.-n
1bN (x) , 0 4 í 4 nl is cafled the d.iscrete Bernstein

t' * 
t

lV+0+3 +1

n+a+ß +l-

Nto+ß +2
n+0+ß +2

3 +n-i
g

3 +n-i

ß

].
of e' Lo 'NJ

3. THE BERNSTETN HAHN OPERATORS

By definition (1) and Len'ma 2, we have

tN,tt -
N

n

\-l- n /a+i\-l // F_(") t
-1

_ -n .n
'f'bti,i"bi,i (3)

uY e =e .l^leN,n n O
Therefore, property (ii) is equivafent to

have the more general resul-t:

Theorem 1 H[,r.rtter) =re' for e4v1n1rg

È¡c€, From

,w
^'N,tt -f

there f ore I-l\^¡n

(3) and (iii), it is easy to deduce

(0+l) (N-n) _-;Tã+ET2- con
N

({?

"r*

Now, it suffices to prove that p, = HT.., u, is exactly of
degree r, for all O 4 r 1 n As a consequence of lemma 1, this is
equivafent to proving that the ccefficlents of pr v,¡.r.t. the DBB

t4l



are polynomials in i of degree at most
computati.ons, one gets :

/ru+ar3 +t\-1 n
. =l I ç Á xnYr 

\n*o*a*r/ l=^'i,r "N,i '

r After some simple

where : (4)

(s)

ô.I,I
II-n
L
Y=o

M

Z.
Y=o

y+a

a

1y+i ) r
y+.¿+i

rx+i ) (':-:;)

/ "-.-v \
\n-./

(y+i" ¡ 
r

\,riththenotations M=N-n, a=d.+i, b= 3+n-i
p = n+,:I+3 = a+b and P = N+o+3 = p+1"1 . ìJo$, let :

k+a

a

k+iu

Usinq the notations w = u/ (1-u) , p16(i) = i and
pI1(1) = a+l = 0+i+1 e terli] , rì¡e qet :

1tj=o
Prq (i) vj

fr(u)=ufo(u)=fo(u)

fa(u) = fo(u)

{ r* ,u*,., .¡.=}= I " " /k*"\ o*i
[ - -./ k]o '**t'\ u /"

By induction on r , !üe then prove that
is equal to :

f(u)=ufl.(u) (r>t)r r--L

ôf (u)
TIj=o

D- r:l

sL.

,.. l(a)v'

where p---(Í) e e--[i] verifies the recurrence relation:'rl r!

prj (i) = (i+i)pr-1,, (i) + (i+r+j) pr-i,j-i(i)

On the other hand, we have:
..- _ /o*u),x*lfr(u) = fro tt +i¡'

\ "/
\to\^r let q(u) = (1-u)- (b+1) -

{å,-.','(-:')

(6)

u t (u)cf(u) =t

/ r+u\ q

I /"- , then
\ þ/

l'-*.0) ì "-\ b l)

L
1ào

mlo

in which the coefficient of t,M is exactly Ur,, (5) This function
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is also equal to :

-J_u fo (u) ø(u)
r
, (i)vj
j=o

D'r:l

J- i -¡E pri (i),rj (t-rr) - (a+b+j+2)

l=o
(r

= > -{ I p_.(i)
k>o ( i=6

inf (r,m)
=) 5- l:

mlo ;i=o L

Since the coefficiént of ,rM is 6' a,f

k+a+b+j +1

a+b+j+l
ku

't
I

''r^

u

(i)j (
m+a+b+1

a+b+ j +l-

, vfe get :

rLj=o
prj (i)

which is in '", ['j

6

, q.e

N+cr+ß +l

n+d+ß +j +1

.d.

('7 )rl-

4. EIGE}¡VALUES AND ETGENVECTORS OF H:l
N,N

Let us recall a resul-t given in Derriennic t4]

Theorem 2. Let H be a Hilbert space and {Hm, m > 0} be an

increasinq sequence of subspaces verifyinq dim Hm = m .: Let
t. 4, lul be seLf-adjoint and verify L(Hm) C Hm for all m > 0.,
then the orthogonal- sequence {v*, m } 0 } defined by r^ 

" Hn, ,

v_ L H , (m > 1) , is a sec¡uence of eiqenvectors of L
m- -L

Lemna 3. tli," is self-adjoint in the space Il [o,N]= Rl+I \,¡.r.t.

the scal-ar Þroduct <f,g>w .

' The proof is obvious since:

--14¡ - 
t

."1,r, f,s'r = ão .r,ß$i, .o,blìi

.L= Z .s,ifi '., .f ,oï,rr = <f ,Hl,n s>
i=ò !r'r

Theoren 3. The eigenvectors of nl,r-, are the Hahn polynomials
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toN, i ' 0 4 í 4 n < NJ and the corresponding eigenvalues are:

lw . (r'l)
fi,a'

¡.w ^ (N)
Tt t '.J

for I4í4n, with -1

Proof : From theorem 2 and Lemma 3, \,re qet:

Ht o\'r = ).w t:vl oI for-'N,n '\,r n,r' "N,r

É f'\ fx+o+a*t) =/^*"*s+r+r \
É¿ [ i/ \ s-"-i ,/ \ n+r+s +'+t /

the elgenvalue Ì:eing yet unkown . But \.re have al-so
w -wp =Hll e =l (N)e +q . where q ,eF-, ;thusit!-r -l.l ,n -r r,r' r 'r-l 'r-_t r-l.

suffices to compute the coefficÍent of "t in P, . Erom the proof
of theorem 1, this amount.s to comÞute the coeffÍcient of ir in
ô. --(7) . Using the recurrence (6) and an induction of r ' this

!tL

coefficient is proved to be :

rf+cx+ß +f

n+d+B +1

N+0+ß +r+ 1

n+c[+ß +r+1

O4r4n

15 :

The coefficient of ir in pr is then , by (4)

-1

T )
By lemma 1, the coefficient of ir Ín er

Therefore, the r-th eisenvalue of 
"T,,., 

is :

". = (") ("-,) '

Àw (N) = g-r erl,r r r q.e.d

6. MfSCELLAT{EOUS RESULTS

Lemma 4. (A nossibly new Ídentity for Hahn oolynomialsi. Let
O$,r(xl be the i-th orthonormal Hahn polynomial-" There ho1ds,
o4n4 N and (x,y) e l0,ul':

nn
I ^i,i(N)ol.r(x) o$,r(v) - f Ëfi,rt"rbil,i(y)

f=U I_Q

for aL1

This is a simpfe corollary of theorem 3 : to prove it' take the
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scalar product by any f e lPn , expressed in the orthonormaf l:asis of
Hahn polynomials, of the tlto Kernels above.

!glrn31. (Coefficients of Hahn polynomial-s in the DBB)

o$,u r"l
nrj=o :) (:') 

' ((
k+ß

ß

(-r)l 3 +k-
r| . {x)

)

-1

if this Hahn polynomial is defined by the Ol,inde-Rodrigues formula
(cf. [1] , p. 4o)

fl")(,' ;.') (-) og,or*, = (

llfll"=(I w("1 I rt"r ¡n) 
1/n

ftnt';:)]

Moreover,

k+ß
¡k

!ê-m¡ra-9. (some further properties of 
"i -l . rn RN*I * olo'N1,

N'ñ

This is a simple corofl-ary of Leibniz formula

take the norm :

N

x=o

is an o;,erator of norm I in j¿ (n**r)rhen 
"1,,.,

there holds 3

Nrx=o
w(x) ufr,,'' r t")

N

T w (x) f (x)

Proof: The last prcperty can be rvritten as:

..o, 
"1,., 

f t, = ql,, .o, f t* = <eo, f >,

whÍch is true for HI is self-adioin - '-\^r
N,tr - t and nN,n to

one can be proved by using the Hõlder inequalities in
Rt*l , together $¡ith property (ii) of 92 and <e

o
rP [o
h

o'"N, i

. The first
, Nl and

w

2
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On Zeros of General Orthogonal Polynomials on t,he Unit circle

G.Sansigre, L. Fernáudez de las Heras and Nf.Allzrez
Departantenio de tr{atemáiicas

Es,:uela Técnic¿ Su¡ærior de Ingenieros Industriales
h.ladrid. Spain

ÁBSTfi..,tÇT' Tåe J,rc:aÊ¡,rn of zeros (if oriåogrrüal prii¡tri¡üiai.s íorniaüy as.srlct'afe<i irl a
nome¡t fu¿cfior¿I o¿ flre u¿iú circle i.s corside¡aJ. B.r using.k¡on'r tåeore¡us of .súabilifrr
theary about discrefe L¡apunov mafr¿t eguafion, conclusio¿s that geaerilize iåe cJassical

results are obfained;

1.- Introduction

It is well k¡orvn lhat all the zerm of every polynomial of a sequence of orthogonal
polynomials associated to a positive measure on the unit circle are inside the unit circle.
In ihis communication s,e generalize this result to general orthogonal polylomials. Âs in
Geronimus [1], u'e understand for a sequence of general orthogonal polynomials associated

to a moment functional, the formally orthogonal polynomials associated to a uloment
functional, such that all the principal minors of the moment matrix do not vanish, ihough
they are not necessarily positive. The generalization obtained is that er.ery polynonr.ial

has no zeros o\'€r the unit circle and, as in the classical case, the nuurber of zeros inside
and outside the unit circle is given by some inequalities with parameters depending on the
principal minors of the moment matrix.

The approximafion made in Geronimus to fhe Iocafion of zeros of orthogonal polyno-

mials is essentially the application of the u'ell k¡orvn Schur algorithm, see Ìl'farden [2]. It
is possible to use the sarne method to analize the location of zeros of general orthogonal
polynomials. Here u'e give an alternate approach through the L¡rapunov matrix equt-
iion, a cornerstone in the theory of stability. \Ve prove thaf the (n - l)'th section of the

moment matrix is a solution of certain Lyapunov mairlx equation associated to the n-th
monic orthogonal polynomial. By using general results related to stability theory, we get

conclusions about location of the zeros of these polynomials.
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2,- The discrete Lyapunov ¡natrix equation

Iæt ,{ and Q be complex *atrices of r¿--order. The matrir equation:

X _ A-XA=Q (1)

rvhere Ä* is the trans¡losed conjugate malrix of A, is usuaily knoln in the üterafure on
stability theory as the discrete Lyapunov matrix equation. Hàre rve shall give an ol,erview
of some relerant properties which rve lvill use later.

Our ìnt'ereÍ is in. properties of Hennitian solutions of the equation in case that Q is
a. sernidefinite Hermitia¡ malrix. Let us suppose P = P* is such a solution. Let ,\ be au
eigenvalue of r{ and ¿r I 0 be a corresponding eigen*ector. Then it is easily seen thaf:

(1 - l)1z)u.Pu = a*Qu. (zl

Hence if Q is a posiiive or negative definite Hermitian matri-c \1,e can coqclude that all
the eìgenvalues of á have module different from L In some special cases, rvhen Ç is
semidefinite the assertion holds. In this case, if Q is positive semiãefinite of rank m, it can
be descomposed as;

A = C*C. (s)

rçithCanr?lxnmatrix.

Then if the coupie (/t, t) is obsenabìe, that ls, if condition:

C
CA

rank =n (4)

is satisfied, n'e have ìikervise that all the eigeuralues of .4 also perform lrl # t. Briefl1', the
reason is that for any eigenvector o of,4 we can write:

cv l0 (5)

otherri'ise the obsenabilìty condition rvill not be fulfilled. Thus we also have v*eu > 0
a¡d it does not matter if Q is merely semidefinite positive, and ihe asserted eigenralues
propçrty of ¡l follorvs. Ä. resembling argument can be used in case Ç is only negative
semideflnite.

Next tt'e shall see ihat there exists a¡ interesting relation behreen the number of
eigenvalues of ,4 inside and outside the unit circle. and the ¡umber of positive and negalive
eigenvalues of the Hermitia¡ solutions of ihe L.vapuuov equation.

Firsi let us suppose thai aìl the eigenvalues of r{ are inside the unit circle. In this case

L,Á'' '
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we hare:

Jlg.AÈ = 0 (6)

and it is atr easy task to check that equatiou (1) has one and only one solution given by:

cô

-x = Ð{,t-¡ßqae. (?}

. F=0

If Q i. positive (negative) semidefinite a¡d observability condition (l) is satisfied,.this

m¿irix ii Hermitiän positive (negative) defrnite, so all its eigenvalues are real and positive

(negative).

When all the eigenvalues of 11 are outside the unit circle, then all the eigenvalues of
the inverse matrix ,{:1 a¡e insi<Ìe t}re unii circle. and rvriting equation (t) in the equivalent

form:

x - (,{-1).x(Á-1) = -(Á-l)'ÇA-t (8)

it, is seen that the equation ha's one and only one solution given l':y:

x- -f{e'¡**qe-" (e)

È=l

r:hich, if ihe akerrability condition is assumed, turns to be Hermitian negative (po*Y)
deûnite, as long as Q ii a positive (negatii'e) semidefinite matrix. In this case, all the

eigenvalues ol ihe solution are negaiive (positive).

I¡ the general case, when the uratrix ,{ has eigenvalues inside and outside the rrnit

circle. itãËbe proved i.h"t er'"ry Hermitian solution of ihe eqlafion is nonsingular,.urd

the number of positiv-e and negative eigewalues of eræry solution are, if Q is a positive

semidefinite Eeirnit¡an matrix, respectively equal io the number of eigenvaluæ of A in-

side and outside the unii circie, aad an aaaJõgous result is valid nhen Q it- ? negalive

semi<Ìefinite Hermitian rnafrix. For the proof of this resnlt, due to Wimmer [3], ne refer

to Lancaster and TismenetskY [+l'

3.- loeplitz matríces and Lyapunov equation

IÆt (¿n)n€u be a sequence of complex nunbersrsucÌr ihat c-n ] ð".,.and f,= lt¿rl

rvith f;; : ;1-; br the associated infinife Hermitian foeplitz matrix. ,{s it is rvell knorvn,

;;; looliï I t" ¿ãnoioe a bilinea¡ Hermitian forn on the complex space C[z] of

polynomials with complex coefficients, by extending the deûnition:

1 si,ti ) = ci-r (10)
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io ever.v c.ouple of polynonial.: by using iinearity' rviih regard ro ihe secôn<l polyno¡rial of
the couple and Hermitia¡ synrmetry.

A crucial properüy of this bilìnear form js:

<'Í{z),zsþ)> = <t{r),s{|> (ll)

for every pair of polynonúals /(e) and g(e).

Ncw sttppose that each ,t--eecticn of the matrix I, tliat is er,er1' submatrix:

cs E¡

c1 t¡
T¡
ãt--rT*- (r2)

ch ch-l Cû

is aonsingular. .Tlen, as it is rvell k-not'n, there exist for each positive integer rr a n-degree
polynomial p{z} such that:

<P(z),s{z)> = 0 (i3)

for every poìynomial q(;) such that degree sþ) < n. \ltithout lost of generaÌity, rve car
suppose p{z) a monic polynomial as follows: 

' '

p(r) = zn * arTn-l + ... + a.n-rz + øn (i4)

Let ¡{ be the n x ¿ matrix

0 -ct
0' -nn-1

(15)

a¡dCthelxnmatrix

, C=[0,0,...,o,l] (16)

Notice that p{z) is the characterietic poþonrial of ,4.

Wifb tbe previoul definition.e'we can stãte our prineipal resulFJ

Theorern r The matrix ?,r-r is ihe solutioa of the discrete Lyapunov malrix equatior:

X - A*XA= 6C'C (li)

withð= <p(s),p(;)>

,=li
It
Lo

0
0

0
0

û
I

':úZ

- tI1
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Proof: Leü us introduce the t x rl polynoruial matrix:

{J(z) = ll, z,22,.. . , ¿n-tl

which allorvs us to rvrite îr-r = < U(tJr ,t/(;) >. Then from the identity:

zU(z)={,'(e),4+P(e)C

and properties (to) and (tt) it follorvs:

as .cesired. 
Tn-t = A'T,.-'A + 6e c

4.- Zeros of general ortltogonal polynomials

ht
l' ' h^-L

In this section, rve make use of the results af the foregoing sections, in order to get

couclusions about zeros of orthogonal polyuourials formally assoc.iated to a momenf fuac-
tional.

First at all, we notice that (,4, C), rvhere á and C are the matrices respectively given

in (15) and (16), is aa obsenable pair, arl atr easy calculation shorvs. Then from equation
(tf) aha thc róults of section 2, iI 6 > 0 the number of eigenvalues of ,4 inside (outside)

ihe'unit circle is equal to the number of positive (negative) eigenvalues of În-r. Whe¡

6 < 0 we get a sinrìlar result merely by interchanging the words inside and outside. A¡

the n-ih orihogonal polynomial is the characteristic polynomial of .4, rie have the samt

proposition for the zeioi of this pol,v-oomial.

On the other hand it is knorvn, see Gantmacher [5], that for an n-order Heruritjan ma

trix rvhose principal rninors å¡ do not vanish, the number of positive (negative) eigenralue

is the number of positive (negative) ratios in

(r 8)

(le)

(20)

(21
hnItz

6
Let us introdt¡ee Å¡ as the deter¡ninaut of the &-section of the mat¡ix , and fc

convenielce, À-1 = l. Joining together the'above result wiih tbe facü thai' ô = A"f A"-
we have from the prceding consideration th¡t th¿ number of zeroe of t'be n-th orthogon:

polynomial inside i[e unit circle is giren by the number of posith'e ter¡rs in :

ArrA-r AoAo

E;ñ' Ãl-Ã'
AnÂr,-z
-æ; {2
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By introducing ihe auxiliary parameters o¡ given by

rve easily obtain that:

0t-=l-À'i-+t--Ä*-t
AÈ

*k = (l -ar,-r)...(1-o*)

(æ)

(24)

and rve have the follorving rule.for the location, with respect to the unit circle, of zeros of
orthogonal poll'nomials:

Iæt Àn and ¡rn be the nunber of zeros of the n-th polynomial respectively inside and
outside the u¡jt, circle. Then for (n * l)-th polynomial n'e have:

a) if a" ) I then ln+r = ), + I aud Fn*t = Fn

b) if o" ( i ihen )n*t = /rn and Fn*1 .= ), * I
Il particular, if all t'he 4,, are less than l, all the polynomials have all their2eros inside

the unit circle. This generalize Geronimus's result. The introduction of the para,meters c¡
is justified in order that they are the squares of the modulus of the oh parameters used by
fhis author.
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ORTIIOGO¡iAL POLYNOMIALS À¡*D SUBNORMALITY OF RELATED

SHTFT OPERATORS

F.H. Szafraniec
InstytuL Matematyki
Unil,rersitet Jaoiellonski
u1. Reymonta 4,
PL-30059 Kraków

1. Bounded subnormal oDerators have been extensively studied
for many recent years, mostly in connection with Function Theory (in a

Complex Varial:Ie) . The study of unbound.ed subnormals has been oriqinated
in tl] Though in unbounded case a nunber of severe difficulties
appear, the advantage j.s that one can take into account also
differential operator.

In lz] Dr. Jan Stochel- and the present author exhibited the fact
that a simple differential oÐerator (known sometimes as the. crèation
operator) is subnormal. In a subsequent paDer l:] vre oroposed another
r'¡ay of proving this fact, based on the observation that the operator in
question may be regarded as a (weiqhted) shift operator related to the
system of the Hermite polynomiafs. Here our goaf is to sho\'t that, using
the approach of [:] , one can establish subncrmality of some other
operators associated vrith classj-cal orthogonal polynomials, namely the
Laguerre polynomials and the Charlier polynomials.

2. Recall- that an operator S acting
domain D(S) , is said to be subnormqf if
.:e K ,K2 H and a normal operåtor N in

sf =Nf , f e D(s)cD(N)

Let le I be an orthonormal- basis in H

domain o (S) = snan {err} n=o is said to be

Se' e (Cr{0})er.,*, , n=0,1,...

In [:] we have proved the following

Ín a Hilbert space H, \,,¡ith

there is another Hilbert sPa-

K such that

. An operator S ' vrith
a wêighted'shift if

Theorem. Suppose s

subnormal if and only
sequence

is a weiqhted shift operator. Then S is
if {l I sn I I l- is a stiel-ties momentn=o is a stiel-tjes momel

This theorem suggests to use ortlioqonal polynomials in order to
prove subnormality of some shift oneratols refated to them. We \'ii-sl1 to
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present three examplc:s of such oÞerators

a) The Hermite polvnomia l"s and the related shift operàtor [2,:]
The Hermite polynomials

n (x) = en

2x -ncl

-ndx

2-x n = 1,2,..., Ho(x) = 1

satisfy the foÌlowing relatiÕn

u',*r(x) - -2x Hn(x) + H;(x)

Thus the Hermite functions

. hn (x) = (-1)nr-n/2 (n: ¡-1 n-1/4 
"-x2 

/2 t.-l*\

which form an orthonormal basis j.n ¡21--, **¡ , define the vreiqhted
shift cperator

3=2_1i2¡x_*l

such that
I ls'ho I l2 = .:

This means that S is subnormaf.

l:) The Laguerrê polynomials and the rela ted shift operator
the Laguerre polynomj.al-s

such that

- ('u) , 1
n --' n:

satisfy the follo\ring reÌatiÕn

t"*ir"jll(x) = l-x $-r,.+L-2x)dx-

So "the Laquerre functions"

.(ci) , , ¡ n! l/2 t/2 -x/zt., (x/ = \tl;Tlîitl x e--'-

which form an orthonor¡nal basis in r,210,+-¡, give a rise to the famÍ1y
í¿>-1) of weighted shift operators

' s = -" 4+ (x-1) ¿ * -*2tz**q-2
dx

9"x dn fvn+o ô-xì ñ - 1 ) r(0)-r ^\_1. n L" " J 'cix

d r - (o
dxr n

(x)

- {o)L tXJn

I lt"tjo) I l2 = '',: r (n+c¿)

l5ç



Consequently S is subnormal

c) The Charlier polynomials and the refaÈed shift operator.

The CharÌier polynomials
tion -cv¡,. .x _ \-e ( 1+v\¡,¡

n=0

They satisfy the following relation

cj]lt"+rl = (x+1)C;l"l - ccjo) t*+r)

Defining the "Charlier sequences"

.jo) t*l = 1o,nn ,.)-r/2 e-a/2 ox/2 1x,.) 
-1,/2 c 

(o) (x)

we get

"jo' 
are determined by the genêratíng func-

cjo)t"l rt(r,:)-1 , alo.

x=0r1r..

À n
(a

c'
n+ Ir x+ 1

1 /)where lr., = (n+1) -' - This allows us to define the finite difference
operator ( depending on df} )

(sf) (x+1) = (x+1) L/2 t(*). - or/2 f(x+1) , x=0, L,... ,

for' f e D(s) = span{ .,1t) (.1 }rrîg (the definition of (sf) (o) re-

quires some comment: since { .j") (.1 i,.,lo is a basis in rl , srtol
is uniquely determined and the oDerator itself is well defined) .

since ll t".jo) ll = n: , s is subnormaf Ín 11 .
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,À GSITER.A],IZEÐ INI\EF.SION FOFMTTLA FOR THE CONTINUOTIS

.JACOSI TR¡ì}ISFORM VJHEN A+ß+1 IS .AN INTEGER

Ahmed I. Zayed

Dept. of ¡lath Cal.eoly.State Univ.' San Luis Obispo
Califor:nia 93407

Dept.of Math
Gil_bert G. t,ialter

, Univ. o f ./¡Í s con s i n-Mi f tvaukee, ¡'h-h'tarrkee
11/lscÒnsf n ) -JZIJ f

1. Introcruction

The cont-r,nuous Legendre transfor¡l anc. its inverse ruere studied. by

3utzer, Stens anC, "lehrens []-] This r,ras extenC,ed to .racobi transforms
for o + B = 0 by Deeba and. Koh t3] . Unfortunatetlz this C-oes not
incluCe rnany spec-ia1 cases of interest.

In this rvork we consicer a Ìarger nunlcer of othel cases in v,¡hich

cr + ß + l is a positive integer. For the stand,ard nol:r.afization an in-
version is given in terms of a kernef definecl l:y a series. I^Te al-so in-
troduce a renor¡¡alized transforn r¿hose Lange is a set of entire func -
ttons. Its -r:nverse is then qÍven in closed forn.

2. Prefininaries:

In thr:.s section we recalf sorne of the llasic backgroun<l naterial
necessary for our investÍgation.

2.1 Jacobi Functions ãnd rransforns

For anv real nurnJters a, b and c \.Jr:th c I ), -I,-2, ' '
hvpergeor¡.etric function F(a,b; cìz) = 

"F1(a,b;c;z\ 
ís given l:'V

(a). (l:).
KK-lõ[r'.-

the

! \art)rvt at
_î
-L

k=0
,k, l"l <1 (2.7)

r^rhere the series converges at z = -3- and z = 1- pl:ovided that
c - a - b +l- > 0 and. c - a - .b > 0 resPectivelv.

The Jacobi function

-(o,ß)r.,\ _ f (À+0+1)
"À r^r - f (G+1) f (),+1)

\r¡here ¡¿,ß > -1, À e R and.

rl"'ß ) t*) of the first l<ind is def-l:.ned by

1 tz,.z)

5i nce
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,(o,ß),*, _ f (u-l+1)l(À-o-3) o(o,ß) /_\
-l l(1-ì)r(r-ß) À-d-3-l'^'

l.Je may restrj-ct ou:r:selves to the case À > _(,J+B+I)/2

nlo'U) (*l satisfies the ct-ifferential eguation

(t-x2)y" + {ß-o-(r+ß+2)x}y,+ À(l+o+ß+l)v = 0.

Let
-(4,3) .. 2. ð2 rlL "''' = (1-x-) :T + {ß-o-(r+3+2)x} frOx dx_

be the differential operator associate.l. rrith this equation
(2.3) becomes

The function

For integer values of À , n{"'8) t*l
pollznorniaL as cefined- in tgl

It can be shor¡n [3] that for À,v

^ 
I - (v+o+ß+i") and -1 < o,ß

t-

- (o,ß ) ,Pi*'*' (x) (2. s)

red.uces to the usual Jacobi

= -tr (À+cr+8.+1)

\lv

dx=

(2 .4)

Then

(2.8)

dx

(2.3)

l? q\

1

FTE]T
(

J

(1-x) ry(r+x)ß e,lo'ett*t ejß'o) (-*)
-1

f (l+o+1)f (v+ß+1) . r sin rÀ sin r'"r= ;lÀ{lll+v+d+E+]t 1 ¡l;+fJTf À+o+ßT1t - 11ÀTTtTlv+o+ßTTf ]. (2 .6\

Tf rrre denDte the ,Tacobi poÌynonÍal of d.egree n by
"i"'ß) 

r*t
then

t-L[
F+rr J

(1-x) o(1+x)ß p(cr'ß)(x) pjo'3)(*)d* = ô',*hjo'ß\ (z-l)
-1

where

n(o'3)
n

Since o(c'3)r_"1
n t-rl"rjß'*)(x) it follor¿s that

i{"'e I ,", L{
;ã+E+f J

( l--x) 0(1+x) BPl0'ß) (*)nj*' ß) (*)
7

-1

(-f )nf ( À+cr+1) f (n+f3+l-) sin nl
ffi ^ln
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and hence

e{o'ß ) {*) I i{''e I 
{,,.) njo,ß ) {x),1

:--(ã;ãT¡¡n

xe(-r-,r] " tz.rol
n=0

r^rhere the series converqes

i) absolutely ancl uniformÌy on any conpact subset of (-1,1) if
-1 < ß.< r/2.

iÍ) in r.2( (1-x)o(r+x) ß ) it -1 < ß< 1.

iii) in the sense of generalized funct:i.ons for any -1 < ß

Here tlre have used the fact that

l"tre also note that

o(o,ß),*, = g1¡max(o,ß), as ì + --I

Let .o(a'B) (x) = (1-x)o(1+x)ß and- f(x)
Then the discrete Jacobi transfo::¡n i(o,ß ) 1rr¡

ef"'ß) r"l "(*)

i (cr,3 ) 
,r.,,

1

Frßrr

as l*- unÍfor¡nllzin

1

-1

xe[a,¡]c(-r,r)
( 2.11)

(2. 1,2',)

of f(x) is clefined by

e LP{r¿(o'ß) 1*¡ }, p r t

dx (2.13)( 1-x) 0 ( 1+x)Bpjo'ß ) (*) t (*)

and the series expansion of f(x) in terrì.s of the JacÕbi polynomials
is given ]ry

*t

f (x) ¡, I fl ît*'a) tnlnjo'3){"1 , >1 ê (-1,1) . (2.L4')
n=0 "n

Anaroqousllz, if f(x) e r,1i.r(o'3) (*) ], then the continuous Jaco-

bi transfor* î (o'ß ) (¡,) of f (x) r.,¡i11 Ì:e def ined by

î(s,ß),.. r lL '- .0.-r (^, - Få- l-i ,t-",o(1**)3"(o'ß)(*)t(*)dx;r> - -+4

( 2. 1s)

The follo\ring proposition gives a series representation for the

continuous Jacobi transform i(o'ß) 1¡¡:
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Pronos-r:.tLÕn 2 .1. Let be p tirnes d,iffer:ent:r;.ab1e v,/r:t-h sup-
p>2;

f(x)
thenport in (-1,1),

i(o,ß),^,

for -1

Proof:
(2.15)

d.o (l)

--=\- i(o'3) t^l ôio'ß) (n)
¡\ur5./ ^

(2.16)

-1<iJ <P-ã

Bv substituting the uniformly convergent series (2.LAt Ín
\r'e ohtain

-L
n=0

\rThere the series converges uniformly on any compact sul¡set of fO,-)

-#.-î (o' ß ) 1¡ ¡ rj"' 0 I ( x) plo' ß ) ( *),u 
( o' ß ) ( 

") 
u.*

1il= 
F+E +T ,,¿ollãltrln

I- i "i. ' 
ß ) 

1 *¡ p (o 
' 

ß ) ( *) .,o 
( o 

' ß ) ( 
")

1ó
I

-1 n=0

| (ì+0-q+1) f (À+ß-q+1)

f 2 (À+q) cos îÀ c.À

dx=

iç Ã id . h¡lf iñ+ôdôr\1 JJ g

(2.L7)

:i. f q is an integer

i (o,ß ) ,r,,

I
n=0

1 i(o,ß),-,
n 

(o'ß) ! \¡rl

n

,/nlo'B) = o(n), i(o'r) (n) = o(n-P+j¡ .'a e{.'ll (n) = o(n3-r)

uniformly for ) > C as n' ó.

Let (îL+3+L) /2 anC Cefine

ij"'u',",

by (2.9) . Interchanging the summation and. the integratj.on series in
(2.1"6) converges uniformly on any corpact subset of [0,-l since

2f (l+q) Àsin rTÀ dÀ

f ( l+cr-q+1) | ( l+ß-q+1)

rde shall shole in the next sectr:.on thar til"'ß)tnt t u"d {;lß'o) (r,) J

form. a bi-orthogÕnal series !¡ith respect tÕ d-o .

2.2 An assoc:l-ated. orthonorrnal system

',,1e begin with the comptete o::thonornral system on l-r,n] given blr'

1ó0



1

/r
c.enoted bv 

" 
0

-n

.lor

{n+})r.r, ! 
"i., {n+}¡ - 1''../T - n=0

?her-l: Pourier transforrns r.vif f J:e

and r

1

0
n

T

l-n-

respectively¿ i. e

ir¿l 1e cos(n+j) v dr+ n = 0,I,2,.

By IrLancherel ,s identitv.
systern rn r-2 (1,ì.) . This systen \^,

ocl.d integer. For q an inteoe
.fio.l

r"(À)n'
(2.79)

I{e shall shorv that the-
(2.9) . It nay lce expres

0rn
(l)

, ¡T-t I irrì 1

*1 e s¡l'n(n+i)rzflr'¡
r. ¿ ¡ J-n

(2. rq)

,0 n.tcn, r; J are a compl_ete orillonorrnal
ill be used, \^r-r:th q = (ct+B+I) /2 a hal-f
r rre sha.ll use the systen

'/¿ a -tl

T.
1w.le

I i.r
J-u l

ï-
.IW..\e

-T

f
1

cos nvJ

sÍn nIJ

d.w

(2n+2

d,w, !=1,2,

1_

lt
(À)

0

roÐos

I -1Ì

which again is ctearly an orthonorrnal svs¡g¡
iÍ" 'u , ,,,, given Ínse systelrs ar:erefated to

sed. as

?l(ì (n+g¡ ) 2 (n+q)

B)' a strâightforward calcul-ation \re see that

f (n+ß+1) | (l+a+1-o)-flnill- -ïnã-ql- (2 .20)

' [s] (À) , q haLf-inreser

(2.27)

i*o (À) , qinteger

.;T

.on

2.2 The functions õiven by

il##+Ð 2(n+q) ##he (n I ) ) )\

are orthonor¡¡.al- on (0,-) rvith respect to Euctídean r.qeasure.
ThÍs is a consequence of the orthonornality of sZ(^_q\//2 on- n'(--'-) together 

'r'ith Íts evenness r¡hen q is a half integer anc oc,d-ness when q is an integer.

ProDosition 2.3

(o,ß )
À-q

Jn =lrr-rr "fitr-.r t*ii3 -()+z+1-o¡r¡.c(r) 
=

The functions q_r:ven by (2.22) satl-sf\/
(-1"

Y ô (2-21\q,rì mn -'

1ó1

¡n+ [q]



vrhe re Y ='g,m

ven by (2 . 1"7 )

lreaninteger

(n+g), q a half-integer
¡ and do is the neasure gí-

3. 'An inverse transform given by a series

In this section we use the biorthogonality of { P
(a,B )

À-g

. ^(ß,cr),.,t eiii*'tn) i to f,ind an inveïse transforn to the cont-r:nuous Jacôbr

transfor¡q r¡hen o.+ß is an inteoer I C . ?he expressÍon in Pronosi -
tion 2. 3 ¡nav be rJr-r:tten as

n(o,3)U
n "q,tt2 (n+q)

(n) ] vith

(3.1)

f 

- 
ôJ1:u) r"l ô.(1:") (n) do (ì)

)o /r .1 /\ Y

1
z

nI¡.

where v'Çr n

half integer

R(x, À) 1-t¡ ['lì

= 1 if

Let

q is an integer and 'q,n (n+q¡ if q is a

i
q,rrhio'g) {n+t) ,o-,

i1ß,o) t'l â(ß,o) (_") (3.2)
^-q n

2 (n+q)

n=0 y

The series defininq
on any compact subset of

1i\ ¿ \ - : fOf2'

R(x, À) converges absolutefv and uníformlv
(-1,f) x lO,-) provided that

l-3q = ) ' 2 t "'

ii) ß> for g = \,2,3,.

Moreover, it is d.orninated by (I+1)-o |le shaf 1 alr,ralrs assume

that this is indeed the c4Fe. In the hext theorem rve clerive an inver-
sion for¡qula for the .onti¿{uou= Jacobi tr.ansform given by (2.15).

Theorem 3.1. Le€- f(x) be such that its continuous Jacobi trans

form has the representation (2.76) and. j.s <ìominatetl by
Then

r(x) = |* î,"'u)O.-q) R(x,À) c.o(r)
lD

-^,-)o(r * -)

(3.3)

where R(x, l) and do ( f ) are chosen fro¡.r (3.2) ancl. (2.13) accor-
iling to r.¡hether q is half a positi..re integer or a positive ínteger.

4. A renormalized Jacobi .transforn

The standard normalizatÍon
not give us an entire function in

(2.2) of the Jacóbi function d-oes

I unfess o is an inteõer. This
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I¡.ay be rectified b1z adopting a nornalization siniLar to that of the
Gegenbauer polynornials r';hen o = ß 

^ccond.ingly 
l,re denote fl by

I (x) (^*å*u) 
" 

( a' 3 ) 
t "r = f{ffi i-.,r+rTãtil F (- r, À+2q r d *t,#,(o,ß)

I
(4

l^.3)
where 2g = o + ß + L is an j-ntegel as before. Then 9j*'-' as

product of a polynomial and an entire function:ls it-sel-f entire-
¡a ßr

ver, lp.' ' ' (x) is eithe:: an even o:: oc1,] functl:-on of ). about' 
^-qaccordÍng to where ?q is respecti.¡efy odd or even.

l-)

the

l{oreo

0

1

F(t) = r(o'3) (¡,) 1

is an entire function -i-n I
r( -À-q ) = F( )-q ) (-1)

F(n) sq(ì)

z2q'
( 1-x) d (1+x) ß yl"'ø I (x) f (x) dx=

/),+2.r-1\ ?(a,B),.,= \ 3 ) r {.r'/

v¡Í1I be the rodified ,lacobi tl:ansforn.

Proposition 4.1-. Let F be the noCr,fi'eC,facohi

-1

f rvith support in (-1,1), q+S+1 = 2q

¡^ r ì

transfol:n of

an integer,

(4.3)

(2.21) anC the con

a c- function
ß>-1. Then

(i) F

(Ïi )

(iii )

2q+L

F (r)

where u9(l) is the orthonornal- sequence girren byn'
vergence is unifo¡rn on comPact subsets of (--,-).

(iv) F(À) = o(I-P) as I * - for al-I

f.L
n=0

p)o

In the next section v¡e shall d,evise anothelc inverse given b1z a

kernel with a closed forrn expression.

5. An inverse rator rvi a 1o ed forn kernel

rn order to derive the ciosed. for¡n r'¡e sha1l proceed inductively
beginning vrith the tvo cases S = 7/?- and. q = l-. In l:oth cases the
inverse operator is knotvn or easy to Cerive.

l,ie.shaIl state the main result of this paper in the follor'ring
theoren and provide no proof for j"t here' The Cetails of the proof
wilf Ì:e published somewherê else s¡lrrce they are f-oo fong to be given
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cobi transforÍì, qiven by (4.
Then the inverse transform is

Theorem 5.1-. Let f e 0GL,It and let F(f)
2) ldhere û+ß +1 = 2cf

qiven by

.!'Je _r_ts (0,|J) .Ja-

a positive integer.

dÀf(x)

when 2q is even ancl. by

f (x)

1

s-t

(-r)q¿r (o+r-) r te+o f- F (r-c{) vll;") r-*l cos ¡l

-

(À--1)...(r--(s-1)-)

I sin rÀ(- 1) 4r (o+1) r (B +r-) 
f ]",^-o, ff!¿") r-"r . ?. .1". 2. . .2 . )2\(À -t7) )...(^ -(q-I

dÀ

Legendre transform,
J.¡,lath. and ¡{ath.Sci

when 2q is odd

where the j.ntegrals converge unifornly for x in lnterior intervals

"i (-1,1) .
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