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An inverse diffusion problem in a degenerate parabolic equation
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Abstract

In this paper, we prove a Lipschitz stability result for an inverse problem that
consists in determining a constant in the diffusion term of some degenerate one-
dimensional linear parabolic equation. Our proof is based on the results investigated
in [5] and presented during the Eleventh International Conference Zaragoza-Pau.
Keywords: inverse problems, Lipschitz stability, degenerate parabolic equations,
weak maximum principle.
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1 Introduction

Inverse problems for nondegenerate parabolic equations have been largely studied in many
articles and books. The method for Lipschitz stability results is due to both Puel-Yamamoto
in [11] for the wave equation and Imanuvilov-Yamamoto in [10] for parabolic equations. It is
based on a global Carleman estimate corresponding to the considered equation. This method
has been applied to various equations and inverse problems (see references in [5]). In particular,
the determination of diffusion coefficients has been studied in [13]. For non continuous diffusion
coefficients, the problem has been solved in [1, 2]. As for degenerate linear equations, very
few results about inverse problems are known. To our knowledge, the first papers dealing with
Lipschitz stability results for such equations are [5, 12] and concern inverse source problems.

We want to apply the results therein to some inverse diffusion problem.

Let us now go deeper into details and describe the model. Let o € [0,2) and consider the

following initial-boundary value problem:
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u(t,0) = for 0<ax<1
and

(x%uy) (t,0) = for 1<a<?2
u(O,x) = UO(x)

(t,) € (0,T) x (0,1),
te(0,7),

te(0,7),

z e (0,1).

As we recall in section 2, the functional framework in which problem (1) is well posed slightly
changes following the fact that 0 < o < 1 and 1 < a < 2. In particular we do not consider the
same boundary condition at x = 0.

As a motivation, let us mention that the study of linear equations like (1) is a first step to
the study of the non linear one-dimensional Budyko-Sellers climate model. This climate model
aims at understanding the effects of many parameters (such as for instance greenhouse gazes,
albedo or advection fluxes) on the ice covering on the Earth. Since the nineties, the questions of
well-posedness of the model, long-time behaviour of solutions and many others have been largely
studied by Diaz, Hetzer and connected researchers (see [8, 9] and references therein). As for
controllability issues, which are close to inverse problem ones, very few results are known about
the Budyko-Sellers model (see [9]). For the linear equation (1), a recent paper by Cannarsa-
Martinez-Vancostenoble [4] gives a positive answer to the question of null-controllability by a
locally distributed control. Finally, let us mention that inverse problems for the Sellers model
are going to be considered in a forthcoming paper.

Now, let us turn to technical assumptions for our inverse problem. Let tg € (0,7") and set:

_T+t0
— 5

The topic of this paper can be stated as follows: is it possible to recover the constant K in

T

(1) from the knowledge of (z%u,), (T”,.) and a boundary observation g (.,1) |,y ? For this
purpose, we assume below that the constant K to be determined belongs to some bounded

interval.

Assumption 1. Set 0 < Ko < K; and assume K € I := [Ky, K1].

Before stating and proving our Lipschitz stability results, we investigate the well-posedness of
(1).

2 Well-posedness of (1), regularity of solutions, maximum principle

2.1 Functional framework and reqularity of solutions of (1)

The functional framework of such degenerate equations has been largely studied in the case
K =1 (see [3] and references in [4, 5]). Obviously, since K is a positive constant, only the
definition of the operator changes a little bit. For the reader convenience, we recall the main

definitions. Fix K € [Kg, K1]. For 0 < a < 2, let us define H} (0,1) as
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HL(0,1) == {u € L2(0,1) : x5u, € L2 (0, 1)} .

Of course, H}(0, 1), embedded with the weighted inner product

(u, V) mx0,0) 7= (,0) 20 1) + <x5um,x5vx)L2(071) ’

is a Hilbert space.

In the o € [0,1) case, the elements of H} (0,1) have a boundary value at both extremities

x =0 and x = 1. Therefore, one may define Hé,o (0,1) as

Ho(0,1) :={ue H,(0,1) : u(0) =u(l) =0},

Now, we define the unbounded operator A : D(A) ¢ L? (0,1) — L?(0,1) by

D(A):={ue Hé,o (0,1) : 2%, € H (0, D},

and Yu € D(A), Au:= (K2%y,), .
In the other case (1 < a < 2), the boundary value at z = 0 for an element of H}(0,1) does
not exist anymore (see also [5]). That is why we change the definition of H, 01[,0 (0,1) into
Hi(0,1):={ueH,(0,1):u(l)=0}.
Then, the unbounded operator A : D(A) C L% (0,1) — L?(0,1) is defined by

D(A) := {u e L? (0,1) : 2% € Hol (0,1), 2%, € H! (0,1) and (z%u;) (0) = O} ,

and Vu € D(A), Au:= (Kz%uy,), .

Moreover, it can be proved that D (A) may also be characterized by (see [4]; see also [3] for a

proof in a similar context):

D(A)={ueH\,(0,1): 2%, € H (0,1)}.

We chose to use the same notations for H(i,o (0,1)and D (A)inboth0 <a<landl <a <2
cases because these spaces have nearly the same properties. For instance, in both cases, one has

the following result:

Lemma 1. (A, D (A)) is the infinitesimal generator of a strongly continuous semigroup of con-

tractions on L? (0,1). Moreover this semigroup is analytic.
Proof. Since K is a positive constant, Lemma 1 can be proved as Lemma 2.1 in [5]. O

As a consequence of Lemma 1, the following standard well-posedness result holds:
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Theorem 1. 1. For all ug € D(A), for all h € H*(0,T; L?(0,1)), problem (1) has a unique
solution
u € C([0,T]: D(A)) N C([0,T)5 L*(0,1)).

2. For all ug € L?(0,1), for all h € L*(0,T; L*(0,1)), problem (1) has a unique solution u
satisfying, for all e € (0,T),

u € L*(e,T; D(A)) N H (e, T; L*(0,1)).

In order to apply the results obtained in [5], we need to know some properties of the time-

derivative of the solution of problem (1). As in [5], the following lemma holds:

Lemma 2. Let K € I, ug € D(A), and h € H'(0,T; L?(0,1)). Setting z := u; where u is the
solution of (1) given by Theorem 1, we get, for all e > 0, z € L?(e, T; D(A))NH' (e, T; L*(0,1))

and is the weak solution of

2zt — (Kx%23)p = hy (t,z) € (0,T) x (0,1),

z(t,1) =0 te(0,7),

and{z(,o)zo for 0<a<1 fe 0.1, (2)
x%%,) (,0) =0  for 1<a<?2

2(0,2) = u(0,2) = (Kx%up 4)z(x) + (0, z) z € (0,1).

Proof. Such a result can be proved by the differential quotients method (see [5] for references).
U

Corollary 1. Let K € I, ug € D(A?), and h € H?(0,T;L*(0,1)) such that h(0,.) € D(A).
Setting Z = z where z is the solution of (2) given by Theorem 1, we get, for all € > 0,
Z € L*(e,T; D(A)) N HY (e, T; L*(0,1)) and is the weak solution of

Zy — (K1°Zy)s = hu (t,z) € (0,T) x (0,1),
Z(t,1)=0 te (0,7),
d{Z(t,O)zo for 0<a<1 e 0.1, (3)
(x%Z;) (£,0) =0  for 1<a<?2
Z(0,2) = z(0,2) = A%ug(x) + AR(0,.)(z) + he(0,z) z € (0,1).

Proof. Since h € H?(0,T;L?(0,1)), hy € H*(0,T;L?(0,1)). Moreover, since ug € D(A?), and
h(0,.) € D(A), (Kx%uoz)z + h(0,.) € D(A). Therefore the solution z of (2) actually belongs
to C([0,T]; D(A)) N C([0,T); L?(0,1)), according to Theorem 1. Now, applying Lemma 2 to
equation (2), we complete the proof of Corollary 1. O

2.2 Mazimum principle

In order that the solution might satisfy some boundedness and positivity properties, we restrict

the spaces of source terms and initial conditions.
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Assumption 2. Let 0 < ng < n1 be two real positive numbers. Define the set of source terms

H as
H = {h € H*0,T;L*(0,1)) : h(0,.) € D(A), (z*h4(0,.)), € L>(0,1),
hy € L*°((0,T) x (0,1)),m0 < h <my,hy <0,hy <0}.
Moreover, define the set of initial data U as:
U= {uo € D(A?%) : (2*(2%uo.z)z)x € L (0,1) and (2%upz)z < —_771}
First, let us prove the following lemma:

Lemma 3. Let u € H} ,(0,1). Then, for all M >0, (u— M)T = sup (u — M,0) € H} o (0,1)
and (u+ M)~ :=sup(—(u+ M),0) € H(i,O (0,1).

Proof. Let u € Hé,o (0,1). Then, for all € > 0, u € H' (¢,1). Hence (u — M)+ € H' (¢,1) (see
[6], Proposition 6 pp. 934) and, for almost all x € (e, 1)

1
Then /E 2 ((u— M)Jr)2 = /A %2, where A == {x € (¢,1) : (u — M) (z) > 0}.

T

1
Since /A xaui is bounded from above by /0 xaui which does not depend on €, we get (passing

to the limit as e converges to 0)

1 1
Yy .
0 0

Hence, (u — M)" € H!(0,1). Moreover, (u — M) (1) = —M, therefore (v — M)* (1) = 0. The

same result holds for the boundary value at 0 in the o € [0, 1) case. Thus, Lemma 3 is proved. [

Theorem 2. Let ug € U and h € H. Then, there exist two positive reals m and M, such that
the solution u of (1) satisfies, for almost all (t,z) € (0,T) x (0,1)

‘(xautw)w(t7x)‘ < M7 (4)

| (2%ugz), ()] = m. (5)

Proof. Let ug € U and h € H. Then ug € D(A?%), h € H?(0,T;L*(0,1)) and h(0,.) € D(A).
According to Corollary 1, z := u; is the solution of (2) and Z = z is the weak solution of (3).
Let us first show that Z € L* ((0,T") x (0,1)). Denote

My = K7 [|(2* (2%u0.2)y) || oo 0.1y T K1 1@ ha (0, ) | poc 0,1 + 120, Ml e 0,1 -
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First note that, using line 4 of (3), [[Z(0,.)[| (1) < M1. Moreover, hy < 0, since h € H.
Then, multiplying the equation satisfied by Z by (Z — M;)™", we can show, as in [7] (Remark 4
pp. 644), that

121 L (0,)x (0,1)) < M-
Yet, using (2), for almost all (¢,2) € (0,T) x (0,1),

(Kx%ugy) o (t,x) = (Kx%2g)(t, ) = z¢(t, x) — he(t, x).

Therefore,

[(K2%22)a || o (0,1 % 0,1)) < 1211 oo 0,1)x0,1)) F 1Pl oo (0,77 % (0,1)) -
M1 + N

, we achieve the proof of (4).
Ko

Denote N := ||h¢| o ((0,1)x(0,1))- Therefore, setting M =

Let us now prove (5). Since ug € U, for almost all € (0,1), (z%ugz)z(x) < —%, so that
0

Aug(z) + h(0,2) < 0. Moreover, h; < 0. We multiply the equation satisfied by z by 2z, and
as in Theorem 2 pp. 643 in [7], we prove that, for all ¢ € [0,7] and for almost all z € (0,1),
2(t,x) < 0. As a consequence, for almost all (¢,z) € (0,T) x (0,1),

(Kz%uy )z (t,x) = 2(t,z) — h(t,z) < —no.

Setting m := %, we achieve the proof of (5). O

1

3 Lipschitz stability in the determination of the diffusion constant

As we said in the introduction, Lipschitz stability results are obtained thanks to global
Carleman estimates. For degenerate equations like problem (1), a global Carleman estimate has
been proved in [4] and next refined in [5] to treat some inverse source problem. Yet, we do not
need to apply this estimate for solving the present inverse problem. Indeed, we can transform
the determination of the diffusion constant into the determination of a source term in another
degenerate equation like (1). As a consequence, we will use the stability estimate given in [5]
in Theorem 3.1. In this step, the only change relies in the fact that [5] deals with the case
of a diffusion constant K equal to 1, whereas we need the estimate for any diffusion constant
belonging to I. Therefore, we first remind the context in [5] and explain why the case K # 1 is

not more difficult providing the constant can be estimated by some uniform bounds.

3.1 A Lipschitz stability estimate for source terms in linear degenerate equations like (1)

Take K € I and consider the following initial-boundary value problem:

up — (Kx%ug)y = g (t,z) € (0,T) x (0,1),

w(t,1) =0 te(0,7),

- {u(t,O)zO for0<a<1 e (0.T), (6)
(x%uy) (t,0) =0  for 1 <a <2

u (0, 2) = up(x) z e (0,1).
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The inverse problem that consists in determining g from standard measurements of u cannot
be solved in the whole space L2(0,T; L?(0,1)). Therefore, a set of admissible source terms is

considered in [5]. For the reader convenience, we remind its definition below.

Let Cy > 0. We introduce the following condition on source terms:
Y < Co |g(T", )| for almost all (t,z) € (to, T) x (0,1). (7)
Then, define G (Cy) := {g € H'(0,T;L*(0,1)) |g satisfies (7) }. One has the following stability

estimate:

'@(t,x)

Theorem 3. Let a € [0,2) and ug € L?(0,1). Assume K € I. There exists C = C(T, tg,
Co, Ko, K1) > 0 such that for all g € G (Cp), the solution u of (1) satisfies:

HgHiQ((to,T)X(O,l)) <C (H(xauw)x (T/7 ')H;(og) + e (- 1)”%2(1501)) : (8)

Proof. The proof can be carried out the same way as the proof of Theorem 3.1 in [5]. The fact
that I is a bounded interval enables to have bounds and constants in estimates (for instance
in the Carleman estimate associated with the operator —K (z%u;),) that do not depend on K.

This is essential for solving our inverse problem. U

3.2 A uniqueness and Lipschitz stability result

Now we are able to state our Lipschitz stability result.

Theorem 4. Let a € [0,2), ug €U and h € H. There exists C = C (T, ty, o, Ko, K1,10, 71,
1Pl oo (0,1 x (0,1)) + (@ ¥ha (052)) 4l oo 0,1y) such that, for all X € I, for all p € I, the correspond-

ing solutions uy and u, of problem (1) satisfy

e <H(~’5a (ux —w),), (T',-) Hi?(m) + [ (ux = wp)y, (- 1)Hi?(to,T)> :

Proof. Let uy € C([0,T]; D(A)) N C*([0,7];L*(0,1)) be the solution of

Unt — ()‘xau)\,ar)x =h (t’x) € (O’T) X (0’ 1) ’
ux (£,1) =0 te(0,7),
t,0) =0 for0<a<1
and w (4,0) o= te(0,7),
(x%upg) (,0) =0 for1 <a<?2
ux (0,2) = up(x) ze (0,1),

and u, € C([0,T]; D(A)) N C([0,T]; L*(0,1)) be the solution of

Upt — (lu’waul%x)m =h (t,.%') S (OaT) X (07 1)7
Uﬂ(t,l)zo tG(O,T),
t,0) =0 for0<a<1
and w (£,0) or=a te (0,7,
(x%upz) (¢,0) =0 forl<a <2
uy, (0,2) = ug(x) r e (0,1).
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Set w := uy —u,. Then w, which belongs to C([0,T]; D(A))NC([0,T]; L?(0,1)), is the solution
of

wy — (Ax®wy), = (A — p) (2% upz)e (t,xz) € (0,T) x (0,1),

w(t,1) =0 te(0,7),

- {w(t,O)zO for0<a<1 e (0.T), 9)
(z%wy) (¢,0) =0  for 1 <a<?2

w(0,z) =0 z e (0,1).

Let us set g := (A—p) (2% 4)2. Our goal is to show that g belongs to G(Cy) for some Cp > 0 that
is to be determined. Set z := u, ;. According to Lemma 2, for almost all (t,z) € (0,7) x (0, 1),

one has
O (O 1) @) (2)] = A= sl (22, (1. 2)].

Yet, according to (4) and (5) in Theorem 2, one has, for almost all (¢,z) € (0,T) x (0,1),

)

(#22), (12)] < o | ) (T, )

M
so that we deduce immediately that g € G(Cp) for Cy = —
m

We now apply the stability estimate in Theorem 3 to the solution w of (9). There exists
C = C(T, to, @ Ko, K1, 10,11, el 02909 + | 2 (0,)), e 0.1)) stch that

19172107y % 0,17 < € <H(l“awm)x (T, -)Hiz(m) + [Jwea (., 1)‘|%2(t0,T)> : (10)

Moreover, thanks to Theorem 2,

ooy = [ A i 0, 2 et > (2 = )=l

Replacing w by uy — u, in (10), we complete the proof of Theorem 4.
O

Using the stability estimate for source terms in [12], we can prove the same way the following

Lipschitz stability result with a locally distributed observation.

Theorem 5. Let a € [0,2), up € U, h € H and w = (a,b) with 0 < a < b < 1. There
eists C = C(T, to, o, w, Ko, K1,710, 115 [ hell oo 0,7y 0,1)) 1 (2P (0,)) Ml oo 0,1)) such that, for
all X € I, for all p € I, the corresponding solutions uy and wu, of problem (1) satisfy

A= M’2 <C (H( (ux —up), ) ( /7')Hi2(o,1) + H(W\ - uu)tHLQ(thO)) ’

where w = (tg,T) X w.
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