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Abstract

We present an overview of the recent advances in the theory of parabolic equa-
tions with nonstandard anisotropic growth conditions. The presentation includes
the existence theorems in the variable exponents Sobolev spaces and a description
of the properties of propagation of disturbances from the data, intrinsic for solutions
of such equations.
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1 Introduction

This text is based on the lecture notes from the short course given by the second author at
the Second Summer School on the p-Laplace operator held at Jaca, September 20-22 of 2010.
The intention of the authors is to offer a brief overview of the recent advances in the theory of
evolution equations of the p(x,t)-Laplace type.

In the recent years, the theory of PDEs with variable nonlinearity, often termed PDEs with
nonstandard growth conditions, has been developing very actively and already accounts for a
series of important results. In these notes we collect the results related to the homogeneous

Dirichlet problem for the evolution p(z,t)-laplacian

up = div (|Vu|p($’t)_2Vu) (1.1)
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and its generalizations. We are specially interested in the case when the exponent of nonlinearity
depends on the time variable t.

The presentation mostly follows the original results by the authors. In Section 2 we introduce
the variable exponent Lebesgue and Sobolev spaces, recall the basic properties of the functions
from these spaces, and prove some auxiliary results. In Section 3 we prove the existence theorems
to the Dirichlet problem for an equation generalizing the evolution p(x,t)-laplacian. The proof
uses the classical Faedo-Galerkin scheme and relies on the monotonicity of the diffusion part of
the equation in a suitable function space prompted by the equation. Another approach to the
proof of existence is presented in Section 4: a solution is obtained as the limit of a sequence of
solutions to the singularly perturbed equations. Both methods work only in the case when the
smooth functions are dense in the main variable exponent Sobolev space, which leads to certain
continuity requirements on the variable exponents of nonlinearity. We provide extensions of the
main existence theorem to equations with nonlinear reaction terms growing at infinity. For the
rapidly growing reaction terms the solution need not exist globally in time, but can be continued
to the maximal time interval where it remains bounded - see Section 5.

The solution is always understood as energy solution (see Definition 3.1 below). Solutions
of this type possess intrinsic propagation properties not displayed by the solutions of equations
with constant and isotropic nonlinearity. These properties are briefly discussed in Section 6.

In the concluding Section 7 we collect references to the works devoted to the questions of

the theory of PDEs with variable nonlinearity which do not fall into the scope of these notes.

1.1 Formulation of the problem.

Let © C R"™ be a bounded simple-connected domain and 0 < T < oco. We consider the

Dirichlet problem for the parabolic equation

up — ZDi (]Diu\pi(z)*zDiu) +d(z,u) =0 inQ, )
i 1.2

u=0onT, u(z,0) = up(z) in Q,
where z = (z,t) € Q = Q x (0,T], I is the lateral boundary of the cylinder @, D; denotes the
partial derivative with respect to x;. The term d(-,-) is a Carathodory functions (defined for
(2,7) € @ x R, measurable in z for every r € R, continuous in r for a.a. z € Q). We assume

that d is subject to the following growth conditions:

V(z,r) €Q xR |d(z,r)| < do|r|* ! + hal2), (1.3)

with positive constants dp, A > 1, and a function

/ A
ha(z) € IN(Q), N = PR (1.4)
The exponents of nonlinearity p;(z) are given functions, continuous in () and separated away

from zero and infinity:
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pi(2) C (07, p) S (p~, p") C (1,00), (1.5)

with finite constants p*, pgt > 1.
For the sake of simplicity of presentation, we confine the further study to the model equation
(1.2). Nonetheless, the arguments below are applicable to more complicated equations with

variable coeflicients.

2 The function spaces

2.1 Orlicz-Sobolev spaces LPV) () and Wol’p(')(Q): definitions and basic properties

Let  C R” be a bounded domain, with Lipschitz—continuous boundary 02 and assume that

p(z) is continuous with the logarithmic module of continuity:

Vz (elr, [z —(] <1, Z pi(2) = pi(Q)] < w(|z —<l), (2.1)

where

- 1
lim w(r)ln - =C < 4o0.
T—0t T

By LP0)(Q) we denote the space of measurable functions f(z) on Q such that

Apy (f) Z/If(w)lp(”ﬁ) dz < oo.
Q

The space LP()(Q) equipped with the norm (the Luxemburg norm)

£ llpy0 = 1oy ) = Inf {A> 0 Ay (f/A) <1}

becomes a Banach space. The Banach space Wol’p(')(Q) with p(z) € [p~,pt] C (1,00) is defined
by

Wol’p(')(Q) = {u e LPO(Q) : [Vulf™ e LY(Q), u=0on OQ} , 22)
llly 200y = [Vl |
A thorough discussion of the variable exponent Lebesgue and Sobolev spaces can be found

in the monograph [28]. We limit ourselves by mentioning the basic properties of the spaces
Wol’p(')(Q) used in the rest of this paper.

e The space WP()(Q) is separable and reflexive, provided that p(z) € C°(Q).

o If condition (2.1) is fulfilled, then C§°(€2) is dense in Wol’p(')(Q), which can be defined as
the completion of C3°(€2) with respect to the norm (2.2). The density of smooth functions in
the space WO1 P (')(Q) is crucial for the further proceeding. The condition of log-continuity of
p(x) is the best known and the most frequently used sufficient condition for the density of C§°
in I/VO1 P (x)(Q) - [35, 38] (see also [27]). Although it is not necessary and can be substituted by
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other conditions (see [30, 32, 38|, for example), we keep it throughout the paper for the sake of

simplicity of presentation.

e It follows directly from the definition of the norm that

min (10, IF1E0)) < Ay () < max (£, 5 1711 ) - (23)

e Holder’s inequality. For all f € LPO(Q), g € LF'()(Q) with

x) € (1,00), '(z) = p(@)
pla) € (o). p(a) = BT
the following inequality holds:
1 1
|fgldx < o + (e 1 ey Nl ey < 20 Loy gl - (2.4)
Q

2.2 Spaces LP“)(Q) and anisotropic space W (Q)

For every fixed t € [0,T] we introduce the Banach space

Vi(©) = {u(@) € LX) W (@) : [Diu(@) D € LHQ)
lullvic@) = iz + Y 1Ditllyyc..0:

and denote by V}(Q) its dual. For every ¢ € [0, 7] the inclusion

Vi(Q) C X = WP (Q) N LAQ)

holds, which is why V() is reflexive and separable as a closed subspace of X.
By W(Q) we denote the Banach space

W(Q) = {u € LXQ) : |DiulP'@) € LNQ), u(-,t) € Vi(Q) for ae. t € (o,T)},
lullwi@) = D 1Dstllp,.0 + lull2q-
W/'(Qr) is the dual of W(Qr) (the space of linear functionals over W(Qr)):

Jw = (wg, w1, ..., wy), wy € LQ(Q), w; € L”é(')(Q)7

weW(Q) <~ Vo e W(Q) ((w,d)) = /Q (wong— ZwiDz‘¢> dz.

The norm in W/(Q) is defined by

lvllwe (@) = sup {{{v. )| € W(Q), [¢lwq) <1}
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2.3  Formulas of integration by parts in t

Set

V.(Q) = {u(w)] u e LXQ) NWEYQ), |Vul € LP*(Q)} .

Since V() is separable, it is a span of a countable set of linearly independent functions

{Yr} C V(). It is convenient to choose for {1} the system of eigenfunctions of the operator

(Vg w)ms @) = AW, w2 Yw € Hj(Q) (2.5)
with
s—1 1 1
n — 2 pt

For such s the embedding Hj(Q2) C Wol’p+(Q) is continuous.
Let p be the Friedrichs’ mollifying kernel

K exp <—ﬁ> if [s| < 1,
p(s) = K = const : / p(z)dz = 1.
0 if [s| > 1, Rt

Given a function v € L'(Q), we extend it to the whole R"*! by a function with compact support

(keeping the same notation for the continued function) and then define

. 1 s
vp(z) = /Rnﬂ v(s)pp(z — s)ds with pp(s) = il (E>’ h > 0.

Proposition 2.1 ([38]) If u € W(Q) with the exponents p;(z) satisfying (2.1) in Q, then

||uh||W(Q) <C (1 + HUHW(Q)) and Huh — u||W(Q) — 0 as h — 0.

Proposition 2.2 Let p;(z) satisfy condition (2.1) in Q. Then the set {1y} is dense in V(Q)
for every t € [0,T].

Proof. For every u € V(Q) there is a sequence ug(-,t) € C*°(Q) such that suppug(-,t) CC Q
and [|u — uslv, @) — 0 as d — 0. Such a sequence is obtained via convolution of u with the
Friedrics’s mollifiers. Since us € C§°(Q2) C V() and {¢, } is dense in V. (€2), one may choose

constants ¢,, such that

k
ugk) = Z emWm(x) = us  strongly in V(Q) as § — 0.
m=1
Given an arbitrary € > 0, ||us — u((sk) v, () <e¢forall k€N from some k() on. By (2.4)

k k
lus — u$ vy < Cllus — ul? v, @) < Ce

with a constant C = C(n, ||, p*) independent of e. It follows that for all sufficiently large k

and small §
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k k
la =i vy < lu = uslivie) + lus = ufllv,@) < 2¢ V¢ € [0,7].

0

Proposition 2.3 For every u € W(Q) there is a sequence {dy(t)}, di(t) € C*[0,T], such that

—0 as m — oo.
W(Q)

m

u— Y di(t)yi(x)
k=1

Proof. (a) Let us first prove the assertion for u € C*°(0,T; C§°(€2)). Let us represent

w=Y wi(t)i(x), wlt)= (ulx,t), i) g @) (2.6)
=1

For every t € [0,T]
[ ZU (2.7)

Consider the sequence u(™ = "1 w;(t);(x). For every t € [0,T)

(e 9]

O (1) = u—u™ By () = S w3(t) 50 asm - o0

i=m+1

p_
because of (2.7). The sequences {¢,,,(t)} and {¢n; ()} are monotone decreasing, nonnegative,

and tend to zero as m — co. By the monotone convergence theorem

T
Ju — ulm H /¢m )dr — 0, /¢m(t)dt—>0 as m — 0o.
0

2 (0,T;HE ()

Let v € C*([0,T]; C5°(£2)). Combining (2.3) with (2.4) and using the inequalities p~ < p; <

pi < pT, we may estimate

P
T
IDll, o < C max /ymyp iz, (/ Dyl* dz> ;

IDlPs o i [Divllprg < 1. 2.8)

IN

C

||D¢U||£I7Q otherwise,

<c /\wwwgmw+(/|ww¢QMﬁf%,

whence

Sl
RN

T +
lowia) < lollag +C ([ I, at)

0

+_
+_p—

%r T p( +§);
P + P
1 p dt
(L @)
T I}%ﬂ
1+</ ol )dt> ’
0

RN
3

P

T +
< Cillollz2o im0 + Co </0 W30 dt)
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Letting v = u — u(™) we finally have:

. T
u— ™ |l < C /O G ()

pr—p—

_ T et oL T gt (i
+Ch </ s (t)dt> 1—|—</ O (t)dt) —0 asm — oo.
0 0

(b) Let now u € W(Q), and let {us} be the sequence of mollifications, us € C*°([0, T]; C§°(12)).

Given an arbitrary € > 0, we take  such that ||u — us|lw(g) < € and approximate u; using item
(a):

(m)

(DR < Jlu = usllwig) + s — u§™ llwig) < 2¢

[
with m
uf™ =N dit(n), dilt) = (us, ¥i)rp() € CF0, T,
=1

0

Proposition 2.4 Let in the conditions of Proposition 2.1 uy € W'(Q). Then (up); € W/(Q),
and for every ¢ € W(Q)

(((un)e, 1)) — ((ug,¥)) as h— 0.

Proof. By the definition of W’(Q) there exist ¢y € L*(Q), ¢; € LPi)(Q) such that ((us, 1)) =
(90, ¥)2.0 + > i(Pi, Dith)2.g, Vo € W(Q). Without loss of generality we assume that the func-
tions u and ¢; (i = 0,1,...,n) are continued to the whole of R"*! by functions with compact

supports. By the definition

[(ue)nl = [(Cut, pr))| < ueliwellonllw < C(R),  [(un)il = [, (pn)e)2| < [lull2ll(on)tll2 < C(h),

whence 0, (u(y,7) pn(x —y,t — 7)) € LY(R"*!) for every (x,t) € R*"! and
[0 wwr) no = vt = 7)) dydr =0,
Rn+1
It follows that for every (z,t) € R"+!
(un)e = Or(u* pp)(2,t) = w (pn)e(2,t) = — /u(?/ﬁ)(/)h)r(x —y,t—7)dydr
— [ortup)dvdr+ [ty pula = .t = ) dydr = (i x 1)) = (w)

For every ¢ € W(Q), continued by zero to R**1,

((un)e ) = ﬁut)hwdzz /utwhdzz / <¢o¢h+§j¢mm> dz

= /((%)MZJ + Z(¢Z)h Dﬂ/)) dz = ((ut,¥)) ash—0

by virtue of Proposition 2.1. O
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Proposition 2.5 (Integration by parts) Let v,w € W(Q) and v,w; € W'(Q) with the
exponents p;(z) satisfying (2.1) in Q. Then

to t2 t=ty
Va.e.ty,ty € (0,7T] / /thdz+/ /vtwdz:/vwd:c‘ .
t1 JQ t1 JQ Q t=t1

Proof. Let t1 < ty. Take

0 for t < tq,
k(t—t1) forty <t <ty + 3,
Xk(t) =1 for t1 + 1 <t <ty — 1

k(to —t) forty—§ <t <ty

0 for t > to.

For every k e Nand h > 0

0 O=to
0:/(vhwhxk)tdzE/(vhwh)txkdz—k:/ /vhwhdz‘ .
Q Q -+ Ja 0=ty

The last two integrals on the right-hand side exist because vy, w; € L?(Q). Letting h — 0, we
obtain the equality

to t1+1
lm [ (v (wp): + (vp)rwp) xk(t) dz =k / / vwdz — k / ’ / vwdz.
h—0Jg tg—% Q ty Q

According to Propositions 2.1, 2.4 v, — v in W(Q), (wp): = (wi)n, — wy weakly in W/(Q) as

h — 0, and ||v|w, ||(wp)¢|lw’ are uniformly bounded. It follows that

lm [ vp (wp)e xk(t)dz = lim [ (v, —v)(wp)exe(t) dz
h—0 Q h—0 Q

+ lim [ v ((wp)r — w)xx(t) dz +/ vwg xk(t)dz = / vwyx(t) dz.
h—0 Q Q Q

In the same way we check that

lim [ (vp)rwp xk(t)dz = / vwexk(t) dz.
h—0 Q Q

By the Lebesgue differentiation theorem

0
Va.e. 0 >0 hmkz/ (/vwdaz) dt:/vwdaz,
k=0 Jo-1 \Ja Q

whence for almost every ¢y, ty € [0, 7]

t2 t t t=t
/ / vw + vw)dz = hm (vwy + vew)x (t) dz = hm k:/ /vwdm ’ :/vwdm‘ °
t k—o0 Q _1 0=ty Q 0=t

0
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Corollary 2.1 Let u € W(Q) and u; € W/(Q) with the exponents p;(z) satisfying (2.1). Then

t2 1 t=to

2
Va.e.ty, ts € (0,7 / / wurdz = =|ul2g| .
4 Ja 2 =ty

3 The Faedo-Galerkin method

We are interested in the energy solutions of the problem

up — ZDi (|Diu|pi(z)_2Diu) +d(z,u) =0 inQ,
i
u=0on I'r, u(z,0) = up(z) in £,
understood in the following way.

Definition 3.1 (Energy solution) A function u: Q — R is called weak (energy) solution of
problem (3.1) if

1. ue W(Q) N C([0,T]; LAR)), u € W(Q);

2. for every test-function ¢ € Z={n(z) : n€ W(Q)NC ([0,T]; L*(Q)), m: € W'(Q)}

/ <ut ¢+ Z |DiulP" 2 Diu - Di¢ + d(Z,U)C) dz = 0. (3.2)
Q i

3. for every n(z) € C§°(2)
/(u(w,t) —up(z))n(x)de — 0 ast— 0.
Q
Theorem 3.1 ([18]) a) Let us assume that

e d(z,r) satisfy the growth condition

|d(z,u)| < dolul*t + hg(z), A=const>1, dy=const>D0,
with A\ = max{2,p~ — 0} for some § > 0, (3.3)
ha € LY (Q),

o p;(z) take wvalues in the interval (p~,pT) C (1,00) and satisfy condition (2.1) of log-

continuity.

Then for every ug € L?(Q2) problem (3.1) has at least one weak solution v € W(Q) satisfying

the energy estimate

ll e 0,752 (52) +/Z |DiufPidz < M ||Juol|Z2(q) + lhallpx ) +1 (3.4)
Q %
with a constant M independent of u. Moreover, uy € W'(Q).

b) The assertion remains true if (3.3) is substituted by the weaker condition A = max{2,p~ }

and dy is appropriately small.
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3.1 Approzimate solutions: existence and uniform a priori estimates

The proof of Theorem 3.1 is an imitation of the classical Faedo-Galerkin method. Define the
operator L : V() — Vi(Q):

<LU, ¢>Q - A (Z |Div|pi_2Div . Dl¢ + d('z’v)gb) dxa QS € Vt(Q)
=1

Let {1} be the orthonormal basis of H(€2) composed of the eigenfunctions of problem (2.5).

The approximate solutions to problem (1.2) are sought in the form

u™(z) = 3" ™ () (),

k=1
(m)

where the coefficients ¢, (t) are defined from the relations

Equalities (3.5) generate the system of m ordinary differential equations for the coefficients
¢, (t):

(c,gm>)’ = Fi (1™ @), 0 0) .

(3.6)
c,(gm)(O) = /Quo(x)wk dx kE=1,...,m.

Lemma 3.1 (Regular case) Let the conditions of Theorem 3.1, a) be fulfilled. Then for every
T < oo and m € N system (3.6) has a solution {clgm) (t)}k_1 on the interval (0,T) and the

corresponding function u™ satisfies the uniform estimate

™ Oz + 3 [ ID™Pide < M (ol + Weallo +1]. (1)
‘Q
Proof. By Peano’s Theorem, for every finite m system (3.6) has a solution cl(-m) (t),i=1,...,m,

on an interval (0,7),,). Multiplying each of equalities (3.5) by c,(gm) (t) and summing over k =

1,...,m we arrive at the equality

t=1
™ F 0|~ + /Q oy (Dl dla ) 2 =0, 7T (38)

i

Using the growth condition (3.3) and applying Young’s inequality, we find that for every e > 0

|d(z, u™) ™| < (do + ) [u™ N + C.|hg .

Plugging this inequality into (3.8) we obtain:
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1 t=1 ,
(m) 2 ‘ / .(m) s / (m)|A A
= |lu + E Diu dz < Ce(dp+e+1 w4+ |hg|? ) dz.
H H2,Q =0 nit<r} 5 | | ( 0 ) At<r) <| >

(3.9)

There are two possibilities.

(a) A = 2. Dropping the nonnegative term on the left-hand side of (3.9) we may write it in

the form

d m m 4 m
= (11 grgrery) < (Cct e+ 1) (1™ B grgeery + Ihall¥ ongen) + 1™ 1B.0:

By Gronwall’s inequality [|u(™ 13,0, is uniformly bounded which yields the uniform estimate on
Hu(m)(-,T)Hgﬂ, whence (3.7).

(p~ —9)

(b) 2 < A =p~ — 4. By the assumption A < p~¢ < :_ pry S Applying Poincaré and

Young inequalities we estimate

A

/ W™ Pz < O, pm,n)[Vu™ P < C </ V™) ypm) 8
Q Q

A (3.10)
<c (X fipuopac)
i Q

P
+1] <e Z/ |Dju™ Pida + K
. Q
(2
with an arbitrary § > 0 and a constant K = K(€,0,9Q,a9 , pt). Choosing § so small that
1
0Cc(dy+e+1) < 5 we obtain from (3.9)-(3.10)

t=r
"l ‘_— /; Diu™Pidy <2(K + 71
U + g iU z .
| HQ,Qt 0 i {KT}‘ ’ ( )

O

Lemma 3.2 (Borderline case) If A\ = max{2,p~ } and the constant dy is sufficiently small,
then

i X
¢ N{t<t}
Proof. We only have to study the case A = p~. The Poincaré inequality yields (see (3.10))

/ ™) Py < c/ VU™ P dg < Ce Z/ D™ [P d + R
Q Q i Q

with an independent of m constant R. Then
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n{t<t}

1 m t=r1 m) 1ps
5Hu( )H%QL:OJFZ/ |Du(™|Pi dz

(3.11)
< C'(dp +¢) Z/ |Diu™Pi dz 4 C" ||hd||§: o t const.
QN{t<r} ’
The conclusion follows if we claim that C’(dy + ¢4) < 1/2. O

The uniform estimates of Lemmas 3.1, 3.2 allow one to continue the approximations u(™ to
the time interval (0,7).

Lemma 3.3 Under the foregoing conditions, ugm) € L(p+),(0,T; H=3(Q)) and

)\/
™ v oz < € |1+ IRall¥g + ol -

Proof. Let

Z,, = {n(x, t)

n=Sdi(tyn(z) , dylt) € 01<0,T>} C L' (0, T Hy(9) € W(Q). (3.12)
k=1

Given ¢ € LP" (0, T; H§(2)), we denote

o™ =" gr(t)gr(x) € Z

Since {11} are orthogonal in L?(Q), the definition of u(™ yields

—/ngm)tbdz = —/Qu,ﬁ’”%(m) dz = Z/Q |D;u™Pi=2Dju™ . D™ dz + /Qd(z,u(m))(b(m) dz.
i=1

Applying Holder’s inequality (2.4) and using (2.8) we estimate

‘ / S| Diul™ =2 Dy Dy
Q=1

n
< Y NP ™ Py o Did™ Iy
i=1

< Ollu™lwg) (Z HDm(’”)Hpi(o,Q)

+ T +
< C Julm | iwem g aee ([ 1eemi o)

s S
eI
N———
s

=

lw (

< COlu™]| 1™ o +H¢(’”)II"

= W@ LrT(0,T;HE () LrT (0,T;HE ()
< Ollu™ lwio (

T —— OTHW>
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< Jldlly.@ll6™ lnq < [Cldo, VW™ P~ g + Ihally.e] 16 Ing

' /Q 4 (2 ut™) 6 gz

<0 (14 6™ 50) 16™ g < € [1 + 1™ lwigy| 16™l1r.
< C [14 6™ gy 19 o (0 7115 0
< C [14+ 16 oy 196l 1o+ 07,1150

with independent of m constants C. For every ¢ € LP" (0,T; H§(S2)) and arbitrary m

' /Q W™ dz

and the assertion follows from the uniform estimates on ||u(™) w(Q):- O

. =
<C [1 + Hu( )HW(Q)] <H¢HLF+(O,T;H§(Q)) + H¢||£p+(0,T;H3(Q))>

3.2 Compactness and passage to the limit

Let us show that the constructed sequence {u(m)} contains a convergent subsequence. The

following inclusions hold:

ut™ € W(Q) € IP (0,T; Wo™ (9)),

u™ e LY (0,T; H()),

WP (Q) € L*(Q) ¢ H5(Q).
This yields ([36, Th.5]) that {u(™} contains a subsequence which converges strongly in L9(Q)
with some ¢ > 1 and almost everywhere in ) to a function u. Using the uniform in m estimates

of the previous section we extract from the sequence {u(m)} a subsequence (for the sake of

simplicity we always assume that it merely coincides with the whole of the sequence) such that

u™ — u weakly in W(Q), strongly in L?(Q) with some ¢ > 1, and a.e. in Q,
u™ (z,T) — U(z) weakly in L?(Q),
u™ (x,0) — ug in L2(Q),
(00 = n 220, -
ugm) — u;  weakly in L®) (0,T; H*(R)),
d (z, u(m)) — d (z,u) strongly in LX(Q),

‘Diu(m) pi(2)=2 Dyu(™ — A;(z) weakly in Lp;(')(Q),

for some functions

U e L*(Q), Ai(z) € LPO(Q) and u € W(Q).

Fix an arbitrary [ € N. Each of «("™ with m > [ satisfies the identity

/Q [uﬁm)m + Z ]Diu(m) ’pr2Diu(m) - Dimy + d(z,u(m)) m] dxdt =0, m €Ly C Ly, (3.14)
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Letting m — oo in (3.14) we conclude that for every fixed I

—/umdeZ/
Q Q

Let n € W(Q). Since LP" (0,T; H3(Q)) is dense in W(Q), there is a sequence {n;} € LP" (0, T; H§(2))
such that ||, — nllw(g) — 0 as I — oo. Then D;my — D;n weakly in LP:()(Q), which allows

> Ai(2) - Digp+d(z,uym | dz, V€ Z. (3.15)

one to pass to the limit as | — oo in the first term on the right-hand side of (3.15). Under
the conditions of Theorem 3.1 ||m|x0 < C[lmllw(q), whence n — 1 weakly in L*(Q) (up to a
subsequence). Since d(z,u) € LY (Q), we may now pass to the limit as | — co in the second
term on the right-hand side of (3.15). This means that the left-hand side of (3.15) also has a

limit as [ — oo,

—/umdz:/
Q Q

and u; € W/(Q). Moreover, by virtue of Lemmas 3.1, 3.2 and (3.13)

'/ un dz
Q

with a constant C' depending on the norms of ug and hy, whence [|u|lwr(g) < C.

S Ai()- Din+ d(z,um] &z YneW(Q),

< (Z [ Aillp:y.@ + HdHN,Q> Inllwg) < C lnllwo)

Lemma 3.4 Let u € W(Q), us € W'(Q). There exists u € C([0,T]; L?(2)) N W(Q) such that
|lu—all2.0(t) =0 for a.e. t € (0,T).

Proof. Let up € C*°(Q) be the sequence of mollifications of u. By Propositions 2.1, 2.4 up, — u
in W(Q), (up)t = up in W/(Q) as h — 0. For every hy,hs > 0 and every ¢ € [0, 7]

t
s — unl13.0(6) = llun, — ungllZ.0(0) +2 /O /Q (unn — ) (s — uny)e d,

whence

sup ||uh1 - uh2H%,Q(t) < Huh1 - uh2”%,9(0) + 2/ (uh1 - uh2)(uh1 - uh2)t dz
te(0,7T) Q

< Huh1 - uh2||%,Q(O) +2 Huh1 - uh2HW(Q)H(uh1 - uh2)t||W’(Q) —+ 0 as hy,hy — 0.
It follows that {up} : [0,T] + L?(Q2) is a Cauchy sequence in C([0,7]; L?(2)) and contains a
subsequence which converges to a function @ € C([0,T]; L(€2)). On the other hand, uj, — u €
W (@), which means that ||u — u||2,o(t) = 0 for a.e. t € (0,T). O

From now on we identify the limit function v € W(Q) in (3.13) with its continuous represen-
tative u € C ([0, T]; L2(2)) N W(Q), in particular, U(z) = @(x,T) and u(z,0) = ug(x) € L*(£).
Notice that by virtue of Lemma 3.4 the inclusion 1 € Z yields n € C([0,T]; L?(Q2)). Applying
Lemma 3.4 and Proposition 2.5 we have then that for every ¢,y € [0,7]

/ undx
Q

t=to

—|—/ —um—i—ZAi(z)-Dm—i—d(z,u)n dz=0 VneZ. (3.16)
Qﬂ{te(tl,tg)} i=1

t=t1
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Since u € Z, it can be taken for the test-function in (3.16), which leads to the energy equality

1 9 t=to
Y t1,to € [O,T] §/u dﬁﬂ‘t , + /
Q =ty

QN{ti<t<ta}

Z Ai(z) - Diu+d(z,u)u ] dz=0. (3.17)

7

The initial condition for the function u € Z N C(0,T; L?(Q2)) immediately follows from (3.16)
with n € C§°(R2) and ¢, = 0: for every ¢ € [0, 7]

/Q(u(x,t) —ug(x)) n(zx)de = _/(f/Q

It remains to identify the functions A4;(z).

ZA,(Z) -Dm—i—d(z,u)n] dz— 0 ast—0.

Lemma 3.5 For a.a. z € Q Ay(2) = |DjulP"®2Dju, (i =1,...,n).

Proof. The proof is an adaptation of the proof given in [33, pp.158-161]. We rely on the
monotonicity of the operator M(s) = |s[P~2s: V&,n € R®

- _ nl|P .
MO - M) e-m =TT e gy
-l (€ + )5 1<p<2

According to (3.18), for every ¢ € Z,,
X0 .= / (]Diu(m) Pim2 D™ — ]Diqpi_QDi§> Di(u'™ —¢)dz > 0.
Q
By virtue of (3.14) with 7 = u(™

1 t=T
LA COVNTP: ‘
I C0lal, + |

Notice that for every ¢ € Z; with s <m

Z |Du™Pi 4 ™ d(z, u(m))] dz = 0.

|D;u™Pi = | D;u™ P72 D™ . Dy(u™ — ¢) 4+ | D™ P2 D™ - D¢
= <|Diu(m)|pi_2Dz‘u(m) - |DiC|pi_2DiC) - Dy(u™ —¢)
+|Di¢[P2D;¢ - Di(u'™ — ¢) + | D™ P2 D™ . Dy¢
and write the previous equality in the form
7 1 m 1 m m m
0< ZX&) = —§Hu( (D)o + §Hu( (-, 0)[30 - /QU( Vd(z,u™) dz
- Z/ <|Diu(m)|pi_2Dz‘u(m) - |Di<|pi_2Di<) -DiCdz
i JQ

—Z/ |Di¢[P2D;¢ - D™ dz.
T~ Ja
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By the property of lower semicontinuity of the norm

—liminf [[u® (, T)[3 o < —[Ju(- T)[30-

Letting m — oo we now find that

1 1
0§§HU0||§,Q—§||U( Moo~ | S Ae) D (e | d

+Z/ (u—¢ dz—Z/\DC\pZ 2Di¢ - Di(u — ¢) dz.
Using (3.17) with t; = 0, to = T, we finally have:

Z/ — |Di¢|Pi2Di¢] - Di(u — ¢)dz >0 V(€ Zy, s€N.

We may now take ( = u=+en with arbitrary € > 0 and n € W(Q). Simplifying and letting ¢ — 0

we arrive at the inequalities

+ Z/ — |DiulP'*2Diu| - Dindz >0  Vne W(Q),

which are impossible unless A;(z) = |DjulP**)~2D;u a.e. in Q. O

The proof of Theorem 3.1 is completed.

Corollary 3.1 For every ty,ts € [0,T] the solution of problem (3.1) satisfies the identity

/Qm{t1<t<t2}

and the energy relation

%/ ii /t1 /[ZID ulP®) 4+ d(z,u) u ]d =0. (3.20)

4 Singular perturbation of the p(z,t)-Laplace operator

~uGy + > [DaufP 2Dy - Di¢ + d¢ | dz =

_/qum‘t_t2 VieZ  (3.19)
Q t=t1

A solution of problem (3.1) can be obtained as the limit of the sequence of solutions of the
perturbed equations. Let us assume that the exponents p;(z) are measurable, bounded and
satisfy the log-continuity condition (2.1). For the sake of simplicity we assume here that d = 0.

Set s = (s1,...,8,) € R™ and define the operator

A(z,8) = (A1(z,81),. .., An(z,80)) : @ x R" — R",

Ai(z,r) = [rP®) 2 for all r € R and a.a. z € Q.

We want to construct a solution of the problem
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up = div (A(z,Vu in @,

(A Va) "
u=0onTI, wu(z,0)=mwuyin Q

approximating the nonlinear operator A with variable nonlinearity by singularly perturbed

operators with constant nonlinearity exponents defined on a function space smaller than the

natural energy space W(Q) prompted by the operator A. Let us introduce the family of the

perturbed operators

Ac(z,Vu) =€ \Vu]’ﬁ*zVu +A(2,Vu), €>0.

It is straightforward to check that A.(z, Vu) is defined for every € > 0 for the elements of the

Banach space

+ +
W (Q) =L@ NI (0.7 Wy (), lullw.@ = l[ullzq + IVully+ -

For every e > 0 A(+) is a Leray—Lions operator:

Ae('z? VU) : W+(Q) X Q = W,Jr(Q) vu’ ¢ € WJr(Q),

Ac(z,Vu) : W (Q) x Q — W/ (Q) is bounded,

A, is monotone,

A (z,Vu) is hemi-continuous: Vu,v,w € W (Q) the mapping

R>puw— / A (z,V(u+ pv))-Vwdz € R is continuous.
Q

Let us consider the sequence of problems

up = div (Ae(z,Vu)) in Q, € >0,

(4.2)
u=0onT, wu(x,0)=uy(r)ec L?(Q).

Definition 4.1 A function u is called weak solution of problem (4.2) if u € L>(0,T; L?(Q)) N
W_(Q), Ou e W (Q), for every test-function ( € W (Q) with {; € W/ (Q)

/Q (g up + Az, Vo) - vg) dz = 0, (4.3)

and u(z,t) — ug(x) ast — 0 weakly in L*(9).

Theorem 4.1 ([33], Ch.2, Sec.1, Th.1.2) For every ¢ > 0 and ug € L*(Q) problem (4.2)

has a unique weak solution in the sense of Definition 4.1, and for every ti,te € [0,T]
1 t=t
—/ u? dx‘ “re / \Vue\p+ dz + Z/ |Diue|P®) dz = 0. (4.4)
2 Q t=t1 Q P Q

The function ue : [0,T] — L?(Q) is continuous after possible redefining on a set of zero measure.

101



It remains to show that the family of solutions of the perturbed problems (4.2) with € > 0
contains a subsequence which converges to a solution of problem (4.1). Due to the uniform
estimate (4.4) there exist u € W(Q) and A* € W'(Q), B; € LP*)(Q), such that (up to a
subsequence)

ue — u weakly in L?(Q) and a.e. in Q, Dju. — B; weakly in LPi()(Q), (4.5)

Lemma 4.1 There exists a subsequence {u.} such that

Ac(z,Vu) = A* = (By,...,By) with some B; € LP{)(Q) and yue — dyu weakly in W'(Q).

Proof. Relation (4.4) allows us to choose a subsequence such that u, — u weakly in L?(Q),
1
Djue — B; weakly in LPi0)(Q) and e7* |Vu,| are uniformly bounded in LP" (Q). Observe that

€ |Vu€|p+72Vu6 — 0 weakly in L(pﬂ/(Q). (4.6)
Indeed: by virtue of (4.4) with ¢ty =0, to = T for every ¢ € W_(Q)

4

-
< ept (e / |Vue|1”+ dz) ’ IVol,ro—0 ase—0.
Q

€

/ IVu " ~2Vu, - Vo dz
Q

Let ¢ € W(Q) and ¢ € W, (Q) be such that [[¢r — ¢llwg) — 0 as k — oo. Accept the

notation

/AE(Z,VUE)-V¢kdz:6/ yvugyp*Wue-wdeZ/ |Diue|P"*) 2 Djue - Digy dz .
Q Q —JQ

/

N~ ~~

=J1 =Jo;
According to (4.6) J; — 0 as € — 0, while Jy; — / B;D;éy dz with B; € LPi0)(Q). Passing in
Q
(4.3) with ¢ = ¢ to the limit as e — 0 and then letting k& — oo we obtain: / A" - Vorpdz —
Q

/ A*-V¢dz for every ¢ € W(Q). By virtue of (4.3) and (4.6) ||(9tu€||wr+(Q) < C uniformly with
Q

respect to €, which means that dyu. — 0yu weakly in W’ (Q) (up to a subsequence). Moreover,
Oru € W'(Q) because

/gbkatudz:—/A*-ngkdz—)—/A*-ngdz as k — oo.
Q Q Q

Corollary 4.1 €¢Vu, — 0 weakly in W1.(Q): for every ¢ € W (Q)

€

1—L + 19%F
<e 7 e | [Vuf dz IVol,ro0—0 ase—0.
Q

/ Vo[V - Vucdz
Q

102



Corollary 4.2 By Lemma 3.4 u € C([0,T); L3(Q)). Since

/ [urdp + A" - Vu] dz =0 Vo e W(Q),
Q

it follows from Corollary 2.1 that

1 ) t=T
—/ u”(x,t) dx‘ +/ A" -Vudz = 0. (4.7)
2 Q t=0 Q

To identify the limit A* we follow the proof of Lemma 3.5. Taking in (4.3) ¢ = u,,

1

t=T
—/u?d:ﬂ‘ —i—/ A (z,Vu) - Vuedz =0,
2 Q t=0 Q

and using the monotonicity of A¢ we find that for every ¢ € C*°([0,T]; C5°(€2))

t=T

—/QAE<z,wE>-wdz—/QAE(z,w-V<ue—¢>dz—§/Qu?dm1 > 0.

t=0

Letting ¢ — 0 and using Lemma 4.1 together with Corollary 4.1 we arrive at the inequality

—/QA*.V(bdz—/QA(z,V¢)-V(u—qﬁ)dz—i—%/@ugdxz%/ﬂuQ(x,T)dx.

Plugging (4.7) we then have:

Vg e 0 ([0, T); C°(Q) /Q (A* — A(2, V) - V(u— ) dz > 0.

Since the smooth functions are dense in W(Q), the same is true for every ¢ € W(Q), which
allows us to take ¢ = u =01 with an arbitrary ¥ € W(Q), § € R. Simplifying and letting § — 0

we arrive at the conclusion that A* = A(z, Vu) a.e. in Q.

Theorem 4.2 Let the exponents p;(z) satisfy conditions (2.1). Then for every ug € L*(Q)
problem (4.1) has at least one weak solution u € W (Q) such that uy € W'(Q), u : [0,T] — L*(Q)
is weakly continuous, and for every ¢ € W(Q) with ; € W'(Q)

/Q (Cug + A(z,Vu) - V() dz = 0.

5 Global L* bounds, local existence theorem

Solvability of problem (3.1) can be established under a weaker restriction on the growth of
the term d(z,u) and a stronger regularity assumption on the initial function ug. To be precise,

we assume that

d(z,u)| < dolul** + hg(z) with X > 2, hg € LY(0,T; L>®(Q)) N LP'O(Q),
up € LOO(Q).

(5.1)

Let us begin with the study of equation (3.1) under the assumption that the term d(z,u) has
the linear growth at infinity.
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Theorem 5.1 ([18], Th.4.1) Let in the conditions of Theorem 3.1

VseR, z€Q |d(z,s)| <dol|s| + ha(z), do= const>0. (5.2)

If ||up||co, < 00, then the energy solution of problem (3.1) is bounded and satisfies the estimate

¢
-, )2 < e®|uglc. + ed(’t/ ¢~ O [ha (-, t)l|oo,0 dr- (5.3)
0
Sketch of the proof. Let us fix £ € N and consider the auxiliary problem

uy— > D; (IDiufP*Diu) + di(z,u) =0 in Q,
i (5.4)
u=0onTIr, u(z,0) = up(z) in Q

with

di(z,u) = d(z, min{|u|; k} sign ).

Since for every finite k

|d (z, min{|u|; k} signu) | < do k1 + ha(z) with A =2,

by Theorem 3.1 problem (5.4) has a weak solution u(z) in the sense of Definition 3.1. Let us

introduce the function

Eooifusk,
up = min{|u|, k}signu = ¢ u if |u] <k,
—k fu<—k

and take u” ! with m € N for the test—function in (3.19). Let in (3.19) ty =t + h, t; = t, with
t,t + h € [0,T]. Observe that di(z,u) = d(z,ug). Then

1 t+h d
—/ — </ ui™ (x,t) dw) dt
2m t dt Q
- t+h N t+h - B
+ (2m —1) E uy, | D;jug|P? daedt + d(z,ug)uy "™ " dxdt = 0.
—~ it Ja ¢ Jo

This relation leads to the linear differential inequality for the function yy(t) = ||uk(-,t)||2m.0:

Y
dt

Integrating this inequality and letting m — oo, we have

(t) < doyr(t) + |ha(-, ) |l2m.a-

t
luk (-, B)lloo2 < e Jluolloon + edot/ e |ha(, 7)l|c 0 dT = K. (5.5)
0
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The right-hand side of this estimate does not depend on k. Let us choose now &k > K +1. Under

this choice

ug = min{|ul; k} signu = u, d(z,up) = di(z,u) = d(z,u),

which means that the solution of problem (5.4) with ¥ > K + 1 is, in fact, a solution of problem
(3.1) which satisfies estimate (5.3). O

We proceed to study problem (3.1) with the term d(z,u) satisfying the growth condition

d(z,u)] < dolul*™t + hq(2), X = const > 2. (5.6)

For 0 < X\ < 2 the existence of a global bounded solution to problem (1.2) is proved in Theorem
3.1.

Theorem 5.2 (Local in time existence, [18], Th.4.3) Let us assume that in the conditions
of Theorems 3.1 and 5.1 the growth condition on the function d(z,u) is substituted by (5.6). Then
for every ug € L () there exists 6 € (0,T] depending on

A, do, [uollzee () and [|hall1(0,0:20 @)

such that in the cylinder Qp = Q N{t < 0} problem (1.2) has at least one weak solution
u € W(Qqp) such that uy € W'(Qp) and |ullso,g, < 00. The solution can be continued to

the mazimal interval [0,T],
T* =sup{0 € [0,7] : ||ulco,q, < o0}

Proof. Let us consider the auxiliary problem

Up — Z D; (|Diu|pi(z)72Diu) +d(z,u) =0 inQ

(5.7)
u=0onT, u(z,0) = up(x) in
with the right—hand side
dy(z,u) = d(z,min{|ul,r}signu), r = const > 1. (5.8)

As in the proof of Theorem 5.1, we will make use of the fact that

\d,(z,u)| < dor* ™t + ha(2),  dp(z,u) =d(z,u) if r>u.

By Theorems 3.1, 5.1, for every r > 1 the regularized problem (5.7) has a global bounded weak
solution u(z). Let us show that the function w(t) = [Ju(-,)||,, o can be estimated by a constant
which does not depend on r. Following the proof of Theorem 5.1 we find that the solution of
(5.7) satisfies inequality (5.3) with hg substituted by hg + dor~1:
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t
s < ol + [ WhaDllade + tdor*™ = Rir, 1),
0

For every fixed r > 1

R(r,t) = |[uol|con ast—0,

whence for every r > ||ug||so,0 there is t = ¢(r) such that

vie0,ir)]  flut Dl <7

It follows that for  and ¢(r) chosen in this way we have ||u(-,)||co,0 < r for all t < ¢(r), i.e., the
constructed solution of the regularized problem (5.7) is a weak solution of problem (1.2) in the
cylinder Q). The possibility of continuation of this solution to the maximal interval [0, 7%
follows from the fact that the function u(x,t(r)) possesses the same properties as the initial
function ug. O

By Theorem 5.2 the solution of problem (3.1) with the term d(z,u) subject to the growth
condition (5.1) exists as long as its L>°-norm remains bounded. Sufficient conditions of the finite

time blow-up of the solution to (3.1) were established in [20, 21, 34].

6 Propagation of disturbances from the data

The study of propagation of disturbances from the data in solutions of parabolic equations is
traditionally based on comparison with suitable explicit solutions or sub/supersolutions. For the
equations with variable nonlinearity this method wouldn’t work because such equations may not
have explicit solutions. The known results on this issue were obtained by means of analysis of
the local energy functions associated with the solution under study [25]. Besides the properties
typical for the solutions of equations of the same structure as (1.2) but with constant exponents
of nonlinearity, the solutions of equations with variable nonlinearity display certain intrinsic
properties.

A detailed discussion of the propagation properties of the energy solutions and the rigorous
proofs can be found in [16, 17, 19, 22]. Let us illustrate these properties by the example of the

model equation with two independent space variables:

ur = (ol 2us) 4 (Juy " 72uy) = colul™@Put f(z) in @,

@ Y
u=0onI'r, (6.1)
u(z,0) = up(x) in 2 = (0,a) x (0,a).

By agreement, we use the notations

¢+(t) = Slglzp ¢('7t)7 ¢_(t) = lgf ¢('7t) for (RS CO(Q)
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o Vanishing in a finite time. Let f(z) = 0 for all ¢ > t; and ¢y > 0. Then every (energy)

solution of problem (6.1) vanishes in a finite time ¢, > t¢ if

1 1 1 1 1 .
) aﬂo+5<FEYWF®>>11“Q

and the oscillation of the variable exponents of nonlinearity in €2 is appropriately small:

for every t € (0,7)

1 _ 1 +1<L+L><§
v=(t) o= (t) 2\p=(t) ¢ ()) " 2

o Vanishing at a prescribed moment. Let us additionally assume that in the above conditions

' =0 ast >ty,
/ |f(z,y,1)|7=0) dody C, u = const > 0,
Q < C(tf—t)“ for t € (O,tf),
with a suitably big exponent p. Then every (energy) solution of problem (6.1) vanishes

at the instant ¢t = ¢, provided that C' and |lugl|2,n are sufficiently small.

o Vanishing of solutions of eventually linear equations. Although the effect of finite time
vanishing is never displayed by the solutions of the linear parabolic equations, it may
happen that equation (6.1) with variable nonlinearity transforms into the linear one as
t — oo and nonetheless possesses localized in time solutions. A condition sufficient for
such an effect can be formulated as a restriction on the rate of vanishing of 1 — v (¢) as
t —oo: if f =0, g > 0and [Jugl2,0 < 1, then every solution of problem (6.1) vanishes at

a finite moment, provided that

0 2+ (£)—1) e dt
[l O a =0 [T <o

Notice that these conditions are surely fulfilled if v (¢) < vy < 1.

o Vanishing due to the anisotropy of the diffusion term. The effect of finite time vanishing

may be caused by the anisotropy of the diffusion operator. Let ¢y = 0 and

(1)
qr(t) -1
Then every solution of problem (6.1) vanishes in a finite time, provided that f(x,t) = 0 for

gt (t) > 1, >pt(t) > 1.

all t > t;. It is easy to see that these restrictions on the exponents allow the diffusion to

)

be “fast” or linear in the direction y, ¢(2) € (1,2] and “slow” in the direction z, p(z) > 2.

e Nonpropagation of disturbances due to the anisotropy. It turns out that the anisotropy of
the diffusion part of the equation causes as well localization of solutions in the direction
of the slowest diffusion. Let in equation (6.1) p and ¢ be constant. If 1 < ¢ < p and

ug(z,y) = 0 for all z > z,, then even in the absence of the absorption term ( ¢y = 0)
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there exists x* > z, such that u(z,y,t) =0 for z > z* and all ¢ > 0. Combining the last
two properties we conclude that the anisotropic equation (6.1) admits solutions which are

simultaneously localized in space and time.

7 Final comments

Other notions of solution. Besides the energy solutions, the parabolic equations with variable

nonlinearity admit solutions of other types. Papers [26, 37| deal with the renormalized and
entropy solutions of isotropic equations (1.2) with the exponents of nonlinearity independent of
t; the exponents p(x) are assumed to satisfy the log-continuity condition in . The authors of
[29] study the Dirichlet problem for the system of equations of the type (1.2) with d = 0 and
under the assumption of logarithmic continuity of the exponent p(z) in @; their proof is based on
the theory of monotone operators. One more approach to the study of evolution p(z)-laplacian
is proposed in [1], where equation (1.2), with the exponent p independent of ¢, is considered as
an evolution equation governed by subdifferential operators. Different notions of weak solution
to equation (1.1) are discussed in [3, 4, 5]. Papers [4, 5] are, apparently, the only works which
neither rely on the condition of log-continuity of the exponents p(z,t), nor use the possibility
of approximation of the elements of the variable exponent Sobolev space by smooth functions.
The proof of existence given in [4, 5] is also based on the theory of monotone operators but in

a completely different way than in [29] and the solution is understood in a very weak sense.

Uniqueness Uniqueness of energy solutions of the Dirichlet problem for equation (1.2) is proved
in [18] under suitable assumptions on the behavior of d(z,u) and continuity of the coefficients
a;(z,u) (which are not needed for the proof of existence). The proof of uniqueness in [18] follows

some ideas from [13, 14].

Further reqularity of the solution. The question of the regularity of solutions and its dependence

on the regularity of the data is partially studied in papers [24] and [18, Sec.6]. It is proved in [24]

that the solutions of equation (1.1) with the exponent p(z) being log-continuous and bounded,
2n

n+2
continuity and the Harnack inequality for the solutions of (1.1) were proved in [2]. It is shown in

< p(2) < o0, are locally bounded and |Vu[P®8)F€ is integrable with some € > 0. Hélder-

[18] that the regularity of solutions to (1.2) improves if the data are subject to stronger regularity
assumptions. However, the proof of this assertion requires also some additional monotonicity

assumptions on the exponents of nonlinearity in (1.2).

Some related equations. Hyperbolic equations with variable nonlinearity are studied in [12, 31,

34]; paper [34] deals also with nonlocal equations with p(z)-growth. Existence of energy solutions
to doubly nonlinear parabolic equations is established in [23]. The series of works [6, 7, 8, 9, 10,
11] is devoted to the questions of existence, uniqueness and homogenization of weak solutions to
elliptic and parabolic equations with nonstandard growth. Parabolic equations generalizing the

porous media equation to the case of variable exponents of nonlinearity are discussed in [15, 16].
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